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PREFACE 


The present volume is an attempt to carry out the program out- 
lined in the preface to Volume 1. Unfortunately, Professor Young 
was obliged by the pressure of other duties to cease his collabora- 
tion at an early stage of the composition of this volume. Much of 
the work on the first chapters had already been done when this hap- 
pened, but tlie form of exposition has been changed so much since 
then that although Professor Young deserves credit for constructive 
work, he cannot fairly be held responsible for mistakes or oversights. 

Professor Young has kindly read the proof sheets of tliis volume, 
as have also Professors A. B. Coble imd A. A. Bennett. Most of the 
drawings were made by Di'. J. W. Alexander. 1 offer my thanks 
to all of these gentlemen and also to Messrs. Oinn and Company, 
who have shown their usual courtesy and efficiency while converting 
the manuscript into a book. 

The second volume has been arranged so that one may pass on 
a first reading from the end of Chapter VII, Volume 1, to the 
beginning of Volume II. The later chapters of Volume I may 
well be read in connection with the part of Volume II from 
(-hapter V onward. 

I shall pass by the opportunity to discuss any of the pedagogical 
(piestions which have been raised in connection with the first vol- 
ume and which may easily be foreseen for the second. It is to be 
expected that there will continue to be a general agreement among 
those who have not made the experiment, that an abstract method 
of treatment of geometry is unsuited to beginning students. 

In this book, however, we are committed to the al)stract point 
of view. We have iu mind two principles for the classification of 
any theorem of geometry: (a) the axiomatic basis, or bases, from 
which it can be derived, or, in other words, the class of spaces 
in which it can be valid; and {h) the group to which it belongs 
iu a given spact. 

iti 
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In the first volume we were always concerned with theorems 
longing to the projective group, and these theorems were classified 
according as they were consequences of the groups of Assumptions 
A, E; A, P], A, E, P; or A, E, P, Among the spaces satis- 
fying A, E, P (the properly projective spaces) may be mentioned the 
modular spaces, the rational nonniodular sj)ace, the real space, and 
the complex space. Any one of tliese may be specified categorically 
by adding the proper assumptions to A, P], P. The j)assage from the 
])oint of view of general ])rojective geometry to that of the ])articular 
sj)aces is made in the first chapter of this volume. 

Having fixed attention on any particular s])ace, we have a set of 
groups of transformations to each of whicli belongs its geometry. 
For example, in the complex projective plane we find among others, 
(1) the group of all-continuous one-to-one reciprocal transforri^ations 
(analysis situs), (2) the group of birational transformations (algebraic 
geometry), (3) the projective group, (4) the group of non-PmcIidean 
geometry, (5) a seciuence of groups connected with Pmclidean geometiy 
(cf. § 54). The groups (2), (3), (4), and (5) all have analogues in the 
other spaces inenti(med in tlie j)aragrap)is alKue, and consequently 
it is desirable to develop the theorems of the corresponding geometries 
in such a way that the assumptions riupiircd for their proofs are 
put in evidence in each case. This will be found illustrated in 
the chapters on affine and Pmclidean geometry. 

The two principles of classification, (a) and (?>), give rise to a 
double sequence of gtiometries, most of which are of (‘on sequence in 
present-day mathematics. It is the purpose of this book to give 
an elementary account of the foundations and interrelations of the 
more important of these geometries (with tlie notable exception of (2)). 
May I venture to suggest tlie desirability of other books taking 
account of this logical structure, but dealing with particular types 
of geometric figures ? 

The ideal of such books should be not merely to prove every 
theorem rigorously but to prove it in such a fashion as to show in 
which spaces it is true and to which geometries it belongs. Some 
idea of the form which would be assumed by a treatise on conic 
sections written in this fashion can be obtained from § 83 below. 
Other subjects for which this type of exposition would be feasible 
at the present time are quadric surfaces, cubic and quartic curves, 
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rational curves, configurations, linear line geometry, collineation 
groups, vector analysis. 

Books of this type could take for granted the foundational and 
coordinating work of such a book as this one, and thus be free to 
use all the different points of view right from the beginning. On the 
other hand, a general work like this one could be much iil)bnwiated 
if there were corresponding treatises on particular geometric figures 
(for example, (ioiiic sections) to which cross references could be made. 


Bhooklin, Maine 
August, 1917 
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PROJECTIVE GEOMETRY 


CHAPTER I 

FOUNDATIONS 

1. Plan of the chapter. In the first volume of this hook we have 
been concerned with general projective geometry, that is to say, with 
those theorems which are coiisecpiences of Assumptions A, E, P. In 
many cases we also made use of Assumption but most of the 
theorems which we proved by the aid of this assumption remain true 
(though trivial) when this assumption is false. The class of spaces 
to which the geometry of V^ol. I applies is very large, and the set of 
assumptions used is therefore far from categorical. 

Tlie main purpose of geometry is, of course, to serve as a theory 
of that space in wliich we envisage ourselves and external nature. 
This purpose can be accomplished only partially by a geometry based 
on a set of assumptions which is not categorical. We therefore pro- 
ceed to add the a.ssumptions which are necessary in order to limit 
attention to the geometry of reals, the geometry in which the number 
system is the real number system of analysis. 

Tln'se assumptions are stated in two ways, the one (§ 3) dependent 
on the theory of the real number system and the other (§§7-13) 
independent of it. We also state the assumptions (§§ 5, 14, 15, 16) 
necessary for certain otlier geometries which are of importance 
because of their relations to the real geometry and to other branches 
of mathematics. At the end of the chapter we give a summary of 
the assumptions for the various projective geometries which we are 
considering. 

2. List of Assumptions A, E, P, and H,. For the sake of having 
all the assumptions before us in the present chapter, we reprint A, E, 
P, and Hj. The assumptions serve to determine a class S of elements 
called points, and a class of subclasses of S called lines. The phrase 

1 
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“ a point is on a line ” or “ a line is on a point ” means that the point 
belongs to the line (cf. p. 16, Vol. I). 

Assumptions of Alkjnment: 

A 1 . If A and B are distinct points, there is at least one line on 
both A and B. 

A2. If A and B are distinct points, there is not more than one 
line on both A and B. 

A3. If A, B, C are points 
not all on the same line, 
and I) and E {IJ 4=^ E) are 
points such that B, C, I) are 
on a line and C, A, E are 
on a line, there is a point 
F such that A, B, F are on 
a line and also 7>, E, F are 
on a line. 

Assumptions of Extension : ^ 

EO. There are at least three points on ereri/ line. 

E 1. There exists at least one line. 

E2. All 2 ^omls are not on the s(fme I inf. 

E 3. All points are not on the same plane. 

E 3'. If Sjj is a three~space,\ every point is on S^. 

^VSSUMPTION OF PliOJECTIVITY: 

V. If a projectivity leaves each of three distinct points of a liiu 
invariant, it leaves every point of the line invariant. X 

Assumption 

11^. The diagonal points of a complete quadrangle are noncol linear. §} 

As was explained when Assumption P was lirst introduced, this 
assumption does not appear in the complete list of assumptions for 
the geometry of reals, but is replaced by certain other assumptions 
from which it (as well as H^) can be derived as a theorem. The list 
of assumptions for this geometry will consist of Assumptions A, E, 
and the new assumptions. 



* Cf. § 7, Vol. I. 
t Cf. § 9, Vol. I. 


t Cf. § 36, Vol. 1. 
§Cf. § 18, Vol. I. 
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3. Assumption K. The most summary way of completing the list 
of assumptions for the geometry of reals is to introduce the following : 

K. A geometric number system (Chap. VI, Vol. I) is isomorphic'^ 
with the real number system of analysis. 

Thus a complete list of assumptions for the geometry of reals is 
A, E, K. 

Tlio use of Assumption K implies a jirevious knowledge of the real number 
system. f Its jip])areut simplicity therefore masks certain real difficulties. 
What tliese difficulties are from a geonu‘trio point of view will be found on 
reading §§ 7-P5, where K is analyzed into indej)endent statements H, C, R. 
These sections, how(‘\’er, may be omitted, if desired, on a first reading. 

Since a geometric number system in one one-dimensional form is 
isomorphic witli any geometric number system in any one-dimensional 
form in tlie same space, it is evident that the principle of duality is 
valid for all theorems deducible from Assumptions A, E, K. 

In order that the results of Vol. I be applicable to the geometry 
of reals, it must be shown that Assumption P is a logical conse- 
quence of Assumptions A, E, K. Since multiplication is commuta- 
tive in the real num])er system, tliis result would follow directly 
from Theorem 7, Chap. VI, Vol. I. The proof there given is, how- 
ever, incomplete^. It is shown (Theorem 6, loc. cit.) that if P holds, 
multi])lication is commutative; but it is not there proved that if 
multiplication is commutative, P is satisfied. The needed proof may 
be made as follows : 

Theorem 1. Assumption P is valid in any space satisfying 
Assumptions A and E and such that multiplica turn is commutative 
in a geometric number system (Chap. VI, Vol. I). 

Proof. It is obvious that the number systems determined by any 
two choices of tlie fundamental points are isomorphic (cf. 

Theorems 1 and 3, Chap. VI, Vol. I), so that we may base our argument 
on an arbitrary choice of these points. We are assuming that multi- 
plication is commutative, and are to prove that any projectivity 11 

* This tenn is defined in § 52, Vol. I. 

t The real number system is to be thought of either as defined in terms which 
rest ultimately on the positive integers (ef. Pierpont, Theory of Functions of Real 
Variables, pp. 1-94; or Fine, College Algebra, pp. 1~70) or by means of a set of 
postulates (cf. E. V. Huntington, Transactions of the American Mathematical 
Society, Vol. VI (1906), p. 17). 
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which leaves three distinct points of a line fixed is the identity. By 
definition, 11 is the resultant of a sequence of perspectivities 

where denotes the points of the given line. By Theorem 5, 
Chap. Ill, Vol. 1, this chain of perspectivities may be replaced by 
three perspectivities 

[//]£ [P] £[<)] I [n (//)]. 

Moreover, by Theorem 4, Chap. Ill, Vol. I, the pencils [P] and [^] 
may be chosen so that their respective axes pass through two of the 
given fixed points of 11. Let us denote these points by and 



respectively and let //« be the third fixed point. By another applicar 
tion of Theorem 4 the pencils [P] and [©] may be chosen so that 
their common point R is on the line SH^ (fig. 2). 

Now, since //« is transformed into itself, Hoot and must be 
collinear. Since is fixed, T, i/^, and U must be collinear. Since 
is fixed, Sy T, and are collinear. If H is any point of the line 
it is transformed by the perspectivity with S as center to a 
point P of the line H^R ; the perspectivity with T as center trans-* 
forms P to a point Q of the line RH ^ ; the perspectivity with U as 
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center transforms Q back to a point of the line We have 

to show that = II. 

Let be the trace on the line HJIy of PT\ let II ^ be the trace 
ol RT\ and H’ is the trace of UQ. 

The complete quadrangle TRSP determines Q {HJTJI^, II^II^H), 
and hence (Theorem 3, Chap. VI, Vol. I) in the scale 

The complete quadrangle TRQU determines Q II^H^H^), 

and hence in the scale II^HJtl^ 

Since multiplication is commutative, IT = II\ which proves the theorem. 

The reader will find no difficulty in using the construction above to i)rovc 
that the validity of the theorem of Pappus (§ 3(1, Vol. I ) is n(‘cessary and 
sufficient for the commutative law of multiplication and for Assumj)tion P. 

4. Double points of projectivities. Definition. A projective trans- 
formation of a real line into itself is said to be hyperholicy jparaholic, 
or elliptic,^ according as it has two, one, or no double points. 

It was proved in § 58, Vol. I, that the determination of the double 
points of a projective transformation t 

px[ — cx^ 4- dx^ 

depends on the solution of the equation 
(2) — (a + c?) p “h A = 0, 

where A = ad — be. This equation has two real roots if and only if 

its discriminant , 7 v 2 ^ a 

(a 4- d)^— 4 A 

is positive. Hence we have 

^ A<0, the transformation (1) is hyperbolic. For an elliptic or 
parabolic projectivity A is always positive. 

* These terms are derived from the corresponding types of conic sections 
(see § 37). In a complex one-dimensional form a somewhat different terminology 
is used (cf. § 98). 

t In this volume we shall generally write homogeneous coordinates in the form 
(x^ xj, whereas in Vol. I we used (a*,,, Xo), 
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In case the projectivity (1) is an involution, a = — rf(§ 54, Vol. I), 
and hence — 4 A is the discriminant of (2). Hence 

An involution is elliptic or hyperbolic according as A is positive 
or negative. 

The intimate connection of tliese tlieorems with the theory uf linear 
order is evident on comparison with the first sections of Cliap. II. 
A deduction of the corresponding theorems from the intuitive concei)- 
tions of order is to be found in Chap. IV of the Geometria IVojet- 
tiva of Knri(|ues. 

EXERCISE 

A projectivity for which A>0 is a ])rodiict of two hyperi)olic iiivolutioug.\ 
A projectivity for which A<0 is a ])roduct of three hyi)erbolic involutions. ^ 

5, Complex geometry. Assumption K provides for tlie solution 
of many ])i‘oblenis of construction which could not be solved in 
a net of rationality, lint even in the real space the fundnincuital 
problem of finding the double points of an involution has no gcuieral 
solution. 

To see this it is only necessary to set up an involution for which 
A > 0. Take any involution of which two pairs of conjugate points 
JA' and Bli' form a harmonic set H(AA', BB'). If the scale 
Pq, if, ii is chosen so that A = == ~ ^-i 

the involution is represented by the bilinear equation (§ 54, Vol. 1) 

xxJ = — ] . 


The double points of this involution, if existent, would satisfy the 

equation . 

X — — JL, 


which has no real roots. 


An effect of Assumption K is thus to deny the possibility of 
solving this problem. If, however, we negate Assumption K and 
replace it by properly chosen other assumptions, we are led to a 
geometry in which this problem is always soluble, nanudy, the 
geometry of the space in which the geometric number system is 
isomorphic with tlie complex number system of analysis. Although 
this geometry does not have the same relation to the space of external 
nature as the real geometry, it is extremely important because of its 
relation to other branches of mathematics. 
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One of founding this geometry is to replace Assiiiiiptioii K 
by another assumption of an equally summary character, namely, 

J. A (jeometric nuinher system is isomorphic with the complex nvm- 
her system of analysis. 


Since this number system obeys the commutative law of multi- 
plication, the corresponding geometry satisfies Assumption I^ u.nd all 
the theorems of Yol. I apply. Thus, a set of postulates for the com- 
}>lex geometry is A, E, J. 

The problem of finding the double points of a one-dimensional 
projectivity is completely solvable in the complex geometry ; for 
any such projectivity may be represented by the bilinear equation 
(§ 54, Yol. I) 


and therefore its double points are given by the roots of 

cx^-\‘{d — a)x — h=: 0 , 

which exist in the complex number system. 

The analogous result holds good for an 7i-dimensional projcictivity. 
Ill this case the ])rohlem reduces to that of finding the roots of an 
alg(*hraic e(]uation of the 7ith degree. 

6. Imaginary elements adjoined to a real space. In this connection 
it is desirable to think of another point of view which we may adopt 
toward the complex s])ace. Suppose we are working in a real geometry 
on the basis of A, E, K (or of A, E, H, C, li; see below). It is a 
th(‘orem about the real number system* that it is contained in a 
nuin))er system (the complex number system) all of whose elements 
are of the form ai-f 6 where a and h are real and i satisfies the 
equation . i _n 


Hem e it is a theorem about the real space that it is contained in 
another space which contains the double points of any given involution. 

This may be seen in detail as follows: By the theory of homo- 
geueous coordinates the points of a real projective space S are in a 
corres]:)on deuce with the ordered tetrads of real numbers 
except (0, 0, 0, 0), such that to each tetrad corresponds one point, and 
to each point a set of tetrads, given by the expression {mx^, 7nx^, 


* Tliis same qiiefition is discusserl from the point of view of a general space and 
a general field in Chap. IX, Vol. 1. 
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mx^ where x^, x^, x^, x^ are fixed and m takes on all real num- 
ber values except zero. By the property of the real number system 
mentioned above, the set of all ordered tetrads of real numbers is 
contained in the set of all ordered tetrads z,^, z^ where 

^ 2 ^ ^8 complex numbers. 

Let us define a complex point as the class of all ordered tetrads of 
complex numbers of the form 

{kz^, kz^, kz^y kz^ 

where for a given class z^, z^, z^^ z^ are fixed and not all zero and k 
takes on all complex values different from zero. Let the set of these 
classes satisfying two independent linear equations 

be called a complex line. With these conventions it is easy to see 
that the set of all complex points and complex lines satisfies the 
assumptions A, E, P, and thus the complex points constitute a proper 
projective vspa(ie. Let us call this space S^. 

The space S^. contains the set of aU complex points of the form 

{kx^, kx^, kx^^, kx^ 

where x^, x^ are all real. Let us call this subset of complex 
points S^. If any set of complex points of which satisfy two equa- 
tions of the form (3) with real coefficients be called a “real line,” we 
have, by reference to the homogeneous coordinate system in S, that 
tlie complex points of are in such a one-to-one correspondence 
with tlie points of S that to every line in S corresponds a “ real line” 
in S^, and conversely. 

Thus, is a real projective space and is contained in the complex 
projective space S^. Obviously S may also be regarded as contained 
in a complex projective space S' where S' consists of the points of S 
together with the points of S^ which are not in S^, and where each 
line of S' consists of the complex points of S^ which satisfy two 
equations of the form (3) together with the points of S whose coordi- 
nates satisfy the same two equations. 

Definition. Points of the real space S are called real points, and 
points of the extended space S', complex points. Points in but not 
in S are called imaginary points. 
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This discussion of imaginary elements does not require a detailed 
knowledge or study of the complex number system as such. It is, in 
fact, a special case of the more general theory in Chap. IX, Vol. I 
(cf. particularly § 92), which applies to a general projective space. 
It serves in a large variety of cases where it is sufficient to know 
merely the existence of the complex space S' containing S and satis- 
fying Assumptions A, E, P. It is a logically exact way of stating the 
point of view of the geometers who used imaginary points before the 
advent of the modern function theory. 

There are problems, however, which require a detailed study of the 
complex space, and this implies, of course, a study of the complex 
number system and such geometrical subjects as the theory of chains 
(see §§11, 1^, below, and later chapters). 

There is a very elegant and historically important method of intro- 
ducing imaginaries in geometry without the use of coordinates, 
namely, that due to von Staudt.* It depends essentially on the 
properties of involutions which are developed in Chap. VIII, Vol. I, 
and §§ 74-75 of this volume. The reader will find it an excellent 
exercise to generalise the Von Staudt theory so as to obtain the result 
stated in Proposition K^, Chap. IX, Vol. I. 

7. Harmonic sequence. We shall now take up a more searching 
study of the assumptions of the geometry of reals. In Chap. IV, Vol. I, 
it was proved that every space satisfying Assumptions A, E contains 
a net of rationality R®, and that this net is itself a three-space which 
satisfies not only Assumptions A and E but also Assumption P 
(Theorem 20). To this rational subspace, therefore, apply all the 
theorems in Vol. I which do not depend essentially on Assumption 
For example, every line of is a linear net of rationality and may 
be regarded (with the exception of one point chosen as oo) as a com- 
mutative number system all of whose numbers are expressible as 
rational combinations of 0 and 1. 

Throughout Vol. I we left the character of this net indeterminate. 
It might contain only a finite number of points or it might contain 
an infinite number. We propose now to introduce a new assumption 
which will fix definitely the structure of a net of rationality. 

* Cf . K. G. C. von Staudt, Beitrage zur Geometrie der Lage, NUrnberg (1866 and 
1867). J. Ltiroth, Matbematische Annalen, Vol. VIII (1874), p. 146. Segre, Memorle 
della R. Accadeinia delle scienze di Torino (2), Vol. XXXVIII (1886). 
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Definition. Let be any three distinct points of a line h ; 

let S and T be two distinct points collinear 'with but not on h ; 
and let be a point of intersection of and Denote the 


T 



points of the line h by [//] and those of the line by [A'], and 

let 11 be a projectivity defined by persj>e(*tivitie.s as follows: 

[//]£[A]|[il(/y)]. 

The set of points 

yr„, /f,, 7/,, 7/,,„ ... 

such that n (//,) = AT. together with the set 


IT 


II 


such that n = is called a li(xrm>otiic sequence. The point 

AToo is not in the sequence but is called its limit poiyit. 

The projectivity 11 is evi- 
dently parabolic and carries 

I 

Theorem 2. The middle one 
of any three consecutive * points 
of a harmonic sequence is the 
harmonic conjugate of the limit 
point of the sequence with re- 
gard to the other two. 

Proof. By construction we have 


H 



Fio. 4 


* This term refers to the subscripts in the notation A^. 


5§ 7, 8] HAEMONIC SEQUENCE 11 

Corollary. All points of a harmonic sequence ielong to the same 
net of rationality. 

Theorem 8. Two harmonic sequences determined by 11^, 7/^, 77* and 
by M^y il/oo are projective in any projectivity 11 by which 

Proof. By Theorem 3, Chap. IV, Yol. I, the projectivity 11 transforms 
linrinonic sets of points into harmonic sets. 

8. Assumption H. By reference to fig. 3 it is intuitively evident 
to most observers that in any picture which can be drawn representing 
points by dots, and lines by marks drawn with the aid of a straight- 
edge, no point 77^ which can be accurately marked will ever coincide 
with If (i j). On the other hand, there is nothing in Assumptions 
A and E to prove that 77. 7^., because (Introduction, § 2, Vol. J) 

these assumptions are all satisfied by the miniature spaces discussed 
in § 72, Chap. VII, Vol. I, and if the number of points on a line is 
finite, the sequence must surely repeat itself. Thus we are led to 
make a further assumption. 

Assumi’TION H.* If any harmonic sequence existSy not crery one 
contains only a finite number of points. 

The existence of a harmonic sequence determined by aii}' tliree 
])oints follows directly from Assumptions A and K. That any two 
sequences are projective follows from Theorem 3. Hence Assumption 
H gives at once 

Theorem 4. Any three distinct collinear II ^y 77^, 7/« deter- 

7nine a harmonic sequence containiny an infinite number of iwints and 
having II ^ and II ^ as consecutive points and II ^ as the limit 'paint. 

Theorem 5. The principle of duality is valid for all theorems 
deducible from Assumptions A, E, H. 

Proof. This principle has been proved in Chap. I, A^ol. 1, for all 
theorems deducible from A and PI. If ^7^, Vi^ f^ny three planes 

on a line /, let a line V meet them in 77^, 77^, 77* respectively. The 
projection by I of the harmonic sequence determined on V by 77^, 77^, 
II„ is the space dual of a harmonic sequence of points. Since the 

* Cf. Gino Fano, Giomale di Matematiche, Vol. XXX (1892), p. 106. Obviously 
Assumption Hq (Vol. I, p. 46) is a consequence of H. Hence, after introducing 
Assumption H, we have that a net of rationality satisfies not only A, E, P but also 
ITq, and thus every theorem in Vol. I can be applied to a net of rationality. 
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sequence of points is infinite, so is the sequence of planes. Hence the 
space dual of Assumption H is true. The principle of duality in a 
plane or a bundle follows as in § 11, Chap. I, Vol. 1. 

By reference to the definition of addition in Chap. VI, Vol. I, it is 
(‘vident on the basis of Assumptions A and E alone that the trans- 
formation x' — a is a parabolic projectivity. Denoting it by a, it 
is clear that if there is any integer n such that a" is the identity, 
then + = a”*, Ic and m being any integers. Hence, if a has a finite 
period, there is only a finite number of points in a harmonic sequence, 
contrary to Assuinjition H. Hence 

Theorem 6 . A })n raholic jmijectivity never has a finite period. Ty 
other words, if of three points determining a harmonic sequence th\ 
limit paint is taken as co in a scale and hvo consecutive points as 0\ 
and ly then the sequence consists of 


0 


1 

- 1 

1 + 1=2 

- 1 - 

2+1 = 3 

- 2- 

3 + 1=4 

-3- 


that iSy of zero and all positive and negative integers. 

Corollary 1. The net of rationality determined hy 0, 1, oo consists 

of zero and all numhers of the form ^ where m and n are positive or 
negative integers. 

Proof. By Theorem 14, Chap. VI, Vol. I, the net of rationality 
determined by 0, 1, oc consists of all numbers obtainable from 0 
and 1 by the operations of addition, multiplication, subtraction, and 
division (excluding division by zero). 

Corollary 2. The homogeneous coordinates of any point in a linear 
planar or spatial net of rationality may he taken as integers. 

Proof. If x^y x^y x^y RLC til 0 homogeneous coordinates of a point 
in the net, they are defined, according to Chap. VII, Vol. I, in terms 
of the coordinates in certain linear nets. Hence they may be taken 

yfh 

in the form 0 or — ^ where and n^ are integers. If m is the product 

of their denominators, mx^, mx^, mx^ are integers. 
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The first of these corollaries enables us to obtain the following 
simple result with regard to the construction of any point in a net of 
I’ationality. Let be the harmonic conjugate of with regard to 

n 

and H_y The sequence 

IT,. ... 

is projective (fig. 5) with 

7/.„ ifo, Uv ••• 


T 



and therefore must be harmonic. Tlie points 7/^^, //,, //« determine 
a harmonic sequence 

...,7/ 8, 7/_2, B 1, //„ IIu llu //«, 

By Cor. 1, any point of the net of rationality is contained in a 
sequence of the last variety for some value of n. 

9. Order in a net of rationality. Definition. If A and B are points 
of R(//^ 7/^77*) different from 7/«, A is said to precede B with respect 
to tlie scale 77^, 7/^, 77« if and only if the nonhomogeneous coordi- 
nate (cf. § 53, Vol. I) of A is less than the nonhomogeneous coordinate 
of B. If A precedes By B is said to follow A. 

From the corresponding properties of the rational numbers there 
follow at once the fundamental propositions : With respect to the 
scale Jf^y Ify JT^y (1) if A precedes By B does not precede A; (2) if A 
precedes B and B precedes C, then A precedes C ; (3) if A and B are 
distinct points of R {II^HfHJiy then either A precedes Bor B precedes^. 
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The use of the properties of numbers in the argument above and in 
analogous cases does not imply that our treatment of geometry is dependent 
on analytical foundations. Every theorem which we employ here is a logical 
consequence of the assumptions A, E, H alone. 

The argument which is involved in the present case may be stated as 
follows : The coordinates relative to a scale II q, of the points 

•••, //p //p • 

of a harmonic sequence, wlieii combined according to the rules for addition 
and multiplication given in Cliaj). VI, Vol. I, satisfy the conditions wliich are 
known to characterize the system of positive and negative integers (iiieludiug 
zero). From tliese conditions (the axioms of the system of positive and n(‘ga- 
tive integers) follow tlieorems which state the order relations among tli(*|^e 
integers, and also theorems which stab* the order relations among the rational 
numbers, tlie latt(*r being d(‘iined in terms of the integers. But by d'heorem 
(^or. 1, the rational numb(‘rs are the coordinates of points in R(//q//j//„). 
Hence the points of R (//(,//j//^) satisfy the conditions given above. ’ 

It would of course be (‘utirely feasible to make the discussion of order in a 
net of rationality without the use of coordinates. 

10. Cuts in a net of rationality. Definition. Two subsets, [A] 
and [/>’, of a net of rationality constitute a cut (A, //) 

rfspect to the scale 11 11^, //«o if and only if they satisfy the 

following conditions: (1) Every point of the net except //« is in [.'Ij 
or [/i] ; (2) with res})ecX to the scale 21^, 7/^, //«, every }K)int of [J] pre- 
cedes every point of [/>]. If there is a point O in [.d] or in [y>] such 
that every point of [.d] distinct from O precedes it and every point of 
[^] distinct fr<un 0 follows it, the cut is said to be closed and to liave 
0 as its ciU-point; otherwise the cut is said to be open. Tlie class 
[^] is said to be the lower side and [/?] to be the 7ipper side of the cut 
With respect to the scale 7/^, 7/^, 7/* any point 0(04^21^) of a net 
R(7/^//^//«) determines two sets of points [.d] and [7?] such tliat every 
A precedes or is identical with O and O i)recedes every 7>. These sets 
of points are therefore a closed cut having O as cut-point. Not every 
cut, however, is closed, for consider the set [A], including all points 
whose coordinates in a system of nonhomogeneous coordinates hav- 
ing 77« as the point oo are negative or, if positive, such that their 
squares are less than 2 ; and the set [7?], including all points whose 

* An asterisk at the left of a section number indicates that the section may be 
omitted on a first reading. We have marked in this manner most of the R(‘cLions 
which are not essential to an understanding of the discussion of metric geometry 
in Chaps. Ill and IV. 
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coordinates are positive and have their squares greater than 2. Since 
no rational number can satisfy the equation 

.^= 2 , 

this equation is not satisfied by the coordinates of any point in the 
net. The sets [A] and constitute an open cut. 

1)p:finiti()N. With respect to the scale //^, i/*, an open cut 

precedes all the points of its upper side and is 'preceded hy all points 
of its lower side. A closed cut precedes all the points which its cut- 
point precedes and is preceded hy all points by which its cut-point is 
j)receded. A cut (A, B) precedes a cut (C, />) if and only if there is a 
point B })receding a point C. 

TiiKOHKM 7. (1) If a cut (A, B) precedes a cut ((7, i)), then ((7, i>) 
does not precede (A, B). 

(2) //* a cut (A, B) is not the same as the cut (0, JJ), then either 
(A, B) precedes (C, J>) or (C, D) precedes {A, B), or both cuts are closed 
and hare the same cut-j^oint. 

(;i) If a cut (./, B) precedes a cut (Cy I)) and (C, D) ptrecedes a cut 
(M, F), then (A, B) precedes (FJ, F), 

]*roof. Theses piopositions are direct consequences of the definition 
above and of the corresponding properties of the relation of ])recedence 
between ]>oiiits. 

1)E KiNiTioN. With respect to the scale H^y Jf, //«,, a cut (A^, A,J is 
said to he hetincen two cuts {B^, B,^ and {C^, in case {B^, B^^ pre- 
cedes (Jj, A^^ and (A^, A,J precedes (C^, 6^) or in case precedes 

(A^, AJ and (.1^, Aj jn-ecedes (7q, 7?,). If any one of these cuts is 
closed, it may be replaced by its corresponding cut-point in this defi- 
nition. (Thus, for example, any 0 }>en cut is betwe(‘n any j)oint of its 
upper side and any point of its lower side.) 

An oj>en cut (J, B) is said to lie algebraic if tlu'n* exists an eciuation, 

+ UiX'” 4- • • • + = b, 

'vHh integral coefficients, and two points B(^, such that thi* coordinates of 
all jioints of [/I] between and B^ make tlie left-hand member of this 
equation greater than zero and all points of [/>] betweem Jq and 71,^ make it 
less than zero.* If it is assumed that this equation lias a root b(‘tween . and 
/ly, tills is equivalent to assuming that there exists a point corresponding to 
the cut (.1, B) on tlu^ line A^B^ but not in the given net. 

* It is perhaps net‘dless to remark that not every algebraic equation w itli integral 
coefficients can bo ass<M iate<l in this way with a cut. For example, .r- 4- 1 - 0. 
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For the purposes of geometric constructions it would be sufficient to assume 
the existence of cut-points for all algebraic open cuts (see Chap. IX, Vol. I). 
For many purposes, indeed, it would be desirable to make the assumption 
referred to on p. 97, Chap. IV, Vol. I, and which we here put down for refer- 
ence as Assumption Q. 

Assumption Q. There is not more than one net of rationality on a line* 

But it is customary in analysis to assume the existence of an irrational 
number corresj)ondiug to every open cut in the system of rationals, and it is 
convenient in gf'ometry to have a omvto-one correspondence between the points 
of a line and the system of real numbers. Hence we make the assumption 
which follows in the next section. 

It must not be sujiposed that in the assumption which follows we ai-e 
introducing new points in any respect different from those already considered. 
What we are doing is to postulate that a space is a class of points having 
certain additional properties. The assumption limits the type of sj)ace whicl^ 
we consider; it does not extend the class of points. In this respect our pro-, 
cedure is not parallel to the genetic method of developing the theory of 
irrational numbers. 

EXERCISE 

The points of R together with the open cuts with respect to the 

scale 7/jp //j, //^, constitute a set [A^] of things having the following projx'rty ; 
If [»S’] and [7'] are any two sub(!la8ses of [A'] including all X's and such that 
every S j)rect‘des every 7’, tluui there is either an S or a 7’’ which precedes all 
otht^r 7”s and is preceded by all other 


* 11. Assumption of continuity. We shall denote the cut-point of a 
closed cut (Af, W) by yy In the following assumption it is not stated 
whether the cuts JJ, /fj, and (7)^, r>^ are open or closed. If 
one of them is closed, therefore, the corresponding one of the symbols 
ihv be understood in the sense just defined. 


Assumption C. If every net of rationality contains an infinity of 
points, then on one line I in one net R{HfIf]^) there is associated 
with every open cut (J, B), with respect to the scale If, II ^ a point 

^A, B) which is on I and such that the following conditions are satisfied: 

(1) If two open cuts {A, B) and (C, D) are distinct, the points 
B) and Vc, are distinct; 

( 2 ) If (A^, jg) -^2) (^1' ^2) 

cut between two points A and B of R and if T is a projec- 


tivity such that 




then T (7^^^ is a point associated with some cut {D^, between 
(Ay A^) and (By B^). 
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Definition. The set of all points of together with all 

points associated with cuts in with respect to the scale 

//q, //j, is called the chain The points of R 

are called rational, and any other point of the chain is called irrational 
with respect to R A point associated with a cut w Inch foh 

lows 11^ is called 'positire, and one associated with a cut which precedes 

is called netjatire, 

I'liEOKKM S. The point JIa.hv (x^swcAated, hy Assumption C, with an 
open cut (J, />) of is 'not a point of 

Proof. The associated point could not be //«,, because there are 
[uojectivities of which leave //« invariant and change 

the> given cut into different cuts, and therefore, by Assumption C, 
change the associated point. Now suppose a point Z>, distinct from 
//„ but in to be associated with some open cut. Since 

the given cut is open, there must be a point A between D and the 
cut. If /:? is a point on the opposite side of the cut from I), A and B 
both precede or both follow D with respect to the scale 
The transformation which changes every point of I into its harmonic 
(conjugate with regard to //„ and 7> has, when regarded as a trans- 
formation of the points of with respect to the scale 

//^, //j, //„, the equation 

^ 2 d — X, 

wdiere d is the coordinate of I). It therefore transforms rational points 
which follow D into rational points which precede it, and vice versa. 
Hence A and B are transformed into two points, A' and B\ which 
pre(ie(le P if A and B follow I), or which follow 2> if ^ and B pre- 
('.ede D. I>y Assumption C (2), the point D w^hich is associated with 
an oi)en cut between A and B is transformed into a point Z>' associated 
with a cut between A' and />'. By Assumption C (1), P' is distinct 
from P, contrary to the hypothesis that P is a fixed point of the 
transformation. 

7"heorem 9. The points of excluding form, with 

reference to the scale in which 0, 7/^=1, 77^ = oo, a number sys- 
tem isomorphic with the real number system of analysis. 

Proof, The definitions of Chap. VI, Vol. I, give a meaning to the 
operations of addition and multiplication for all points of the line 1. 
In that place we derived all the fundamental laws of operation, except 
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the commutative law of multiplication, on the basis of Assumptions 
A and E. We have also seen in the present chapter (Theorem 6, Cor. 1) 
that the (coordinates of points in R are the ordinary rational 

numbers. Hence it remains to show that the geometric laws of com- 
bination as apjdied to the irrational points of are the same 

as for tlie ordinary irrational numbers. 

The analytic definition of addition of irrational numbers* may 
be stated as follows: If a and h are two numbers defined l)y cuts 
//i) a 4- is the number defined by the cut 

To show tliat our geometric number system satisfies this condition 
in suppose first that a is a rational point of 

and b an irrational point. The projective transformation 

(4) + a 

changes the set of points [acj into the set which is the same 

as [^ 2 + Similarly, it changes [?/J into yj- Jhmce, it (clianges 

the cut into ^-iid hence, by Assuni])ti()n (2), 

changes h into a point determined by a cut which liccs between every 
pair x^-h x^ and y^+y.y Therefore b is (dianged into the point asso- 
ciated with the cut {x^-\- x^^ y^-{- y.,). But the transform of b is a-f 6. 
Hence the geometric sum a -\-h is the numlx'r deiim^d by tlie cut 

Next, suppose both a and b irrational. The transformation (4) 
changes [x^ into the set of irrational points b into b-^-a, 

and [yj into ci]- By the paragraph above, the cut which defines 
any x^-^- a precedes the cut which defines any Hence, by 

Assumption C (2), the cut which defines any point x^-\- a prec.edes 
the cut which defines b and this precedes the cut which defines 
y^j-b a. Any point x^-\- x^ of the lower side of the cut y^-f- y^) 

precedes the cut defining one of the points x^ + a, by the paragraph 
above, and hence precedes the cut defining h 4- a. Similarly, any point 
of the upper side of this cut follows the cut defining b -f a. Hence 
y^-fy^) is the cut defining 6 -f Thus we have identified 
geometric addition of points in with the addition of 

ordinary real numbers. 

* Cf . Fine, College Algebra, p. 60 ; or Veblen and Lennea, Infinitesimal Analysis, 
Chap. 1. 
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The analytic definition of multiplication of irrational numbers may 
be stated as follows : If a and h are positive numbers defined by the 
cuts (,>rp and y.^), let be the set of positive values of 
Then ah is the number defined by the cut ^ 1 ^ 2 )* If ^ is nega- 
tive and h positive, ah=^ — {—a)h. If a is positive and h negative, 

= — (a(— ?>)). If both a and h are negative, a& = (— a)(— 6). If 
fit = 0 or & = 0, ah = 0. 

Consider the transformation 

X* = ax. 

If a is positive and rational while h is positive and irrational, this 
transforms [xj into which is the same as [xlx^]. It also trans- 
forms 1) into ah and [t/J into which is the same as 

Hence, by Assumption C (2), ah is the number associated with 

If both a and h are irrational and positive, we again have 
?>, and [?/J transformed into ah, and [ay^^, wliere, as in the 

analogous case of addition, the cut defining ax^ precedes the cut 
defining ah, which in turn precedes the cut defining ay^. Moreover, 
any x[x^ precedes some ax^^, and any y^y^^ follows some ay^. Hence, 
by the same argument as in the case of addition, (x[x^, y^y^) is the 
cut with which ah is associated. 

Tlie transformation , , 

= (— 1) 

changes the cut {x^, x^ defining the irrational number a into the open 
cut (— x^^, — x^), wdii(;h therefore defines an irrational a'. But since 
x^ — x^ may be any negative rational and x,^^ x^ may be any jKisitive 
rational, the sum of a and a', which has \)een proved to be determined 
by the cut (^j— x^, x^— x^), must be zero. Hence we have that 
is the irrational — a such that — a a = 0. 

The transformation , / -• x 

x'~ a:’(— 1) 

is the same as x'= (— l)x for all rational points. Hence, by Assumption 
C (2), these transformations are the same for all points of C 
Hence, for points of (— l)ic = x{— 1). 

By the associative law of multiplication (wdhch, it is to be remem- 
bered, depends only on Assumptions A and E) we have, if a is nega- 
tive and h positive, cih a)b 
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where (— a) b is determined by the analytic (cut) rule. If a is positive 
and b is negative, it follows similarly, with the aid of the relation 
(-l)a = a(- 1), that 

ab= a 1) (— J) = — (a (•— b )) ; 

and if both a and b are negative, 

ah = (- 1) (- a) (- 1) (- h) = (- a) (- b). 

Corollary. With respect to a scale in which oo, 0, -Srj=l, 
we have ab== ba whenever a and b are in 

Theorem 10. Any projectivity which transforms and 

into points of the chain transforms any point of the chain 

into a point of the chain, 

Proof We have seen that ax and a/=ic + a, for rational Or 
irrational values of a, are projectivities which change into itself 
and all other points of into points of the chain. The 

transformation l/^c is a projectivity which interchanges 7/„ and IT^ 
(see § 54, Chap. VI, Vol. I), and by Theorem 9 it changes every point 
of except and into a point of 

As in the proof of Theorem 11, Chap. VI, Vol. I, it follows that 
Ify can be transformed into any three points of the chain by 
a product of transformations of these three types. Moreover, any 
projectivity is fully determined as a transformation of C{JTJTfTjj 
by the three points B^y B^ into which it transforms 7/^, H^y 77*. 
For, suppose there were two such j)rojectivities, 11 and 11', the prod- 
uct II'^II' would transform 77^, TT^, TT. into themselves. Hence, by 
Theorem 16, Chap. IV, Vol. I, it would leave invariant every point 
of R Hence, by Assumption C (2), it would leave invariant 

every point of C(77^77j/7^). Hence II'^H' would be the identity for 
all points of the chain, and H would be the same as H' for all points 
of the chain. Hence every projectivity changing 77^, 77^, 77„ into 
points of the chain is expressible as a product of projectivities of the 
forms ax, x'= x-\- a, P = 1/x. As all these transform the chain 
into itself, the theorem follows. 

Corollary 1. Any projectivity leaving invariant three points of 
the chain leaves every point of the chain invariant 

Proof. Let 11 be the given projectivity leaving the given points, say 
B^y B^y B^, invariant. Let P be the projectivity such that V{B^B^Bf) 
— {HffBff. Then PHP"^ leaves invariant and hence 
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leaves all points of the chain invariant, as shown in the proof of the 
theorem. Hence 11 leaves all points of the chain invariant. 

Corollary 2. Any projeetivity of the chain C into iiadf 

U of the form ox' - ax 4-hx 
px'^ = ex^ + dx^, 

where the coefficients are real numbers, 

* 12. Chains in general. Definition. If (A, B) is an open cut in 
any net of rationality R with respect to the scale K^, K^, 

let n be a projeetivity transforming R{K^K^K^) into and 

into Hoo- This projeetivity transforms {A, B) into a cut ((7, D) in 
R{II^HJiI^) with respect to the scale //.. If X is the point 

associated by Assumption C with (C, B), the point II"’^(X) = X' is 
called the irrational cut-point associated with {Ay B). 

The point X' is independent of the particular projeetivity 11. For let 
II' be any projeetivity changing (A, B) into a cut (E, F) in R {H^HJi^o) 
with respect to the scale H^y H^y H^y and let Y be the point associated 
with {EyF) and y'=n'‘“^(r). Then 11 *11'"^ changes {EyF) into 
{Cy D) and hence, by Assumption C (2), must change Y into X. This 
can take place only if F ' = X'y that is, only if the cut-point X' asso- 
ciated with {Ay B) is unique. 

By projecting any net of rationality into R {H^HJIJi it is shown 
that the cut-points associated with it satisfy the conditions stated for 
the i)omts associated with the cuts of R{H^II^II^) in Assumption C. 
Hence the theorems of the last section also apply to any chain what- 
ever, a chain being defined as follows : 

Definition. The totality of points of a net of rationality R{ABC)y 
together with all the irrational cut-points defined by open cuts with 
respect to the scale Ay By C m R {ABC)y is called the chain defined 
by Ay By C and is denoted by C{ABC), The irrational cut-points are 
said to be irrational with respect to R{ABC), 

Thus we have 

Theorem 11. (1) The projective transform of a chain is a chain, 

(2) Every open cut in any net of rationality defines a unique 
irrational cut-point collinear withy hut not m, the net, 

{S) If two S2ich cuts with respect to the same scale and in the same 
net are distinct y their cut-points are distinct. 


a h 
c d 
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(4) If two open cuts are homologous in a projectivity y their cut-points 
are homologous in the same projectivity. 

(5) Any projectivity which transforms three points Ay By C into 
three points of the chain C{ABC) transforms any point of the chain 
into a point of the chain. 

Theorem 12. There is one and only one chain containing three dis- 
tinct points of a line. 

Proof. Let Ay By C be the givc^n points. They belong to the chain 
C{ABC) into which transformed by a projectivity 

such that Jfllfl^-j^AJlC. l>y Tlieorem 11 (5) any projectivity such 
that ABC f^B AC transforms all points of C{ABC) into points of 
C{ABC). But by delinition such a projectivity transforms C{ABC) 
into C{BAC ) ; hence C(BAC) is contained in C(ABC). In like inan- 
ner C{ABC) is contained in C{BAC). Hence C(ABC)=: C(BAC) = 
C(BCA)yeic. 

Now suppose A, By C to be points of some other chain C {PQR). By 
Theorem 11(b) a projectivity siu'h that* PQIlA-^QPAIt changes 
all points of C {/"(>//) into points of C{J*QIi). Ihit Iw definition it 
changes C^PQB) into C(QPA). Hence C{QPA) is contained in 
C{PQP). But tlie same projectivity changes C{QPA) into C{PQIi). 
Hence 0{FQB) = C{QPA). In like manner C (C>Pyl) = = 

C(CBA) = C(ABC). 

Corollary. A chain contains the irrational cut-point of every open 
cut in any net of rationality in the chain. 

Theorem 13. The Fundamental TuEORE^r of Projectivity for 
A Chain. If Ay By C, I) are distinct jndnts of a chain and A\ />', C' 
any three distinct p<nnts of a line, then for (tny 2f^(fj(''Cti cities giving 
{Ay By Cy I)) {A\ II y 7^) o ud {Ay By (\ B) ^ (J', Pf c\ B[) we 
have I)' == D[. 

Proof. Let 11, 11^ be the two projectivities mentioned in tlie tlieorem. 
11“^ n then leaves every point of C{ABC) fixed; for it leaves every 
point of R{ABC) fixed, and hence, ]>y Theorem 11 (4), must leave 
every irrational cut-point of an f>pen cut in R{ABC) fixed. But 
n-^n is then the identical transformation as far as the points of 
C{/1^C) are concerned. Hence. = 


* Cf. Theorem 2, Chap. Til, Vol. I. 
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This theorem may also be stated as follows : 

Any 'projective correspondence between the points of two chains is 
nniqiiely determined hy three pairs of homoloyons points. 

Our list of assumptions for the geometry of reals may now be com- 
pleted by the following assumption of closure. 

Assumption R. On at least one line, if there is one there is not 
more than one chain. 

It follows at once, by Theorem 1 2, tliat every line is a (ihaiii. It also 
follows, by an argument strictly analogous lo the ])i*oof of I'lieorem 5, 
that the dual pro])ositions of Assumptions C> and R are true. Ileiu'e 
we have 

Thkoiiem 14. The principle of dnatity is valid for all theorems 
dedncihlc from Ass'imqytions A, K, 1 1, (\ R. 

* 13. Consistency, categoricalness, and independence of the assump- 
tions. Let us now apply the logical canons explained in the Intro- 
duction (Vol. I) to the foregoing set of assumptions. 

Theokkm 15. Assamptions A, E, II, (\ R are consistent if the real 
n am her sysfein of (dialysis is e,ei stent. 

Proof. Uonsidei’ tlie class of all onlered tetrads of real numluM’s 
the cxce])tion of (0, 0, 0, 0). Any class of these 
ord(Mvd tetrads such that if one of its iiieinlu*is is a a^, a.J all 
its other members are given by the formula maf 

wher(^ ni is any real number not zero, shall l.e calh'd a point. Any 
class (Consisting of all points whose com])onent tetrads satisfy tw(f 
independent linear homogeneous ecpiations 

»Vo+ ”/’i+ V 2 + 0, 

V-0 + + + = 0 

shall be called a line. The class of all points and lines so defined 
satisfy the assumptions A, E, H, C, R (cf. § 4, Yol. 1). 

Theorem 16. Assumptions A, E, H, 0, V\ form a eatcijorieal set. 

Proof In Chap. VTI, Vol. I, it has been proved that the ])oints of a 
space satisfying Assumptions A, E, P can be denoted by homogeneous 
coordinates which are numbers of the geometiic number s} stem of 
Chap. VI, Vol. 1. Since P is a logical consecpience of A, E, II, C, R 
(cf. Theorem 13), this result applies here, and by Theorem 9 the 
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number system in question is isomorphic with the real number 
system of analysis. 

Now if two spaces and satisfy A, E, H, C, R, consider a homo- 
geneous coordinate system in each space and let each point of 
correspond to that point of which has the same coordinates. This 
correspondence is evidently such that if three points of are collinear, 
their correspondents in are collinear. 

It is worthy of remark that the above correspondence may be set 
up in as many ways as there are collineations of into itself. 

Theorem 17. Assumptions A 1, A 2, A 3, E 0, E 1, E 2, E 3, E 3', 
H, C, K are an independent set 

Proof. The method of proving that a given assumption is Hot a 
logical consequence of the other assumptions was explained in^ the 
Introduction, p. 6, Vol. I. Suppose there is given a class of objects 
\x] and a class of subclasses of [x]. If we call each x a point and 
each element of the class of subclasses a line, then each of our 
assumptions, when thus interpreted, will be either true or false * witli 
respect to this interpretation. If all the assumptions but one are true 
and the one is false, it cannot be a logical conse(iu(‘n(*e of the others ; 
for a logical consequence of true statements must be true. In the 
sequel we shall call the objects, x, pseudo-points, and tlie subclasses 
of [x] which play the role of lines, pseudo-lines. 

A 1. The pseudo-points shall be the points of a real projective 
plane tt together with one other point O. The pseudo-lines shall be 
the lines of tt. A 1 is false because there is no pseudo-line contain- 
ing 0. A 2 is true because it is satisfied by the ordinary projective 
plane. A 3 is true because the only sets of ])oints J, It C, Z>, E which 
satisfy its hypothesis are in tt. The only j)S(*i](lo-phine is tt, and there 
is no pseudo-space. Hence it is evident that E 0, K 1, E 2, E 3 are true 
and E3' is vacuously true. Assumptions H, (.\ U are evidently true. 

* If the hypothesis of a statement is not verifier], we regard the statement as 
true. Following the terminology of E. H. Moore (Transactions of the American 
Mathematical Society, Vol. Ill, p. 489), we shall describe statements which are 
true in this sense as “vacuously true” or “vacuous.” 

It is possible to put any or all of the assumptions into a form such that they are 
vacuous for the ordinary real space. For example, Professor Moore has pointed 
out that A 1 could be replaced by the following proposition, which is vacuous for 
ordinary space. 

X 1 . Let .A be a point and B be a point. If there is no line which is on A and 
on B, then A:=. B 
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A 2. The pseudo-points shall be the points of a real pi'ojective 
three-space together with one other pseudo-point O, The pseudo- 
lines shall be the lines of S^, each pseudo-line, liowever, containing 0. 
Thus any two pseudo-points are colhnear with 0 ; a pseudo-plane is 
an ordinary plane together with O; a pseudo-space is together 
with O. Hence it is evident that A 2 is false and A 1, A3, E 0, E 1, 
E 2, E 3, E 3' are true. There exist harmonic sequences of pseudo- 
points, some of which are ordinary harmonic sequences. Hence 
Assumption H is true. By reference to the definition of a quad- 
rangular set and harmonic conjugate it is clear (because every line 
contains 0) that any pseudo-point P is harmonically conjugate to 0 
with regard to any two pseudo-points which are collinear with P, 
Hence a linear net of rationality contains all the pseudo-points of a 
pseudo-line. The operations of addition and multiplication are not 
unicpie, however, and hence the definition of order does not apply ; 
there are no open cuts, and Assumptions C and R are vacuously 
true. 

A 3. The pseudo-points shall be the points of a real projective 
space Sg, with the exception of a single point O. The pseudo-lines 
sliall be the lines of S^, except that in case of those lines which pass 
through O the pseudo-lines do not contain O. Clearly A 3 is false 
whenever the pseudo-points A, ii, (7, 1), E are chosen so that the 
lines AB and DE meet in O. A 1, A 2, E 0, E 1, E 2, E 3, E 3' are 
obviously true. A harmonic sequence and a net of rationality of 
pseudo-points can be found identical with an ordinary harmonic 
sequence and net of rationality on any line not passing through 0. 
Hence H, C, and R are also true. 

E 0. The pseudo-points shall be the vertices of a tetrahedron, and 
the i)seudo-lines the six pairs of pseudo-points. Thus the pseudo- 
planes are the trios of pseudo-points, and a pseudo-space consists of 
all four pseudo-points. A 1 and A 2 are obviously true. A 3 is true 
because we may have E = A and I) = B, E 1, E 2, P] 3, E 3' are true. 
H, C, R are vacuously true. 

E 1. There shall be one pseudo-point and no pseudo-line. E 1 is 
false and all the other assumptions are vacuously true. 

E 2. Tliere shall be three pseudo-points and one pseudo-line con- 
taining all three pseudo-points. A 1, A 2, E 0. E 1 are true. A 3, E 3, 
E 3', H, C, R are vacuously true. 
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E 3. The pseudo-points and pseudo-lines shall be the points and 
lines of a real projective plane. A 1, A 2, A 3, E 0, E 1 , E 2, H, C, R 
are true and E 3' is vacuous. 

E 3'. The pseudo-points and pseudo-lines shall be the points and 
lines of a real four-diniensional j)rojective space. E 3' is false and all 
the other assumptions are true. 

H. The pseudo-points and pseudo-lines shall be the points and 
lines of any modular projective three-s])ace (cf. § 72, Vol. 1, and § 1 6, 
below). All the assumptions A and E are true, H is false, and C and 
R are vacuously true. 

C. The pseudo-points and pseudo-lines shall be the points and 
linear nets of rationality of a three-dimensional iu*<t of rationality in 
an ordinary real projective space. All tlie assumptions are true except 
C, which is false. R is vacuously true. 

R. The pseudo-j)oints and pseudo-lines shall h(». defined as the 
points and lines in Theorem 15, the coordinates, however, being el(‘- 
ments of the system of ordinary complex num]>ers. All the assump- 
tions are true except R, which is false. 

Assumption C, which is more comjdicated in its statiiinent than 
the others, is, however, vsuch that neither of the two statements into 
which it is separated may be omitted. This result is established in 
the following theorem : 

Thkokkm 18. Assumption (-(1) is not a consequence of Assump- 
tion C (2) ((nd all the other assumptions. Assumpt ion 0(2) is not a 
consequence of 0(1) and of the other assumptions crcn if 'foe add to 
0(1) the foUowituj : If a projectivity tra nsfonns IT^ into itself and 
If cnid IT^ into 2>oiats of and transfanns an open cut 

(A, B) into an open cut (O, />), it tra nsfonns the point associated mith 
(A, B) into the point associated with ((/, 1)). 

Proof. ^ (1) Any real number .r determines a class of numbers 

of the form a.c -h h wliere a and h are any rationals. is tlie same 

+ b rational values of a and h. ITence, if x and y are two 

irrationals, and are either identical or mutually exclusive. Thus 
the class of all real numbers falls into a set of mutually exclusive 

* This argument makes use of portions of the theory of classes which could not 
be treated adequately without a long digression. Hence we assume knowledge of 
the methods and terminology of this branch of mathematics without further 
explanation. 
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classes [A']. With each class K we associate a particular one of its 
numbers,* ky and thus obtain a set of numbers [^] such that every 
real number can be written uniquely in the form ah + 6. 

Now consider the number system whose elements are the complex 
numbers of the form + where a and h are rational and t = 

If we take as pseudo-points and pseudo-lines the points and lines of 
a thnic-space based (as in the proof of Theorem 1 o) on this number 
system, it is clear that all the assumptions except C are satisfied. 
If we also take as the j)seudo-points i/^, //„ those having the 
coordinates (0, 1, 0, 0), (1, 1, 0, 0), (1, 0, 0, 0), the net of rationality 
consists of and the points whose coordinates are 
(x, 1, 0, 0), where x is rational. Suppose now that we associate the 
pseudo-point {ai -f &, 1, 0, 0) with every cut in this net which in the 
ordinary geometry would determine an irrational point {ak -f ft, 1, 0, 0). 
Every point is thus associated with an infinity of cuts, contrary to 
Assumption C(l). Moreover, the cuts with which any point is asso- 
ciated occur between every two pseudo-points and hence between every 
two cuts of R(y/^y/j//„). Therefore Assumption C (2) remains true 
ill this space. 

(2) For the second half of the theorem the pseudo-points and 
pseudo-lines shall be the points and lines of a three-space based on a 
commutative nuniher system whose elements are the ordinary rational 
numbers and all open cuts in the rational numbers. The laws of 
combination shall be such that addition is precisely the same as for 
the ordinary number system and multiplication is the same between 
rational s and rationals or rationals and irrationals, but different 
between irnitionals and irrationals. Thus the produ(;t of the num- 
bers associated with two open cuts will not, in general, he the nuniher 
associated with the cut given by the usual rule. Hence the pro- 
jective transformation will not preserve order relations, and 

Assumption C (2) must be false. On the other hand, 0(1) and the 
other avssumptions are obviously true. 

* W^e do not show liow to set up the correspondence. The assumption tiiat this 
correspondence exists is a weaker form of the assumption used by Zernndo 
(Mathematische Annalen, Vol. LIX, p. 614) in his proof that any class can be well 
ordered. Our proof of the second part of the theorem is dependent on the validity 
of Zermelo’s result that the continuum can be w^ell ordered. The wdiole theorem 
is therefore subject to the doui)ts that attach to the Zermelo process because of the 
lack of explicit methods of setting up the correspondences in question. 
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The existence of the required new number system can be inferred 
from Hamel’s theorem* that there exists a well-ordered set of real 
numbers 

(5) ■ ■ ■> ®«>> 

such that every real number can be given uniquely by an expression 
of the form 

(6) + a, a.- + + ■■■+ 

containing only a finite number of terms, the a’a all being rational. 
The ordinary rules of combination for cuts determine a multiplication 
table for the a’s ; that is, a set of rules of the form 

(7) a,.aj = -h + 

where the yS’s are rational. Tlie laws of combination for the nu\nber 
system in general may now be stated as follows: Express the\two 
numbers to be added or multipbed in the form (6) ; add or multiply 
by the rules for addition and multiplication of polynomials, reducing 
the result in the case of multiplication by means of the multiplication 
table for the a’s. 

Now suppose we denote by 

(8) aj, a', ■ ■■, a', • • • 

the same set of numbers [a] arranged in a different order of the same 
type as (5). Such an order would be obtained, for example, by inter- 
changing and and leaving the other a’s unaltered. There is 
therefore a one-to-one correspondence in which every a. corresponds 
to the al having the same subscript. Moreover, since the set of all a’s 
includes the same elements as the set of all a'’s, every real number 
is expressible in the form 

(9) a^-h 

A new law of multiplication, which we shall denote by X , is now 
defined by setting up a multiplication table for the a”a according to 
the rule that 

(10) a' X = «„ + -f- aX, 

whenever 

(11) =a,+ a, a.- -b ■ • • + 

* Mathematische Annalen, Vol. LX, p. 469 
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The product, according to the new law of combination, of two real 
numbers is obtained by expressing each in the form (9), multiplying 
according to the rule for polynomials, and reducing by the multipli- 
cation table for the a'’s. 

Since the set of all expressions of the form 

%+ “A+ ■ ■ ■ 

forms a number system, the set of all expressions of the form 

forms a number system isomorphic with the first. For if we let each 
a. correspond to the aj with the same subscript, the sum of any two 
elements of the first number system corresponds, by definition, to 
the sum of the corresponding two elements in the second number 
system. Similarly for the product of a rational by a rational or of 
a rational by an irrational. The product of two irrationals in the first 
system corresponds to the product of two irrationals in the second, 
because the two polynomials in the a*s are multiplied by the same 
rules as the two in the a'’s, and are also reduced by corresponding 
entries in the respective multiplication tables. 

We may insure that the two number systems shall be distinct by 
selecting the a’s, in the first place, so that and and 

then choosing the a'’s so that a[ = a^. 

* 14 . Foundations of the complex geometry. Let us add to Assump- 
tions A, E, H, C the following assumption : 

Assumption K On some line, I, not all points belong to the same 
chain, 

I^it JFJ, II be three points of 1. The geometric number system 
determined by the method of Chap. VI, Vol. I, by the scale Jl, 1\, li is 
commutative for all the points in the cliain C{llP^ll) but not neces- 
sarily for other points. However, it is clear, without assuming the 
commutativity of multiplication, that 

ic' = zzi x + a, x' = ax, xJ = xa (a = constant) 

define projectivities. For this follows from § 64, Vol. I; for 

ic' = a: -f a it reduces to Theorem 2, Chap. VI, Vol. I ; and for the other 
two cases, to Theorem 4, Chap. VI, Vol. I. 

Let J be any point of I not in C{T^F^li), and let [A"] be the set of 
all points in C(^7^^). Then, by Theorem 11(1), the set of points 
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[X+J] is a chain. This chain has no point except H, in common 
with because, if X-\-J=X'=f^Ii, it would follow that 

X' — X=J, and thus J would be a point of Let us denote 

the chain [X + J] by C. 

In order to continue this argument we need the following assump- 
lion of closure : 

Assumption T. Through a point P of any chain C of the line /, 
and any point J on I hnt not in C, there is not more than one chain 
of I which has no other point than P in common vnth C. 

Now let P 1)0 any point of I not in C(ioJj7i) or C'. Such points 
exist, because, for example, the eliaiu C(7^7^t/) do(‘s not coiiicifde with 
C{PJIII) or C. The cliain C(PJIi) has, by Assumption I, a point 
different from 7* in common with Let be this poiut. 

In case ^ 2q, the projectivity 

( 12 ) X'==X-\-J{P,^X-^'X) 

transforms ^ into f X^ into itself, and 7^ into itself. Hence it trans- 
forms C(I*flI^)=^ C{J^X^Tl) into Q{JXfi). Hence every point of 
C(f7A'/«), and in ])articular P, is of the form X-\-JX^\ where A" and 
X'^ are in [A']. If X^^^P^y the projectivity 

( 13 ) X'=^JX 

transforms 0{P^y 7^, 72) into C(7J7^), which contains P. Hence, in 
this case P is of the form JX. Tims we have 

Lemma 1 . Every point of the line I is expressible in the form 
where A and B are in C(7jJ7J/2)- 

Lemma 2 . Two points A 4 - AB and A' A- AB\ where Ay By A\ B' are 
in C(7q7i72), are identical if and only if A = A' and B ~ B\ 

For if B 4 77, A + JB = A' JB^ imidies 7= (A' - A)(B - 77)" \ 
and thus J would be in C(ZJ7f72) ; and if B — B\ it implies directly 
that A = A'. 

Each of the projectivities X'=JX and A'' = AV transforms th(‘ 
chain C{P^P^Ii) into 0(7^7^). Hence, if A be any point of C(7 qVj72), 

( 14 ) AJ==JA\ 
where A' is also in C (7^7^72). 
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Each of the ppojectivities A’' = (ij — «/) X and X' = X{P^ — J) trans- 
forms into C(/^(iJ — t7)J2)- Hence, if A be any point of 

A{r^-J) = {P,-J)A", 

where is also in C(7J7j/i). By the distributive law (Theorem 5, 
Cliap. VI, Yol. 1) it follows that 

A -AJ = A"-JA". 

By (14), this rediK^es to 

A - JA' = A^' - JA'^. 

By Lemma 2, it follows that A~A!^ — A'. Hence = t/A From 
this we can deduce, Ijv the elementary laws of operation, 

(A + (0 + JIJ) ==A(CA- JI>) + JTH(' + JD) 

= ACA- AJl) + JliC + JBJD 
= CA + CAB -h ADA -f ADJB 
= C{A 4- AB) -f AD {A 4 JB) 
=^{CA-AD){A^AB), 

Hence the geometric number system determined by any scale on I 
is commutative. Since chains are transformed into chains by any 
projective transformation, it follows that the geometric number sys- 
tem det(*rmined by any scale on any line in a space satisfying A, E, 
H, C, B, 1 satisfices the commutative law of multiplication. Hence, 
by Theorem 1, 

Thkoiikm 10. AHHi(m2')tw7i P is satisfied m any sj)ace satisfymg 
Assinnpiioiis A, E, H, C, K, 1. 

Since eveuy j)oint in tlie geometric number system is expressible 
in the form A 4 AB, we liave . 

(15) ,P^A^+JB^, 

where A^ and B^ are in C (iJ^P ). Thus J is one of the double points 
of the involution 

(16) 

whicdi tranvsforms C{JlI\ll,) into itself. Any two points of C(iJ7J7^) 
which are conjugate in this involution may be transformed projeo 
tively into and 7* by a transformation which carries C(7Ji^^i) into 
itself. This reduces the involution to 


(171 


XX^^A. 
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where A must be negative relatively to the scale since the 

double points are not in The transformation X=vCr]iA" 

now reduces (17) to A"X' = — if 

and thus transforms */ to a point satisfying the equation 
Hence we have 

Theorem 20. The geometric number system in any space satisfying 
Assumptions A, E, 11, C, it, I is isomorphic vnth the complex nittnbf'r 
system of analysis, i.e. with the system of numbers a + ib, cohere 
i^= — \ and a and h are real, 

! 

*15. Ordered projective spaces. There is an important class of 
projective spaces which may be referred to as the ordered f^rojective 
spaces and which are characterized by the Assumptions S given below. 
This class of spaces includes the rational and real projective spaces 
and many others. The set of assumptions. A, E, S, is not categorical, 
but it may be made so by adding a suitable continuity assumption or 
by some other assumption of closure. 

These assumptions introduce a new class of undefined elements, 
called senses,* in addition to the points and lines which are the 
undefined elements of Assumptions A and E. The senses are denoted 
by symbols of the form S{ABC), where A, B, C denote points.t 

S 1. For any three distinct collinear points A, B, C there is a sense 
S{ABC). 

S 2. For any three distinct collinear points there is not more than 
one sense S{ABC), 

53. S(ABC)== S{BCA). 

54. S(ABC)^ S{ACB). 

55. If S{ABC)=S(A'B'C') and SiA^B^ C') = S{A^'B^' 0^% then 
S{ABC)=^S(A''B"C"). 

S 6. If S{ABO)=S(BCO), then S{ABO)= S{ACO), 

S 7. If O A and OB are distinct lines, and S{OAA^^ S{OAA^ and 
OAA^A, ^ OBB^B^, then S(0BB;)=^ S{OBB^, 

* Sets of assumptions more or less related to these have been given by A. U 
Schweitzer, American Journal of Mathematics, Vol. XXXI, p. 365, and A. N. White- 
head, The Axioms of Projective Geometry, Cambridge Tracts, Cambridge, 1906. 

t With respect to the intuitional basis of these assumptions, cf. figs. 6-12. 
Chap. II. 
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If S{ABC) be identified with the sense-class which is discussed 
below in § 19, Chap. II, it will be seen that S 1 and S2 are immedi- 
ately verified and S 3, • • •, S 7 reduce to Theorems 2-6, Chap. II. This 
shows that the assumptions S are satisfied by a rational or a real 
projective space. 

These assumptions are capable, as is shown in Chap. II, of serving 
as a basis for a very complete discussion of geometric order relations. 
Assumption P is not a consequence of A, E, S alone. 

EXERCISES 

1. Prove that Assumption II is a consequence of A, E, and S. 

2. Prove that with a proper definition of the symbol < (less than) the 
geometric number system in an ordered projective si>ace satisfies the following 
conditions : 

(1) If a and b are distinct numbers, a < h or h<a. 

(2) If a < 6, then a Ik 

(.3) If a < ft and ft < c, then a<c, 

(1) If a < ft, there exists a number, x, such that a<x and x < ft. 

(5) If 0 < «, then ft < « 4* ft for every ft. 

(()) If 0 < n and 0 < ft, then 0 < a • ft. 

(Cf. E. V. Huntington, Transactions of the American IMiiihematical Society, 
Vol. VI (1905), p. 17.) 

3. Introduce an assumption of continuity, and with this assumption and 
A, E, S prove Assuini)tion P. 

4. Prove that P is not a consequence of A, E, S alone. 

*16. Modular projective spaces. We have seen (§ 7) that, in any 
space satisfying Assumptions A and E, any two harmonic sequences 
are projective. Hence, if one harmonic sequence contains an infinity 
of points, every such sequence contains an infinity of points, and 
by § 8 these points are in one-to-one reciprocal correspondence with 
the ordinary rational numbers. On the other hand, if one harmonic 
sequence contains a finite number of points, every other harmonic 
sequence in the same space contains the same finite number of 
points. Hence the spaces satisfying Assumptions A and E fall into 
two classes — those satisfying Assumption H and those satisfying 
the following: 

Assumption H. If any harmanic sequence exists^ at least one con- 
tains only a finite numher of points. 
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The spaces satisfying H may be called modvXar, and those satisfy- 
ing H nonmodular. 

It follows, just as in Theorem 5, that the principle of duality is 
true for any modular space. 

iMt n he any i)arabolic j)rojectivity ou a line, and let //„ be its 
invariant point. If be any other point of the line, the points 

. . . n-^(//„). !!->(//„), JI,, n(7/„), n*(//„) • • • 

form a harmonic sequence, by delinition. If this is to contain only 
a finite iiuiuIkt of point, s, there mu.st be some positive integer n such 
that 11“ (//,,)= 11’“ (7/^), where m is zero or a positive ii^teger less 
than n. If n — m = k, we liave 

n'(n’“(77j) = n”(77„). 
and hence II* = 1. 

Hence aU the points of the harmonic .seejueuce are contained in the set 
7/„, II (//„). •• •, n*-^ (//„). 

In case k is not a prime num))er, that is, if thcau exist two po.sitive 
integ(U's, Z'j, <lifferent from unity such tliat k = k^ ■ let us con- 
sider tlie parabolic projectivity n*X The points 

7/^, n*^(//„), n‘-‘**(7g, ..., n<*--’>**(7/j 

satisfy the definition of a harmonic sequeiuje. Since any two liarmonic 
se([uences contain the same nuinher of points, it follows that the ^iven 
sequence could not have contained more than jioints. In case 
breaks up into two factors, the same argument shows that the given 
harmonic sequence could not contain a number of points largiu- than 
cither factor. This process can be repeated only a finit(‘. nuniiuT of 
times and can stop only when we arrive at a prime riurnbcu*. IftauH* 
we have 

Theorem 21 . TJte nvmher of points in a h nrrnonic sequence is prime. 
The points of a harmonic sequence may he denoted hy 

77„, n(77,). .... n->(//o). 

where 11 is a parabolic projecMoity, The period ^ p, of any paraholic 
projectivity is a prirne number. 



§ 16 ] 


MODULAR SPACES 


86 


With reference to a scale in which 0, 11 {H^) = 1, and the limit 
point of the harmonic sequence is oo, 11 has the equation 

X^=z x + 1. 

Hence the coordinates of the points in the harmonic sequence are 

0 , 1 , 2 , • • •, — 1 , 

respectively, where 2 represents l-fl, V) represents 2 4-1, etc. Since 
TP == 1 , we must have that p = 0, p -^1 — 1, 4 A’ = A*, etc. In other 

words, the coordinates of the points in a harmonic sequence are ele- 
ments of tlie ii(ild obtained by reducing the integers modulo as 
exi)lained in § 72, Yol. I. 

By Theorem 14, Cliaj). VH, Yol. I, the net of rationality determined 
by the points wliose co()rdinates are 0, 1, oo consists of the point od 
and all points whose coordinates are obtainable from 0 and 1 by 
tlie operations of addition, subtraction, multi})lication, and division 
(t*xcept division by zero). Since all numbers of this sort are con- 
tained in the set 

0 , 1 , •••, p-h 

we have 

Theorem 22. The nv^nher of points in a net of rationality in a 
mochflar space is ^> 41 , heiny a jrrime number constant for the 
space in question. 

Olwiously, if Assumption Q (§ 10) be added to the set A, E, 11, 
the number of points on any line must be |?4l, p being prime. 
A space satisfying A, E, H shall be called a rational modular space. 
The ])roblem of finding the double points of a projectivity in a rational 
modular s])a(‘.e of one or more dimensions leads to the consideration 
of modular s])a(*(‘s bearing a relation to the rational ones analogous 
to the relation whicli the com])lex geometry bears to the real geometry. 
The existence of such spaces follows from the considerations in Chap. 
IX, Yol. I (lTo])()sitions K.^ and K„). The geometric number systems 
for such spaces may be finite* (Galois fields) or infinite.! 

* E. II. Mooro, The Siibp:roups of the Generalized Finite Modular Group, 
D('(*onnial publications of The University of Chicago, Vol. IX (1903), i)p. 141-190 ; 
L. E. Dickson, Linear Groups, Chap. I. 

t L. E. Dickson, Transactions of the American Mathematical Society, Vol. VIII 
(1907), p. 389. See also the article by E. Steinitz referred to in § 92, Vol J 
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17. Recapitulation. The various groupings of assumptions which 
we have considered thus far may be resumed as follows: A space 
satisfying Assumptions 


A, E 
A, E,P 
A, E, H 
A, E, 11 
A, E, S 
A, E, 11, Q 
A, E, H, y 
A, E, H, (J, li 
or A, E, K 


is a general projective space ; 

is a proper projective space ; 

is a nonmodular projective space ; 

is a modular projective space ; 

is an ordered projective space ; 

is a rational modular projective space ; 

is a rational nonmodular projective space ; 

is a real projective space ; 


A, E, H, C, K, I 
or A, E, J 


is a complex projective 


space. 


The first six sets of assumptions are not, and the remaining ones 
are, categorical. The set of theorems deducible from any one of these 
sets of assumptions is called a projective geometry, and the various 
geometries may be distinguished by the adjectives applied above to 
the corresponding spaces. 
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18. Direct and opposite projectivities on a line. In § 9 a point A 
was said to precede a point B relative to a scale if the coordi- 

nate of A in this scale was less than the coordinate of B. Supposing 
the coordinate of ^ to be a and that of B to be h, the projectivity 
changing to A and to B and leaving fixed has the equation 

(1) ~(b — a)x + a. 

In this transformation the coefficient of a; is positive if and only if 
A precedes B, But the transformations of the form 

(2) ax + 

where a is positive, evidently form a gioup. This group is a subgroup 
of tlie group of all projectivities leaving P^ invariant, for the latter 
group liontains all transformations (2) for which a 0. 

The groiq) of transformations (2) for which a is positive is, by what 
we have just seen, such that whenever a pair of points A and B are 
transfornuid to A' and B^ respectively, A precedes B if and only if A^ 
precedes />*'. The discussion of order relative to a scale could therefore 
be based on the theory of this group. 

The order relations defined by means of this group have all, how- 
ever, a special relation to the point 7^, and they can all be derived by 
specialization from a iiKue general relation defined by means of a more 
extensive group. We shall therefore enter first into the discussion of 
this larger group, and afterwards (§ 23) show how to derive the rela- 
tions of “ precede ” and follow ” from the general notion of " sense.” 
The definitions for the general case, like those for the special one, will 
be seen to depend simply on the distinction between positive and 
negative numbers. 

A projective transformation of a line may be written in the form 


< = Vo + Ve 
= Vo + 


A= “o" ¥= 0, 

®10 


where the tty’s are numbers of the geometric number system. 
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Under Assumptions A, E, H, C, R (or A, E, K) the a^’s are real. 
If attention be restricted to a single net of rationality satisfying As- 
sumption H, the a^/s may be taken (Theorem 6, Cor. 2, Chap. I) as 
integers. Tlie discussion which follows is valid on either hypothesis.* 
Definition. The projectivities of the form (3) for which A > 0 
are called direct, and those for which A < 0 are called opposite. 

Since the determinant of the product of two transformations (3) 
is the product of the determinants, the direct projectivities form a 
subgroup of the projective group. The same transformation (3) cannot 
be both direct and opposite, for two transformations (3) are identical 
only if the coefficients of one are obtainable from those of the other 
by multii)lying them all by the same constant p\ but this merely 
changes A into p^A. \ 

111 form, the deiinition is dependent on the choice of the coordinate 
system whicli is used in equations (3). Actually, however, the defi- 
nition is indej^endeut of the coordinate system, for if a given projeo 
tivit}' has a positive A with resjiect to one scale, it has a positive A 
with res])ect to every scale. This may be proved as follows : 

r^-t the fundamental points of the scale to which the coordinates 
in (3) refer be /q, 7/, 7^,, and let be the fundamental points of 

any other scale. By § 56, Vol. I, the coordinates of any jioint R 
with respect to any scale are such that yjy^^ = R QJi). 

Suppose that, r(ilati^'e to tlie scale 7^, /j, H, the projectivity which 
transforms to 7f, H respectively has the equations 


(4) 


^0= Vl- 


K K 
K h 


= X>=)t 0. 


Thus any point R whose coordinates relative to the scale ij, R 
are is transformed by this projectivity to a point E' whose 

coordinates relative to the scale 7J, 1], li are [y^, y^. 

Since cross ratios are unaltered by projective transformations, 

B {(K Q,, QX) = B PX') = - • 

Hence it follows that if and are the coordinates of any point R 
relative to the scale ij, JJ, 7i, the corresponding values of y^ and. y^ given 


* It is, in fact, valid in any space satisfying: Assumptions A, E, S, P. The i)iirely 
ordinal tlKH)rems are indeed valid in any ordered projective space (§ 16), but those 
regarding iiivf)lutions, conic sections, etc. necessarily involve Assumption P also. 
Of. the fine print at the end of § 19. 
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by (4) are the coordinates of B relative to the scale Q^, Q^, Q^. Let us 
indicate (4) by = T{x^, x^), and (3) by (x', x() == S{x^, xj. 

Now a direct transformation (3) carries a point whose coordinates 
relative to the scale ij, ij, B are (x^, x^) into one whose coordinates rela- 
tive to the same scale are (x', »•{), where (x', Xj') — S{x^, x^. The coordi- 
nates of these two points relative to the scale Q^, (f, are (y^, = 

(y<» yl) = ^{^o> ^0 respectively. Hence, by substitution, 

{yl y[) = *i)) = T{S{T-\y^, yf)), 

or (y[,y[) = TST-\y^,y^), 

where l'~ ^ indicates, as usual, the inverse of T. The determinant of 
the transformation TST~^ is 

where K is real (or rational), and A' therefore has the same sign as A. 
Thus the definition of a direct projectivity is independent of the 
choice of the coordinate system. 

This result can be put in another form which is important in 
the se(iuel: 

Definition. Two figures are said to be conjugate under or egvira- 
lent with respect to a group of transformations if and only if there 
exists a transformation of the group carrying one of the figures into 
the other. 

Theokem 1. If two sets of points are conjugate %indcr the group of 
direct projectivitics on a line, so are also the two sets of points into 
which they are tra^isforrned hy any jrrojectirity of the Hue. 

Proof I^t a 9 be a direct proje(*.tivity changing a set of ])oints [A] 
into a set of points [/;?], and let T be any other projectivity on the 
line, and let T(A)=A' and T{B) = B\ Since T-^(A)=A, S(A) = B, 
and T{B)—B\ it follows that TST-^{A') = B\ But the discAission 
above shows that TST~^ is a direct projectivity. Hence [A^] and 
[B^] are conjugate under the group of direct projectivities, as was 
to be proved. 

According to the definition in § 75, Vol. I (see also § 89, below), the gi\)H]> 
of direct projectivities is a self-conjugate subgroup of the group of all projec- 
tivities on a line. Since this is the only relation between the two groujis 
which we have employed in the proof of the theorem above, this theorem 
can be generalized to any case in which we have one group of transformations 
appearing as a self-conjugate subgroup of another. 
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EXERCISES 


1. Within the field of all real numbers the positive numbers may be defined 
as those numbers different from zero which possess square roots. Generalize 
this definition to other litdds, and thus generalize the definitions of direct 
projectivities. In each case determine how far the theorems on sense and 
order in the following sections can be generalized (cf. § 72, Vol. I). 

2. The group of projectivities which transform a net of rationality into 
itself has a self-conjugate subgroup consisting of thos(i transformations which 
are products of j>airs of involutions having their double ])ointr> in the net of 
rationality. This group contains all projtictivities for which the determinant 
is the square of a rational number. 

*3. Work out a definition and theory of the group of dinict projectivities 
independent of the use of coordinates. This may be done by the aid of, 
theorems in Chap. VI IT, Vol. T (cf. §§ (H) and 70, below). 

\ 

19. The two sense-classes on a line. Dkfinition. be' 

any three distinct points of a line. The class of all ordered* triads 
of points ABC on the line, such that the projectivities 




are direct, is called a sense-class and is denoteil ])y S(A^BJ'\), Two 
ordered triads in the same sense-class are said to Itare the same sense 
or to he m the same sense. Two collinear ordered triads not in the same 
sense-class are said to have opposite senses or to he in opposite senses. 

One sense-class chosen arbitrarily may be referred to by a particular name, 
as ri(/ht-/i(iTide(h clorl wisej positirey etc.f 

The term “ sense,” standing by itself, might have been defined as follows : 
'riie senses are any set of objects in one-to-one and reciprocal correspondence 
wdth the sense classes.” This is analogous to the d(*finition of a vector given 
in § 42. When there is question only of one line, any two objects whatever 
may serve as the two senses — for example, the signs -f and — . 'I'his agrees 
with the definition of sense as “the sign of a certain (hderminant.” When 
dealing with more than one liiui, it is no longer correct to say that there are 
two senses ; there are, in fact, two senses for each line. 


* “ Order,” here, is a logical rather than a geometrical term, just as in the defi- 
nition of “ throw ” (§ 23, Vol. I). It is a device for distinguishing the elements of 
a set. For example, when we say that ABC cannot be transformed into ACB by 
any transformation of a given group, it is a way of saying that the group contains 
no transformation changing A into A, B into C, and C into B. 

t A partial list of references on the notion of sense in one and more dimensions 
would include : Mfibius, Barycentrische Calcul, note in § 140 ; Gauss, Werke, Vol. 
VIII, p. 248 ; von Staudt, Beitrage zur Geometric der Lage, §§ 3, 14 ; Study, Archiv 
der Mathematik und Physik, Vol. XXI (1913), p. 198; Encyclopiulie der Math. 
Wise. Ill AB 7, p. 618. 
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When one adopts, as we do, the symbol S{ABC) to stand for a sen^e-class, 
there is no occasion for attaching a separate meaning to the word “ sense.'* Jt 

may be regarded as an incomplete symbol,* like the ^ in the ~ of the calculus. 

Theokkm 2. If the ordered triad ABC is in the sense-class S 
then S{AHC) = S{AJ!J\). 1/ S{A1!<') =-S{A' fi'C) and S{A'Ji'C') 
= S{A"B"C"). then S(A /!(') ^ A{A'' ll” V"). 


A n 


B" G" 


A' B* 


Proof. Both statoiiuiiits aro consequeuces of the fact that the direct 
projectivities form a group. 

Theorem fh lfS{A/l(') ¥= SiA'B'C) and S{A'B' C')=f- S{A"ff' C"\ 
then S{ABC) = H{A''B"a''). 


O' B' 


B C 
Fio. 7 


Proof. If S{AB(r)=f= S{A'li'C'), the projectivity ABC~^A’B'C' is 
i)])posite. Jleiici' the tlieorein follows from the facst that the product 
of two opposite projectivities is direct. 

OoKOi.iiARY. Plierc are two and only two sensewlasses on a line. 
Theorem 4. If --1, B, C are distinct collinear points, S{ABC) 
= and B{ABC)d= S(ACB).] 

Proof Let A, B, C be taken as (1, 1), (1, 0), (0, 1) respectively. 
Then 


is an op])osite j)rojee.tivity inU*rchanging B and C and leavmg A 
invariant. Bence, S(AB(:) d= S{ACB). In like manner, we can prove 
that S(A('B)=t= S{BC.4). It follows, by Theorem X., (hat B{ABC) 
= S(BCA). 

* The term •* meomi-lete symbol ” appears in Whitehead and U^eirs Principia 
Mathematica, Vol. I, Chap. Ill, ol the Introduction, together with a discussion of 
its logical significance. 

t This may he expressed by the phrase “Sense is preserved by even and altered 
by odd permutations.” A transposUion is a permutation in which two and only two 
elements are interchanged, and an even (odd) permutation is ‘J’® 
even (odd) number of transpositions. Cf. Burnside, Theory of Groups of Unite 

Order, Chap. 1. 
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Theorem 5. If S{ABI>) = S(BCD), then S{ABD)^ S{ACD), 
Proof Choose the coordinates so that i)=(0, 1), A = {1, 0), 
R= (1, 1). The transformation of ABD to BCD may be written in 


the form 



= Fig. 8 


because (0, 1) is invariant and (1, 0) goes to (1, 1). This transforma- 
tion will be direct if and only if a > 0. The point C, being the trans- 
form of (1, 1), is (1, l-f-a). The transformation carrying ABD to 


ACD is 


X 


»{=(!+ a)Xy, 


which is direct because (1 + a) > 0. \ 

As an immediate consequence of Theorem 1 we have 
Theorem 6. IfS{AI}C)=S{AJ\(\) andABCAJ\C~^A'B'C'A[B[C[, 

B(A'B'C') = B{A[B[C[). 



Fig. 9 


Theorems 2-n contain the pro])Ositions given in § 15, Cha{). T, as Assnnij> 
tions S. l'h<‘()r<Mn 0 is slightly more general than S 7 but is directly dediKuble 
from it. Th(* develojnnents of the following sections will be based entindy on 
these pro])ositions, and heiK^fj belong to the tlu'ory of any ordered projective 
space, except wlcre reference is made to figures whose existence dcjxuids 
on Assum]>tion P Theorems of the latter sort hold in any space satisfying 
A, E, P, S. 

These })ro])05i tions have the advantage, as assumptions, of corresponding to 
some of our simplest intuitions with regard to the linear order relations. The 
reader may verify this by constructing the figures to which they correspond 
(cf. figs. 0-9). Each proposition will be found to correspond to a number of 
visually distinct figures. 
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20. Sense in any one-dimensional form. Definition. If 1, 2, 3, 

1', 2', 3' are elements of the same one-dimensional form, aud J, B, C, 
A\ are collinear points such that 

123V2'3'-^ABCA'B'C', 

then the ordered triad 123 is said io have the same sense as 1'2'3' if 
and only if S{ABC) = S{A'B ' The set of all ordered triads having 
the same sense as 123 is called a sense-class and denoted by a.S(123). 

In view of Theorem 6 this definition is independent of the choice 
of the points A, B, C, A', B\ C'. It is an immediate corollary of the 
definition that the plane and space duals of Theorems 2-6 all hold 
good (cf. figs. 10 and 13). 

By the definition of a point conic there is a one-to-one correspond- 
ence between the points [B] of the conic and the lines joining them 
to a fixed point II of the conic. We now define any statement in 



A A' & B C 


Fin. 10 

terms of order redations among the points of the conic [7*] to mean 
that tlie same stateirient holds for the corresponding lines I’y 

Tlieorem 6, above, together with Theorem 2, Chap. V, Vol. I, it follows 
that this definition is independent of the choice of the point 7^. The 
definitions of the order relations in the line conic, the cone of lines, 
and the cone of planes are made dually.* 

Th(i jn'opositions with regard to sense* are perhaps even more evid(‘nt intn- 
itionally when stat{*d with regard to a conic or a flat pencil than with rt^gard 
to th(‘ points of a line (cf. figs. 10 and 11). 

* The.se definitions are in r(*ality special cases of the definition given alune for 
any one-dimensional form, since the cones and conic sections are one-diniensioiial 
forms of the second degree (§ 41, Vol. 1) and since the notion of ])i()jectivity 
between one-dimen.siona] forms of the first and second degrees lias bet'ii defined 
in § 70, Vol. I. However, at present we do not nt'ed to avail ourselves of the 
theorems in Chap. VIll, Vol. I, on which the latter definition is ba.sed. 
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21. Separation of point pairs. Definition. Two points A and B of 
a line are said to separate two points C and D of the same line if and 
only if S{ABC) ^ S{ABD). This is indicated by the symbol AB II CD. 

Theorem 7. (1) The relation AB 11 Cl) implies the relations CD II AB 
and ABWDC^ and excludes the relation ACWHD. (2) Given any 
four distinct points of a line, we have either ABW CD or ACW BD 
or ADWBC. (8) From the relations ABW CD and ADWBE follows 
the relation ADWCK (4) If AB\\(1) and ABCD ^^A’ B’ C’ D' , then 
A^ir II C^D’* 

Proof. (1) If ABW CD, we have 

(5) S{ABC)-B S{ABD), 

which, by the definition of separation, implies AB II DC. By Theoren^s 
2~6 we obtain successively, from (5), 

S{ABC) = S{ADB), 

S{ABC):=-S{ADC), 

S(ACB) = S(DA7^), 

B(ACB) = S{DCB), 

S(ABC) = S(CDB), 

S{CDA) ^ S{CDB), 

the last of which implies CD WAB. The relation AC 11 BI) is exiduded 
because it means S{ACB) ^ S[ACD), which contradicts the second of 
the e([uations above. 

(2) By the corollary of Theorem 3 we have either B{ABC)'4^ 
S{ABD) (in which case ABW CD) or S{ABC) = S{ABD). In the 
latter case either S(ABC) ^ S( ADC) or S(ABC) = S(A D(^). The 
first of these alternatives is etpiivalent to S{ACB)=t^ S{ACJJ) and 
yields ACWBD; the second implies S{AD(') = S{ABC) = S(ABD) 
4^ S{ADB), and thus yields ADWBC. 

(3) The hypotheses give S{A BC) S{ABD) and S{A DB) ¥= S{ADF). 
The first of these gives S{BCA) = S{DBA), whicli, by Theorem 5, 
implies S{DBA) == S(DCA), and thus S{ADB) = S{ADC). Hence, by 
the second hypothesis, S{ADC) ^ S{ADE), and tlicrefore AD 11 CE. 

(4) This is a direct consequence of Theorem 6. 

* The properties expressed In this theorem are sufficient to define abstractly the 
relation of separation. Cf. Vailati, Revue de Math^-niatiques, Vol. V, pp. 76, 183; 
also Padoa, Revue de Math^matiques, Vol. VI, p. 36. 
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Theorem If A and B are harmonically conjugate with regard 
to C and D, they separate C and D. 

Proof. By Theorem 7 (2) we have either AB II CD or AC WBD or 
ADWBC. We also have ABCD-j^BACD. Hence AC WBD would 
iinj)]}" BC II AD, contrary to Theorem 7 (1) ; and AD II BC would imply 
BD WAC, contrary to Theorem 7 (1). Hence we must have JB II CD. 

Theorem 9. An involution in which two pairs separate one another 
has no double points. 

Proof. Suppose that the given iiwolution had the double ])oints 
M, and that the two pairs whicli se])arate one another are A, A' 
and B' resp(ictively. SiiK'c the involution would be determined 
by the projectivity 

in which, by Theorem 8, 

S(3/JSrA) d- B{MNA’), 

it would follow, by Theorem 6, that every oi-dered triad was carried 
into an ordered triad in the ojiposite sense. Since the involution 
carriers AA'B to A^AB\ we sliould liave 

S{AA'B)^ S (A' A B'); 
and hence S(AA^B) = S{AA^P>% 

contrary to hypothesis. 

Tills theorem can also be stated in the following form : 

(/Oi:OLLARY 1. An involution with double points is such that no two 
pairs separate one another. 

('oaoELARY 2. If an inrolufion is direct^ etfch j)aie separates every 
Oliver pair. If an hirolufion is opposite, no pair separates any other 
pair. 

22. Segments and intervals. Definition. Let^l, B, The any three 
distinct points of a line. The set of all iioints A" such that 

S{AXC)=:S{ABC) 

is called a segmenf and is denoted by ABC. The jioints A and C are 
called the ends of the vsegment. The segment ABC, together with its 
ends, is called the interval ABC. The points of ABC are said to be 
interior to the interval ABC, and A and C are called its ends. 

CoROLEARY 1. A segment does not contain its ends. 

Corollary 2. If D is in ABC, then 


ABC = ADC. 
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Corollary 3. IfDis in ABC^ then B and D are not separated hy 
A and C, 

Theorem 10. If A and B are any two distinct points of a line, there 
are two and only two segments, and also two and only two intervals, 
of which A and B are ends. 

Proof. Let C and D be two points which separate A and B har- 
monically. If X is any point of the line distinct from A and B, either 

S{AXB) = S{ACB) 
or S{AXB) = S{AI)B), 

In one case X is in ACB, and in the other case in ADB, 

Definition. Either of the two segments (or of the two intervals) 
whose ends are two points A, B may be referred to as a segment 
(or an interval AB). The two segments or intervals AB are said to 
be complementary to one another. 

Corollary. If A, B, C are any three distinct points of a line, the 
line consists of the three segments complementary to ABC, BCA, CAH, 
together with the 2 )oints A, B, and C, 

Proof. Any point X distinct from A, B, C satisfies one of tlie rela- 
tions ACW BX or AB II CX or AX II BC. 

Theorem 11. If A A A^ is any set of 7i(r > 1) distinct 'points 
of a line, the remaining points of the line constitute n segments, each 
of which has two of the points A^, A,^, • ■ A^ as end points and no 
two of which have a jwint in common. ^ 

Proof. The theorem is true for n=2, 
by Theorem 1 0. Suppose it true for n — k. 

If A--I- 1 points are given, the point A^,^^ 
is, by the theorem for the case n — k, on 
one of the k segments determined by the 
other k points, say on the segment wdiose A, 
ends are A^ and Aj. By the corollary to 
Theorem 1 0, this segment consists of A^ ^ ^ 
together with two segments whose ends 
are respectively + + o Hence the theorem is valid 

for 71 = 1 if valid for n=k. Hence the theorem is established by 

mathematical induction. 

Definition. A finite set of coUinear points, Afi = ^,•••, n), is in 
the geometrical order (A^A^A^A^ • • • Aj if no two of its points are 
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separated by any of the pairs A^A^, A^^, ■ ■ A^A^. As an obvious 

consequence of Theorem 11 we now have 

Thkorem 12. To any set [A] of u points of a line the notation A^, 
Ajj, • • •, A„ may be assigned so that they are in the order {AjA^ • ■ • A„}. 
A set of points in the order {A^A^ • • • AJ is also in the orders 
Un^^n-1 ' * * 

EXERCISES 

1. If ABWCD and ACWBE, then CDWBE. 

2. The relations ABW CD^ A B WCE, A B \\])E are not possible simultaneously. 

3. Any two points Ay B are in the orders [AB] and {BA}. Any three 
collinear points are in the orders {ABC]y {ACB), {CAB). 

23. Linear regions. The set of all ]H)ints on a line, the set of all 
points on a line with the exception of a single one, and the segment 
are examples (cf. Ex. 1 below) of what we shall define as linear regions 
on account of their analogy wdth the planar and spatial regions con- 
sidered later. 

Definition. A region on a line is a set of collinear points such 
that (1) any two points of the set are joined by an interval consisting 
entirely of points of the set and (2) every point is interior to at least 
one si'gment consisting entirely of points of the set. A region is said 
to be convex if it satisfies also the condition that (2) there is at least 
one ])oint of the line which is not in the set. 

Dekimtjon. An ordennl pair of distinct points AB id a convex 
region R is said to he in the same sense as an ordered pair A'B' of R 
if and only if B{A1>A^) = S{A' B' where A^ is a ])oint of the line 
not in R. The set of all ordered pairs of R in the same sense as AB 
is denoted by S{AB) and is called a sense-class. The Sf‘gment comple- 
mentary to AA^B is called the segment AB. The corresponding inter- 
val is called the interval AB. A set of points of R is said to be in 
the order {A^A^ • • • if they are in the order {A^A^ • • • If C 

is s(‘j)arated from by A and By C is between A and B with respect 
to R. If S{AB) = S{CD)y then C is said to precede D, and 2) to follow 
C, in the sense AB. 

If there is a point other than A^y which is not in the convex 
region R, the sense S{AB.4A is the same as the sense S(ABBao)y and 
the segment AA^B is the same as the segment AB^B. Hence 



48 


ELEMENTAKY THEOKEMS ON ORDER [Chap. II 


Theorem 1 3. For a given convex region R the above definition has 
the same meaning if any other point collinear with R hut not in R he 
suhstituted for A^, 

Corollary 1. If S{AB)^S{A^B^) and S{AU>*^) = S(A^'B% then 
S{AB)==S{A^'B"y 

CoKoi.LARY 2. If B(AB) ^ S(A'B) and S{A'B^) ^ S{A"B"), then 
S{AB)==S{A"By 

Corollary 3. S(AB) ^ S(BAy 

Corollary 4. If S{AB) = S(BC), then S{AB) = S(AC), 

Tliesi^ t'orollaries are direct translations of Theorems 2-5 into our 
present terminology. Theorem 7 translates into the following stat^ 
ments in terms of betweenness: 

Tiikorkm 14. (1) If C is hetiveen A arid By then B is not between A 
and C, (fi) Jf three points A, i>, are distinct y C is he tween A and B 
or B is hetiveen A and C or A is between C and B. ifS) If C is between 
A and B and A is between B and Ey then C is between B and E. 

Theorem 7 translates into the following statements in terms of 
“ precjede ” and “ follows.” 

Theorem 15. (1) If C 'precedes B in the sense AC ^ then B does not 
precede C in this sense. (2) In the sense AC, either B precedes C or C 
precedes B. (3) If, in the sense ABy A precedes C and E precedes A, 
then E precedes C. 

Definition. If A and B are any two points of a convex region R, 
the set consisting of all points which follow A in the sense AB is 
called the ray AB. Tlie point A is called the origin of the ray. The 
ray consisting of all points which precede A in the sense AB is 
said to be opposite to tlie ray AB. Tlie set of all points wliicli 
precede A in the sense A7>* is sometimes called the prolongation of 
the segment AB beyond A. 

EXERCISES 

1. A convex region on a line is eith(*r a segment or the set of all i>oints on 
the line with the exception of one point.* 

2. If three ]>oints of a convex region are in the order {ABC], they are in 
the order {C7:^.l } but not in the order {ACB] or {CAB\. 

3. In a convex region, if A is between B and C, it is between C and B. 

4 . Between any two points there is an infinity of points. 

* This exercise recpiires the use of an assumption of continuity (C and li. or K\ 
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5. If R is on ^ C and C is on RZ), then C is on AD and B is on AD. 

6 . The relations B is on AC^ B is on AD, B is on UD are not possible 
simultaneously. 

7. If B and C are on AD, then JB is on or on ^D. 

8 . ('hoosing a system of nonhomogeneous coordinates in which A^ is oo, 
show that the, sense AB is the same as the sense A'B' if and only if B — A 
is of the same sign as B' — 4'; also that two point pairs have the same sense 
if and only if they are conjugate under the group 

x' = ar h, 

where a > 0. 


24. Algebraic criteria of sense. If a^), and 

6''= {c^^, are any three distinct points of the line, the transformation 




( 6 ) 






= Po«o^o + P,Vx> 

changes (1, 0), (0, 1), and (1, 1) into A, B, and C respectively if and 
only if and satisfy the equations 

«o = F„«o + Pi^. 


that is, if 


£2 = 

Pi 




With this choice of p^/p^ the determinant of the transformation (6) 
is of the same sign as 


S = 


% 


*0 

K 


c a 
1 1 


By definition the projectivity is direct if and only if S is positive. 
Now if a! — (a', a,'), B’ = (&', fi,'), C = (r', c[) are any three points of 
the line, and 


S' = 




K < 
K < 


4 «o 


tv^o cases are possible. If is of the same sign as S, the projectivities 
in which 

( 7 ) ( 1 , 0 )( 0 , 1 )( 1 , 

( 8 ) ( 1 , 0 )( 0 , 1 )( 1 . 

are both direct or both opposite, and hence the projectivity in which 
/9) ABC-f^A'B'C 
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is direct. If S' is opposite in sign to S, one of the projectivities (7) and 
(8) is direct and the other opposite, and hence (9) is opposite. Hence 
Theorem 16. Let A = {a^, aj, B = 6,). C = (r,^, c^), A' = {a'a, a'), 

e = {K, K), C = (c', cl) he collhiear points. Then S{ABC) = S(A'B'C') 
if and only if the expressions 


% K 

a, 


\ <^0 




and 


al hi 


b[ cl 


have the same sign. 

COKOLLAR7 1. Three points given hy the finite nonhomogeneous coor~ 
dinates a,h,c are conjugate under the group of all direct 'project iin I l(\s 
to three points given hy the finite nonhomogeneous coordinates a', //, cL 
respectively, if and only if {a — b)(h — c) (c — a) and (a' — V) (// — c'} 
(c' — a') have the same sign. 

Proof. Set a — h — c = c^/c^, and apjdy the theorem. 

CoROMiARY 2. Tmo points given hy the finite nonhomo geneo ns e(tor- 
dinates a and h are conjugate under the group of all direct jmjcetiritics 
leaving the print co of the nonhomogeneous coordinate system invariant 
to the two jioinis given hy the finite nonhomogeneon s coord/inates aJ and. h' 
respectively if and only if a — h and a' — h' have the same sign. 

Proof. Set a — h = h^ c^ = 0, = 1, and a])ply the theorem. 

Theorem 17. .4, B separate C, D if and only if the cross ratio 
CP) is negative. 

Proof. By the last theorem, A, B separate (\ P if and only if 


% K 


K 


and 


«0 ^0 


K 


0 

a, 


are opposite in sign. But the rpiotient of these two ex))ressions has 
the same sign as l^(AB, CP) (cf. ]). 165, Chap. VI, Vol. I). 

With the aid of this theorem the proof of Theorem 7 can be mad(j 
much more simply than in § 21. 


25. Pairs of lines and of planes. Theorem 18. The points of space 
not on either of two planes a and fall into two classes such that two 
points Oj, Oj of the same class are not separated hy the points in which 
the line Of)^ meets the planes a and /S, while two points 0, P of differ- 
ent classes are separated hy the points in which the line OP meets a and 
Proof. By the space dual of Theorem 10 the planes of the pencil 
aB are separated by a and B into two segments. Let [0] be the set 
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$ 25 ] 

of points on the planes of one of these segments but not on the line 
al3y and let [P] be the set of the points on the planes of the other 
segment but not on 
the line ayS. 

The two planes ca 
and TT of tlie pencil ayS 
which are on any two 
points 0 and P are 
separated by a and yS. 

Hence, by Theorem 7 
and § 20, the points 
in which the line OF 
meets a and yS are 
separated l)y O and P. 

In like manner, any 
two points Oj, de- 
termine with the line a pair of planes (or a single plane) not sepa- 
rated by a and yS, and hence the line 0^0^ meets a and y8 in points (or a 
single point) not separated by and 0.^. By the same reasoning, any 
line JF/ig meets a and yS in points (or a point) not separated by 7^ and J*. 

Corollary 1. 1/ I and m are two coplanar lines, the paiuts of the 
plane which are not on I or m fall into two classes such that two points 
of the same class are 7wt sepa- 
rated by the jwints in which the line 
meets I and m, while two points O, 

I* of different classes are separated by 
the points in vdiich OP 7neets I and m. 

Corollary 2. There is only one 
pair of classes [O] a7id. [7^] satisfying 
the conditions of the above theorem 
{or its first corollary) determined by a given pair of planes {or lines). 

Definition. Two points in different classes (according to Corol- 
lary 1) relative to two coplanar lines are said to be separated by the 
two lines ; otherwise they are said not to be separated by the lines. 
Two points in different classes (according to Theorem 18) relative to 
two planes are said to be separated by the two planes ; otherwise 
the 3 ^ *^re said not to be separated by' the planes. 




Fio. 13 
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EXERCISES 

1. If and Zg are two coplanar lines and O any point of their common 
plane, all triads of points in a fixed sense-class on are projected from O 
into triads in a fixed sense-class on (Theorem G). If is any other point 
of the }»laius it is separated from O by and if and only if triads in the s(*nse 

are not j>rojecU*d from P into triads in the sense 

This prol)l(‘m can be stated also in terms of the sense of pairs of points in 
the region obtained on or respectively by leaving out th(‘ common ])oint. 
The theorem in this form is generalized in § dO. In the form stated in Ex. 1 
it has the following generalization. 

2. If and are two nonco})lauar lines, and o is any line not intiirsecting 
them, all triads in a fixed sense Sy on are axially ju'ojected from v into 
triads in a fixed s(‘nse on (Tlu'oreni 0). The lines not inters{*cting ly ^i^d 
/j fall into tw(j classes : those by which triads in the seiist‘ are j)rojected iito 
triads in tin* s(‘nse and those by wdiicli triads in the sense Sy are j)roject\;d 
into triads in the sense oi)posite to 

3. Obtain tb(‘ definition of separation of two c()])lanar lim^s by two j)oin^ 
as the plane dual of the definition of separation of two }K)ints by two eoplanai^ 
lines. Ib’ove that if two coplanar lines separate two j)oints, then tluj ])oints 
separati' th(‘ lines. State and jwove the corr(*sp()nding result for pairs of }>oint8 
and of ]>lanes. 

26. The triangle and the tetrahedron. 

Tfj E( )liKM 19. If a I ine I 'not jnfssuif/ th rough any vertex of a triangle 
A PC meets tJte sides liC, C A, A Pin Ay, t'y respect i rely, then any other 
line, in irhieh uieets the segments PA^I, CPyA also meets the segment AC 

Proof. vSiij)])()se first that m 
passes tlirough Ay ; then 

ACB^lC^iABC^r^), 

and hence, if Py and do not 
separate A and C, Cy and 0 ^ do 
not separate A and P. Similarly, 
the tluMuvin is true if ui passes 
through P>y. 

If m does not pass through Ay or By, let ud he a line joining Ay to 
the point in whicli m meets CA, By tlie argument above we have 
first that vd meets all three segments BA^C\ and and 

then that in meets them. 

I^t us denote the segment yf 6 ^/;? by 7 , BAy 0 by a, and ClfA by 
and the segments complementary to yS, 7 by oc, yS, 7 respectively. The 
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above theorem then gives the information that every line which meets 
two of the segments cr, /8, 7 meets the third. Any line which meets a 
and meets 7, for, as it does not pass through A or B, it meets either 
7 or 7 ; but if it met 7, and by hypothesis meets a, it would meet /3, 
Hence the theorem gives that a, 7 are such that any line meeting 
two of these segments meets the third. By a repetition of this argu- 
ment it follows that every line of the plane wdiich does not ])ass 
through a vertex of the triangle meets all three segments of one of 
the trios a/3y, and no line whatever meets all three 

segments in any of the trios cc^y, ct/Sy^ a^y. 

The lines of the plane, exclusive of those through the vertices, 
therefore fall into four classes: 

(1) those which meet a, j3, 7, 

(2) those which meet a, y8, 7, 

(3) those which meet a, /3, 7, 

(4) those which meet a, y8, 7. 


No two lines of the same class are separated by any pair of the 
lines joining the i)oiiit IJ,, to the vertices of the triangle, while any two 
lines /j, ///j of different classes are separated by two of the lines joining 


the ])()iiit 1^771^ to the vertices. 
This result is perhaps more 
intuitively striking wdien put 
into tlie dual form, as follows : 

Tiikokem 20, The points of 
a plane not on the sides of a 
triangle fall into four classes 
such that no two points L^, 
of the same class are separated 
hy any pair of the points in 
which the line meets the 
sides of the triangle^ while 



Fig. 1(5 


any two points Af of different classes are separated hy tivo of the 
points in which the line meets the sides of the triangle. 


Definition. Any one of the four classes of points in Theorem 20 
is called a triangular region. The vertices of the triangle are also 
called vertices of the Udangular region. 
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The property of the triangle stated in Theorem 19 can also serve 
as a basis for a discussion of the ordinal theorems on the tetrahedron 
and for those of the {n •+■ l)-}>oiiit in ^i.-space. Suppose we have a tetra- 
hedron whose vertices are Let us denote its faces hy 

the face being opj)osite to the vertex etc. ; let us denote 

the edges by the edge being the line A^Aj. 

Each edge a^. is sej)arated by tlie vertices A^, Aj into two segments, 
which we shall diiiiote by and Let tt be a plane not passing 
througli any vertex ; the six segments whicR it meets may be denoted 
^ 12 ’ ^ 13 ’ ' * ^ 42 ’ com])lementary segments by • • •, 

Then as a corollary of 
Theorem 19 we have 
til at any plane wdiich 
meets three nonco- 
planar segnamts of the 

•••’ ‘^42 

me(‘ts all the rest of 
them, and, moreover, 
no plane meets all tlie 
segments • • •, • 

If we observe that 



any plane not passing 
through a vertex must 
meet the edges 

^14 l^iree distinct points, it becomes clear that the planes not 
])assing through any vertex fall into eight classes such that two planes 
of the same class are not separated by a pair of vertices, whereas 
two ])lan(vs of different classes are separated by a pair of vertices. 
Under duality we have 


Theorem 21. The points not upon the faces of a tetrahedron fall 
into eiijht classes such that two points of the same class are not sepa- 
rated hy the points in irhich the line joining them meets the faces ^ 
whereas two jjoi/its of different classes are separated, hy two of the 
points in which their line meets the faces of the tetrahedron. 

Definition. Any one of the eight classes of points in Theorem 21 
is called a tetrahedral region. The vertices of the tetrahedron are 
also called vertices of any one of the tetrahedral regions. 
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It would be easy to complete the discussion of the triangle and the 
tetrahedron at this point — for example, to define the term “boundary** 
and to prove that the boundary of any one of the classes of points in 
Theorem 20 is composed of A, B, C and three segments having the 
properly that no line meets them alL We shall defer this discussion, 
liowever, to a later chapter, where the results will appear as special 
cases of more general theorems. 

27. Algebraic criteria of separation. Cross ratios of points in space. 

The classes of points determined (Theorems 18-21) by a pair of inter- 
secting lines, a triangle, a pair of planes or by a tetrahedron can he 
discussed by means of some very elementary algebraic considerations. 
As these are similar in the plane and in space, let us carry out the 
work only for the three-dimensional cases. 

Suppose that the homogeneous coordinates of four noncoplanar 
points A^, A^, A^ are given by the columns of the matrix. 


( 10 ) 


/«0, 


ee 

© 




«18 







*32 

«33 

“34 


and let (x^, x^, x^) be the homogeneous coordinates of any other 

point X. Let us indicate by \x, a^\ the determinant of the 

matrix obtained by substituting x^, x^, x^, x^ respectively for tlu) eh)- 
nieiits of the first column in the matrix above; by x, the 

determinant obtained by performing the same operation on the second 
column, etc. The expressions |y, a^, etc. have similar mean- 
ings in terms of the coordinates of a point y^, y^, L The 

following expressions are formed analogously to the cross ratios of 
four points on a line (cf. § 58, Vol. I): 

. I?/, " 4 ^ 

■ |<v «,> y I 

■ l« .- y- 

■ i«,, %, y r 

^ l^. > V’ ^4 ! 

' |«i. y I 

Clearly there are twelve numbers which could be defined analo- 
gously to these ; and if the notation A^, A,^, A^, A^, X, V be permuted 
among the six points, 720 such expressions are defined. Eacli number 


(11) 








1*’ 



".I 



«8- 

3- 1 


X, 


«4l 



"«> 

3.1 



X, 



«„■ 



56 


ELEMEJNTAliy THEOliEMS ON ORDEK Lchah.ii 


is an absolute invariant of the six points, for it is unaltered if the 
coordinates of any point be multiplied by a constant or if all six points 
be subjected to the same linear transformation. 

If Y he not upon any of the planes determined by the points A^, 

Jg, A^y tliere exists a projectivity which carries Y into (1, 1, 1, 1) and 
the points A^, A^, A^, A^ into the points rej^resented by the columns of 


/I 0 0 0\ 

I 0 1 0 0 1 

1 0 0 1 0 

'O 0 0 1/ 


Let Aj, A^, A’y) be the point into which xj is canned 

by this projectivity. By substituting in (11) we see that ^ 



From this it follows that aj, \a^y x, a^|,etc. could he 

fal'eii as the luutnuieiicous coordinates with rcs'pect to the tetrahedron oj 
reference vdiose rertices are A.,, .1^, .1^. 

The line (a;, a;, a;, a;) - > ( 1 , 1 , 1 , 1 ) 

meets the planes determined by the four points ri^-presented by (12) 
in four points given by the values \ — A'^, \ = A'^, A = A",, X = A'^. 
I'he cross ratios of pairs of thesci points with (A"^, A'^, A’^, A^^) and 
(1,1,1,]) arc A'/A',, A' /A',, and XjX^. Hence mr crons 

nttios of X and Y with pairs of points in which the line joining them 
meets the fares of the tetrahedron A,AX„A,. 

J J 12 8 4 

By Theorem 17, the points X and Y are separated by the planes 
d,yigA^ and A^A^A^ if and only if is negative. They will lie sepa- 
rated l)y A^A^A^ and A^A^A^ if and only if is negative, and by 
A^A^yl^ and A^A^^A^ if and only if is negative. Hence, by Theorem 21 , 
we ]iav(j 

Theorem 22. The points X and Y vnll he in the same class with 
respect to the tetrahedron A^A^A^A^ if and only if h^^y l\^^y are all 
positive. 

Corollary. The eight regions determined hy the tetrahedron A^A^^A^A^ 
are those for which the algebraic signs of k^^y k^^, k^ appear in the 
following comUnations : (+, +, +), (+, +, -), +), (-, +, +), 

(~» —)> (~> —> +). . +> — ). (+, — , — ). 
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and 


Recalling that | x, a^, | = 0 is the equation of the plane 

(cf. § 70, Vol. I), we see that if 

a (X) = a^x^ + a^x^ + a^x^ + a;, = 0 

/3 (x) = /3 „t„ + /3,a!, + + /3,x, = 0 

are the equations of two planes, the formula given above for the cross 
ratio of two points A’^ and Y with the points of intersection of the 
line XY with these planes becomes 

a{x) P{x) 

Thus two points are in the same one of the two classes determined 
by the planes a {x) and ^ (x) if and only if this expression is positive. 

This result assumes an even simpler form when specialized somewhat 
with respect to a system of nonhomogeneous coordinates. Suppose 
tliat = 0 be chosen as the singular plane in a system of nonhomo- 
geneous coordinates ; tlien the same point is represented nonhomo- 

geneously by (x^ y, z) or homogeneously by (1, x, y, z), and the plane 
n‘])resented above by — 0 has the equation 

H- ^8- + «o = 0. 

If ^(x) = 0 be the plane x^= 0, the expression for the cross ratio 
written above becomes . ^ 

«(y) ' ?/„’ 

which reduces in nonhomogeneous coiirdinates, when {x^, x^, x^) and 

(//,/ ?/o ^ 2 ^ y) replaced by (1, y', z') and (1, a;", y", z"), to 

-f + ^0 


(14) 


a,./:" -h aj/' -h -h 


Hence two points {x\ y'jz') and (x",y",z") are separated by the sin- 
gular plane, and a^x -p a^t/ + a^z -|- = 0 if and only if the numerator 

and denominator of (14) are of opposite sign. For reference we shall 
state this as a theorem in the following form : 

Theokem 23. The two classes of points deterr/mied, according to 
Theorem 18y hy the singular plane of a nonhomogeneous coordinate 
system and a plane ax + hy + cz + d^Q are respectively the points 
Vy which ax + hy + cZ'hd is positive and the points for 

which it is negative. 
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EXERCISES 

1. Carry out the discussion analogous to the above in the two-dimensional 
ease. Generalize to n dimensions. 

2. How many of the 720 numbers analogous to are distinct? 

28. Euclidean spaces. Definition. The set of all points of a pro- 
jective spaiie^ of n dimensions, with the exception of those on a single 

_ 1) -space S“ contained in the w-space, is called a Euclidean space 
of n diinenfiions. Thus, in particular, the set of all but one of the 
points of a ])rojective line is called a Euclidean line, and the set of 
all Die j)oints of a projective plane, except those on a single line, is 
called a Euclidean plane. j 

Definition. The projective {n — 1) -space S“ is called th^singHilar 
(ji _ 1) -space or the {n — \) -space at infinity or the ideal (n — \) -space 
associated ivith the Euclidean space. Any figure in S“ is said to; be 
ideal or to be at infinity, whereas any figure in the Euclidean 7i-space 
is said to be ordinary. 

The ordinary points of any line in a Euclidean plane or space form 
a Euclidean line and thus satisfy the definition (§ 23) of a linear 
convex region. The definitions and theorems of that section may 
therefore be apiilied at once in discussing Euclidean spac(^s. Thus, 
if A and B are any tw o ordinary points, we shall speak of “ Die seg- 
ment AB,” ‘Hhe ray AB,'' etc. 

The first corollary of Theorem 18 yields a very simple and impor- 
tant theorem if the line m be taken as the line at infinity, namely : 

Theorem 24. TJie points of a Euclidean plane which are not on a 
line I fall into two classes such that the segment joining two points of 
the same class does not meet I and the segment joining two points 
of different classes does meet 1. 

Corollary. If a is any ray whose origin is a point of I, all points 
of a are either on I or on the same side of 1. 

In like manner Theorem 18 yields 

Theorem 25. The points of a Euclidean three-space which are not on 
a plane it fall into two classes such that the segment joining two points 
of the same class does not meet tt and the segment joining two points 
of different classes does meet tt. 

* We shall refer to a line, plane, or n-space in the sense of Chap. I, Vol. I, as a 
projective line, plane, or n-space whenever there is possibility of confusion with 
other types of spaces. 
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Definition. The two classes of points determined by a line I in a 
Euclidean plane, according to Theorem 24, are called the two sides 
of 1. The two classes of points determined by a plane tt in a Euclidean 
three-space, according to Theorem 25, are called the two sides of tt. 

The two sides of tt are characterized algebraically in Tlieorem 23. 

Definition. An ordered pair of rays h, k having a common origin is 
called an angle and is denoted by 4 M. If the rays are A B and AC\ the 
angle may also be denoted by 4 BA C. If the rays are oj)])osite, the angle 
is called a straight angle ; if the ra3"S coincide, it is called a zero angle. 
The rays h, k are called the sides of 4 hk, and their common origin the 
vertex of 4 hk. 

EXERCISES 

1. The points of a Euclidean plane not on the sides or vertex of a nonzero 
angle ^hk fall into two classes such that the vSegment joining two points ot 
different classes contains one point of A or k. In case 4 tik is not a straight 
angle, one of these two classes consists of every point which is between a point 
of h and a point of k. 

2. Cbnieralize Theorem 25 to n dimensions. 

29. Assumptions for a Euclidean space. A Euclidean space can 
be characterized completely hy means of a set of assumptions stated 
ill terms of order relations. Sucli a set of assumi)tions is gi\’en below. 
It is a simple exercise, wliich we shall leave to the r(‘ader, to verify 
that these assumptions are all satisfied by a Euclidean space as defined 
ill the last section. 

Tlie reverse jirocess is also of considerable interest. Tliis consists 
(1) in deriving the elementary theorems of alignment and order from 
Assumptions I-VIII below, and (2) in defining ideal elements and 
showing tliat these, together with the elements of tlie Euclidean si)a(‘e, 
form a projective space. For the details of (1) and an outline of (2) the 
reader may consult the article by the writer, in the Transactions of 
the American Mathematical Society, Vol. Y (1904), pp. 343-384, and 
also a note by lb L. Moore, in the same journal, Vol. XIII (1912), p. 74. 
( )n (2) one may consult th(*< article by lb Bonola,( liornale di Matematiche, 
Vol. XXXVIII (1900), p. 105, and also that by F. W. Owens, Trans- 
actions of the American Mathematical Society, Vol. XI (1910), p. 141. 
(Compare also the Introduction to Vol. I. 

This set of assumptions refers to an undefined class of elements 
called points and an undefined relation among points indicated by 
saying ‘‘the points 4, B, C are in the order {ABC}!' 
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The assumptions are as follows : 

I. If points A, B, C are in the order {ABC}y they are distinct. 

II. If points A, By C are in the order {ABC}y they are not in the 
order {BCA}. 

Definition. If A and B are distinct points, the segment AB consists 
of all points X in the order {AXB}\ all points of the segment AB are 
said to be hetween A and B\ the segment together with A and B is 
called tlie interval AB] the line AB consists of A and B and all points X 
in one of the orders {ABX}, {AXB}y {XAB}] and the ray AB consists 
of B and all points X in one of the orders {AXB] and {ABX}. , 

III. If points C and I) (C ^ D) are on the line ABy then A is ofi, the 

line CD. \ 

IV. If three distinct points Ay By and C do 7iot lie on the same li^Cy 
and I) and K are two points in the orders {BCD} and {GEX}y then a 
point F e. cists in the order {AFB} and such that Z>, Ey and F lie on 
the same line. 

V. If A and B arc two distinct p)ointSy there exists a point C such 
that Ay By and C are in the order {ABC}. 

VI. There exist three distinct jmints Ay By C not in any of the orders 
{ABC}y {BCA}y {CAB}. 

Definition. If A, B, C are three noncollinear points, the set of all 
})oints collinear with pairs of points on tlie intervals ABy BCy CA is 
called the plane ABC. 

VII. If Ay By C are three noncollinear pointSy there exists a point I) 
not in the same plane unth Ay By and C. 

VITL Two planes which hare one point in common have two distinct 
points in common. 

IX. If A is any point and a aiiy line not containing A, there is not 
more than one line through A coplanar with a and not meeting a. 

XVIL If there exists a n infinitude of points y there exists a certain 
pair of ])oints Ay C such that if [cr] is any infinite set of segments of 
the line A C, having the property that each point of the interval A C 
is a point of a segment <r, then there is a finite subset y o’!, o",, • • •, cr„, 
with the same property.^ 

* The proposition here stated about the interval AC is commonly known as the 
Heine-Borel theorem. Tlie continuity assumption is more usually stated in the 
form of the “Dedekind Cut Axiom.” Cf. R. Dedekind, Stetigkeit und irrationalen 
Zahlen, Braunschweig, 1872. 
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Assumptions 1 to VIII are sufi&cient to detine a three-space which 
is capable of being extended by means of ideal elements into a pro- 
jective space satisfying A, E, S. This space will not, in general, sat- 
isfy Assumption P. If the continuity assumption, XVll, be added, the 
corresponding projective space is real and hence properly projective. 
Assumption IX is the assumption with regard to parallel lines. 
Assumption VIII limits the number of dimensions to three. 

30. Sense in a Euclidean plane. Suppose that L is the line at 
infinity of a Euclidean plane. Every collineation transforming the 
Euclidean plane into itself effects a projectivity on L which is either 
direct or opposite (§ 18). Since the direct projectivities on form a 
group, the planar collineations which effect these transformations on 
L also form a group. 

Definition. A collineation of a Euclidean plane which effects a 
direct projectivity on the line at infinity of this plane is said to be a 
direct collineatioii of the Euclidean plane. Any other collineation of 
the Euclidean plane is said to be opposite. Let A, By C be three non- 
collinear points; tlie class of all ordered triads A'B'C' such that the 
collineation carrying J, By and C to A'y B\ and (7' respectively is direct, 
is called a sense-class and is denoted by S{ABC). Two ordered triads 
of noncollinear points in the same sense-class are said to It ace the 
same sense or to he in the same sense. Otherwise they are said to have 
opposite senses or to he in opposite senses, 

Since the direct projectivities form a group, it follows that if a triad 
A^B’C^ is in S{ABC)y then S{ABC) = S{A' B' C'), 

Theorem 26. There are two and only t wo sense-classes in a Euclidean 
plane. If Ay B, and C are noncollinear pointSy S{ABC) — S{BCA) 4^ 
S{A(W). 

Proof, Let A, By C be three noncollinear points. If A', B\ C' are any 
three noncollinear points such that the projectivity carrying Ay By C 
to B\ C' respectively is direct, S{ABC) contains the triad A! B' Cl , 
Because the direct projectivities form a group, S(ABC) = S(A'B'C'). 
The triads to which A -^(7 is carried by collineations which are not 
direct all form a sense-class, because the product of two opposite 
collineations is direct. Thus there are two and only two sense-classes. 

Suppose we denote the lines BC, C Ay AB ay hy c respectively 
and let A\ B\ C' he the points of intersection of a, by c respective!} 
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with The projectivity carrying ABC to BCA evidently carries 
a, b, and c to b, c, and a respectively, and thus carries A'B'C' to B'C'A', 
and thus is direct (§ 19). Hence 

S{ABC)=S{BCA). 

The projectivity carrying ABC to ACB carries A!Bf0 to A! C^B\ and 
hence is not direct ; and hence 

S{ABC) ¥= S{ACB), 


Theorem 27. Two 'points C and D are on opposite sides of a line 
AB if and only if S{ABC) S{ABD). 


This theorem can be derived as a consequence of Ex. 1, § 25.\ It 
can also be derived from the following algebraic considerations. \ 
Let us choose a system of nonhomogeneous coordinates in siiclV a 
way that the singular line of the coordinate system is tlie same as 
tlie singular line of the Euclidean plane. The group of all projec^- 
tive collineations transforming the Euclidean plane into itself then 
reduces (§ 67, Vol. I) to 


( 15 ) 


x! = a^x A- \y + c^, 

y'=%xA-\y + c., 


A = 


% K 


-h 0 . 


If we change to the homogeneous coordinates for which x = 
and yzzzxjx^, the line at infinity has the equation 0, and the 
equations (15) reduce to 

(16) = CjXg + a, a?, + bjX^, 

^2 = «2"*"2+ 


On the line at infinity this efifects the transformation 

x' = a,./-, + bjX^, 
xi = ajX,+ b^3;^, 

which is direct if and only if A > 0. 

I^et the nonhomogeneous coordinates of three points A, B, C be 
(®i> * 2 )’ (^ 1 ’ ^ 2 )’ ^ 2 ) respectively. Tlio determinant 


( 17 ; 


S = 


“1 «2 1 

\ K 1 

C C \ 
1 2 


is multij)lied by A whenever the points A, R, C are subjected to the 
transformation (15). This is verified by a direct substitution. Hence 
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the algebraic sign of S is left invariant by all direct collineations and 
changed by all others. Hence we have 

Titeokkm 28. An ordered triad of points a^), (7?^, (c^, has 

the same sense as an ordered triad (a'{, a^), {b[, (c{, c^) if and only if 

the determinants a a \ a' a^ 1 

1 and b[ ^ 

C^ C, 1 c{ c' 1 

have the same sign. 

Theorem 27 now follows as a corollary of Theorem 23, § 27. 

EXERCISES 

1 . If A ABC = AA'BC\ S{ABC) = S{A'BC'). 

2. I A Id' be said to have the same sense as A It'h' if S ( ABC) = S 'B'C')y 
where B is the vertex of A lil% A a point of hy (" a point of hy and A'y B'y ('' 
points analogously defiiu‘d for Ah'k'. Define positive and negative angles and 
(l<‘velop a th(‘ory of the order relations of rays through a point. 

3. Let p and cr be two i)laues of a projective space which meet in a line /«, ; 
let us denote th<* two Euclidean plau(‘s obtained by leaving /* out of p and cr 
by Pi and respectively; and let ,Vp be an arbitrary scuise-class in py Ah 
ordered point triads of Sp are proJ(‘cU‘d from a point 0 not on p or a into triach 
of a fix(*d s('iise-class in cry Any other ])oint P not on p or o- is separated 
from 0 by p and or if and only if triads in the scuise-class Sp are not })r()jected 
from P into triads of *SV 

*31. Sense in Euclidean spaces. The definitiou given above of 
direct trnnsforinations in a Euclidean plane, based on the concept of 
\lirect tiansforinations on tlie singular line, cannot be generalized to 
three diiiieiisions. This is because the plane at infinity is projective 
and, as will be proved in the next section, does not admit of a dis- 
tinction between direct and opposite projectivities. Nevertheless, the 
algebraic*, criterion A > 0 does generalize and is made the basis of the 
definition which follows. 

Witli refer(nu*e to a nonhomogeneous coordinate system, of whi(‘h 
the singular (/t — l)-space is the {n ~1) -space at infinity, the equations 
of any projective collineation of a Euclidean r^-space take the form * 

(1 8) ac'. = h, (t = 1, •■•,«) 

where the determinant |«y.| is different from zero. The resultant of 

* The reader may, if he wishes, limit attention to the case n = 8. We have not 
actually developed the theory of coordinate systems in n dimensions, but as there 
is no essential difference in this theory between the three-dimensional wise and the 
n-dimensional, we do not intend to write out the details. 
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two transformations of tliis form lias a (ietenninant which is the 
product the determinants of the two transformations. 8ince the 
coefficients appear nonhomogeneously in (18), it is clear that a self- 
conjugate subgroup of the group of all transformations (18) is defined 
by the condition | | > 0. It follows by the same reasoning as used 

in § 1 8 that this subgroup is independent of the choice of the frame 
of referenc.c, so long as the singular (n — l)-space coincides with the 
singular {n — l)-space of the corresponding Euclidean ti-space. 

Definition. The group of all transformations (18) for which the 
determinant |^«,y|>0 is called the group of direct collineations. In a 
Euclidean /t-space let * • *, + i be n-\-l linearly indepenldent 

points ; tlie class of all ordered (?t-fl)-ads* A[A[^ • • • such tha^the 
coUineation transforming A^, A^, * * *> A^, A.j, * • resj^ec- 

tively is direct is called a sense-class and is denoted by S{A^A^ • • * 

Tn kori<:m 20. There are two and only two sense-classes in a Euclidean 
n-sjntcc. The sense-class of an ordered n-ad is unaltered hy even fcr- 
miUations and altered hy odd jwrmutations. 

Proof. The argument for the three-dimensional case is typical of 
the general case. Let the coimlinates of four points A^ />, i\ I) be 

^ 2 ’ ^a) rasi>ectively. The determinant 



is multiplied by | a^ | whenever the points are simultaneously subjected 
to a transformation (18). Hence the algebraic sign of (19) is left in- 
variant by all direct collineations. 

Since an odd permutation of the rows of (19) would change the sign 
of (19), no sucli permutation can be effected by a direct coUineation. 
The remaining statements in the theorem now follow directly from 
the theorem that any ordered tetrad of points can be transformed by 
a transformation of the form (18) into any other ordered tetrad. 

*32. Sense in a projective space. Let us consider the grouj) of all 
linear transformations ^ 

(20) a;( (i = 0, • • •, «) 

for which the determinant \a^\ is different from zero. 


* All n-ad is a set of n objects (cf . § 10). 
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^n) i® ^ of homogeneous coordinates, the equations (20) 
continue to represent the same transformation when all the ai-e 
multiplied by the same constant p \ and t^vo sets of equations like (20) 
represent the same transformation only if the coefficients of one are 
proportional to those of the other. 

If each be multiplied by p, \a^\ is multiplied by p^^\ Hence, 
if I tty. I is negative and n is even,vre may multiply each by —1 and 
thus obtain an equivalent expression of the form (20) for which |tt,^[ 
is positive. If, however, n is odd,p”'^^ = A;< 0 has no real root. Hence, 
if n is odd, a transformation (20) for which |tt,^ | is negative is not equiv- 
alent to one for which |tt^| is positive. Hence the condition |%|> 0 
determines a subset of the transformations (20) if and only if n is odd. 
This subset of transformations forms a group for the reason given in 
§ 18 for the case n = \. 

Definition. If n is odd, the group of transformations (20) for which 
I tty I > 0 is called the group of direct collineations in ?i-space. 

This definition of the group of direct collineations is independent 
of the choice of the frame of reference, as follows by an argument 
])recisely like that used to prove the corresponding proposition in § 18. 

In a sj)ace of three dimensions, let us inquire into what sets of five 
points the set (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), (1, 1, 1, 1 ) 
can be transformed by direct collineations. If the initial points are t<) 
l>e transformed respectively into the points whose coordinates are the 
columns of the matrix 


( 21 ) 


^^0 ^01 

I 

^0 




a 

a 

a 

a 


04 

14 

2- 

84 I 


the colli neation must take the form 


+ Pi"ii ^ 

where the />’s satisfy the equations 

Po".. + /’/'ol + /’/V. + = «04> 

Pu"io 

+ P^^'n + PJ'.,, = 


( 23 ) 
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Substituting the values of determined from these equations in the 
determinant of the transformation (22), we see that the value of 
this determinant is 



where the expressions in jjarentlieses are abbreviations for deter- 
minants formed from the matrix (21) having these expressions as 
their main diagonals. The number (24) has the same sign as 


(25) ( («oA 4« A) ( Vi/'a/'aa)- 


which is entirely analogous to the expression found in Theorejii 16. 
The initial set of points is transformable into the points \vh()se\codr- 
dinates are the columns of (21) by a direct transformation if and' only 
if (25) is positive. 

This result may be stated in the form of a theorem as follows : 

Theorem 30. If a set of five points whose homogeneous coordinates 
are the columns of the matrix (21) Ic such that the product of the 
four-rowed determinants obtained hi/ omittiuf/ columns of this matrix 
is positive, it can he transformed by a direct collineation into any 
other set of points having the same jyroperty, hut not into a set for 
which the analogous product is zero or negative. 

Corollary. Any even permutation hut no odd pertn utation of the 
vertices of a complete fire-point can be effected by a direct coll ineat ion. 

Definition. Ixjt A, B, C, />, E be five points no four of wliich an^ 
coplanar. The class of all ordered pentads obtainal)le from the pentad 
A, B, C, D, E by direct collineations is called a sense-class and is 
denoted by S (ABODE). 

Theorem 30 and its corollary now give at once the following: 

Theorem 31. There are two and only turn sense-classes in a real jiro- 
jective three-space. The sense-class of a set of fire ]foints is 'unaltered 
by even permutations and altered by odd pernvntations. 

If an analogous definition of sense-class hadJ)een made in the plane, 
we should have had that all planar collineations are direct, and hence 
that there is only one sense-class in the plane. This remark, t(^)gether 
with Theorem 31, expresses in part what is meant by the proposition : 

The real projective plane is one-sided and the real projective three- 
space is two-sided.. 
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Although we have grounded this discussion upon propositions 
regarding certain groups of collineations, the notion of sense is 
connected with a much more extensive group. We shall return to 
this study, wliich will give a deeper insight into the notions of sense 
and of one- and two-sidedness, in a later chapter. 

33. Intuitional description of the projective plane. Wo may assist our intuitive 
coiiceptiou* of tho oiio-sidodness of the real projective ))lane by a further 
consideration of the regions into which 
ji plane is separated ))y a triangle. These 
are re])veseiiU‘d in tig. l(i. Since any tri- 
angular region is proJ(*ctiv(*ly transform- 
able into any other, it follows tliat any 
triangular region may b(‘, reju-esented 
iik<‘ll(‘gion I in fig. 10. In fig. 18 the four 
regions an* thus represented, together wdth a i)ortioii of the relations among th(‘m. 

The repr(*s(‘nlation is more comjilete if the two segments labeled ^ are 
siiperpos(‘(l in such a way that the end lab<'l(‘d .1 of one coincides with the 
mid lalx'led A of the other. This is represented in fig. 10 and may be realized 
in a m()«l('l by cutting out a rectangular strip of pa}>er, giving it a half twist, 
and ] lusting tog<dlier the two ends. 





Fi(i. IS 



To coin])b*te tlie inod(*l it w'ould he necessary to bring the two (‘dges labeled 
P in fig. 18 into eoincideiioe. This, however, is not possible in a finite three- 
dimensional figure without letting the surface cut itself.f 

The twisted stri]) as an exam})l(i of a one-sided surface is due to Mohius. J 
It has only one boundary A^C/SA. An imaginary man OP on the surface 
(fig. 19) could walk, without crossing the boundary, along a path which is the 

♦ It w'onld not be difficult to give a rigorous treatment of the propositions in this 
section, but it is thought better to postpone this to a later chapter. 

t Plaster models showing this surface are manufactured by Martin Schilling of 
Leipzig. f Gesammelte Werke, Vol. II, p. 519. 
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image of a straight line in the projective plane, till he arrived at the antipodal 
position OQ. If a small triangle RST were to be moved with the man with- 
out being lifted from the surface or being allowed to touch the man, it would 
be found, when the man arrived at the position OQy that the triangle could 
be superposed upon itself, R coinciding with itself, but S and T interchanged. 

In other words, the boundary of the triangular region containing 0 would 
cf)incide with itself with sense reversed. 

It is not ess(*ntial that the triangular region RST be small, but merely 
that the figure OUST move continuously so that the triangle /.bs’?’ remains a 
triangle and the point O is never on one 
of its sides. The possibility of making this 
transformation of tht; figure ORST into 
OH TS is not affected by joining the two 
)3-edges together, because none of the 
paths iK^ed meet the boundary of the strip. 

Therefore a corresponding continuous 
deformation can be made in the pro- 
jective plane. 

If we think of the figure ORST in the 
})rojective plane, the four points enter 
symmetrically. Thus, since S and T can 
be interchanged by continuously moving 
the comj)lete quadrangle, any two vertices 
can be interchanged by such a motion, 
and hence any permutation of the four 
vertices can be effected by such a motion. 

This is intimately associated with the fact 
that all projectivities in the plane are 
direct (§ 32), as will be proved in a later 
chapter, where the notion of continuous 
deformation of a complete quadrangle 
in a projective plane is given a precise 
formulation. 

The triangle RST may be replaced 
by any small circuit containing O, and 
it still remains true that 0 and the circuit may be continuously deformed till 
0 coincides with itself and the circuit coincides with itself reversed. For 
example, the circuit may be taken as a conic section, and the projective plane 
imaged as the plane of eb*mentary geometry plus “ a line at infinity (see the 
introduction to Vol. 1, §§ 3, 4, 5, and also § 28 above). The ellipse T (fig. 20) 
raav be deformed into the parabola II, this into the hyperbola III, this into 
the^ parabola IV, and this into the ellipse V. The reader can easily verify 
that the sense indicated by the arrow on I goes continuously to that indicated 
on V. The figures may be regarded as the projections from a variable center 
of an ellipse in a plane at right angles to the plane of the paper. 
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This defoiuiation of an ellipse and also the corresponding one of the 
quadrangle OUST depend on internal properties of the surface; i.e. they are 
indej)endent of the situation of the surface in a three-dimensional space. They 
are sharply to be distinguisht'd from the property expressed by saying that 
the man OP comes back to the j)osition OQ, for the latter is a property of 
the sj)ace in which the surface lies.* In fact, the closely rcilated pro})Osition. 
that if the man (>]* walk along a straight line in a projective piano till he 
com(‘s back to th(‘ j>osition OQ^ the triangle RST comes back to implies 

that if a tt'traliedron (e.o. PQRS) be deformed int<j coincidence with itself so 
that two vertices are interchanged, the other two vertices will also be inter- 
chang(‘d. And the last state.ment is a manifestation of tlie theorem (§ IVJ) 
that although the projective plane is one-sided, the projective three-space is 
two-sid('d. 

A sort of model of the pro- 
jective thret'-space may be 
obtained by gem^ralizing the 
discussion of tin*. })lane given 
above. Any one of the eight 
regions det<*rmined by a t(‘tra- 
liedron is projectively eipiiva- 
lent to any other. Hence \\e 
j)ass from fig. 17 to fig. 21, 
which re]m*sents in full only 
the relations among the seg- 
ments, triangular regions, and 
tetrahedral regions having 
as an end, or vertex. Each of 
tlie triangles having .I 2 , dg, 
as vertices is r(‘present(*d by two 
triangles in fig. 21. 'riius, in 
f)rd(T to r<’pr(’seLit the proj(*ctive space completely we should have to bring 
each of the triangular regions coincidence with the one which 

is symmetrical with it with resi)ect to Ay In other words, fig. 21 would 
represent a jirojective thrce-sjuice completely if each point on the octahedral 
surface formed by the triangular regions A^A^A^ were brought into coinci- 
dence with the oj^posite ]>oint. 



EXERCISE 

Sho-w that the octahedron in fig. 21 may be distorted into a cube so that 
the projectiye thre('.space is represented l)y a cube in -which each point coin- 
cides with its symmetric point with respect to the center of the cube, 

• K. Steinitz, SitZAingsberichte dei Berliner Mathematischen Gesellschaft, 
Vol. VII (1908), p. 36. 



CHAPTER III 

THE AFFINE GROUP IN THE PLANE 

34. The geometry corresponding to a given group of transformations. 

The theorems which we have hitherto considered, whether in general 
projecjtive geometry or in the particular geometry of reals, state prop- 
erties of figures which are unchanged when the figures are subjected 
to collineations. For example, we have had no theorems about 'indi- 
vidual triangles, because any two triangles are equivalent under; the 
general projective grouj), and thus are not to be distinguished fiom 
one another. On the other hand, there does not, in general, exist a 
collineation carrying a given pair of coplanar triangles into another 
given ])air of coplanar triangles; and thus we have the theorem of 
Desargues, and other theorems, stating ])rojective properties of pairs 
of trianghis. We have thus considered only very general proj)erti(‘s 
of figures, and so have dealt hardly at all with the familiar relations, 
such as perpcmdicularity, parallelism, congruence of angles and seg- 
ments, which make up the bulk of elementary lAiclidean geometry. 
These properties are not invariant under the general ju’ojex'iive group, 
but only under certain subgroups. We shall therefore a])])roa(‘h their 
study by a consideration of the properties of these subgroups. 

There are, in general, at least two grou}>s of transformations to con- 
sider in connection witli a given geometrical relation : (1) a group by 
means of which the relation may he defined, and (2) a gi-oup under 
which the relation is left invariant. These two groups may or may 
not be the same.* 

We have already had one example of a definition of a geometrical 
relation by means of a group of transformations. In § 1 9 two coll inear 
triads of points are defined as being in the same sense-class if they are 
conjugate under the group of direct projectivities on the line. The 
relation between pairs of triads which is thus defined is invariant 
under the gi’oup of all projectivities (§18). 

* The group (1) will always be a self-couiugate subgroup of (2), as follows directly 
from the definition of a self-conjugate subgroup. See § 39, below, where the rdle of 
self -con jugate subgroups is explained and illustrated. 
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The system of definitions and theorems which express properties 
invariant under a given group of transformations may be called, in 
agreement with the point of view expounded in Klein’s Erlangen 
Program III,* a geometry. Obviously, all the theorems of the geometry 
corres[>onding to a given group continue to be theorems in the 
geometry corresponding to any subgroup of the given group; and 
the more restricted the group, tlie more figures will be distinct rela- 
ti\*ely to it, and the more tlieorems will appear in the geometry. 
The extreme case is the group corresponding to the identity, the 
g(M)m(Try of wdiich is too large to be of conseipience. 

For our purposes we restrict attention to groups of projective 
collineations,t and in order to get a more exact classification of 
theorems we narrow the Kleinian definition by assigning to the 
geometry corresponding to a given group only the tlieory of those 
pro]H‘rties whicli, while invariant imder this group, are not invariant 
anilcr any otlur group of projective collineations containing it. This 
will rendi^r the (juestion definite as to whether a given theorem belongs 
to a given geometry, 

Per*hai)S the simplest example of a subgroup of the projective group 
ill a plains is the set of all projective collineations which leave a line 
of tlu‘ ])lam^ invariant. The present chapter is concerned chiefly with 
the geometry belonging to this group. 

The cha])ter is based entirely on Assumptions A, E, P, In fact, 
the theorems of §§ 30, 38, 39, 40, 42, 45, 46, 48 de})end only on A, 
11^^. The class of theorems which depend on assumptions with 
regard to order relations has already been touched on in §§ 28-30. 

35. Euclidean plane and the affine group. Let L be an arbitrary but 
fixed line of a projective plane tt. In accordance with the definition in 
55 28 w(i shall refer to L as the line at infinity. The points of L shall be 
call(‘d iiteali points or points at infinity , whereas the remaining points 
and lines of tt shall be called ordinary points and lines. The set of all 
ordinary ]>oinls is a H n elide an j)lane. In the rCvSt of this chapter the 
term “ ]>oint,” when unmodified, will refer to an ordinary point. 

Y. Klein. Verdeicbende Betrachtun^en liber neuore f^eometrisebe For- 
sebuinion. Krlanc^en 1872 ; also in Mvitbcmatiscbe Annalen, Vol. XLIII (1893), p. 03. 

+ From some points of view it would have been desirable to include also all 
])rojeotive groups containing correlations. 

1 Tbere is some divergence in the literature wdtb respect to tbe use of this word 
and tbe word “improper.’’ On tbe latter term see § 8.5. Vol. T. 
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Definition. Any projective collineation transforming a Euclidean 
plane into itself is said to be affine ; the group of all such collineations 
is called the affine group, and the corresponding geometry the affim 
geometry, 

Theokem 1. There is one and only one affine collineation transform- 
ing three vertices A, B,C of a triangle to three vertices A\ B\ respec- 
tively of a triangle. 

Proof Since L is transformed into itself, tliis is a corollary of 
Theorem 18, § 35, Vol. 1. 

With respect to any system of nonhomogeneous coordinates of 
which is the singular line, any affine collineation may be written 
in the form (§ 67, Vol. I) \ 

y' = a^x + b^y + c^, 


where 



0 . 


36. Parallel lines. Definition. Two ordinary lines not meeting 
in an ordinary point aie said to be parallel to each other, and the 
pair of lines is said to be paralkL A line is also said to be parallel 
to itself. 

Hence, in a Euclidean plane we have the following theorem as a 
consequence of the theorems in Chap. I, Vol. I : 

Theorem 2. In a Euclidean plane, two points determine one and 
only one line ; two lines meet in a point or are parallel ; two lines 
parallel to a third line are parallel to each other ; through a given 
point there vt one and only one line parallel to a given line 1. 

Definition. A simple quadrangle ABCD such that the side AB is 
parallel to CD and BC to DA is called ^parallelogram. 

Definition. The lines A C and BD are called the diagonals of the 
simple quadrangle ABCD, 

In terms of parallelism, most projective theorems lead to a con- 
siderable number of special cases. Moreover, since the affine geom- 
etry is not self-dual, theorems which are dual in projective geometry 
may have essentially different affine special cases. A few affine theo- 
rems which are obtainable by direct specialization are given in the 
following list of exercises, and a larger number in the next section. 
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EXERCISES 

1 . If the sides of two triangles are parallel by pairs, the lines joining corre- 
sponding vertices meet in a point or are parallel. 

2. If in two projective flat pencils three pairs of corresponding lines are 
parallel, then each line is parallel to its homologous line. 

3 . With respect to any system of nonhomogeneous coordinates in wdiich 
/» is the singular line, the equation of a line parallel to ax hy c — 0 is 
ax -f % 4- c' — 0. 

4 . A homology (or an elation) whose center and axis are ordinary trans- 
forms into a line parallel to the axis. 

5. If the number of points on a projective line is /> -f 1, the number of points 
in a Euclidean plane is the number of triangh‘s in a Euclidean plane is 
/)*(/> — l)*(p 4- 1)/0, and the latter is also the number of projective collinea- 
tions transforming a Euclidean plane into itself. 

37. Ellipse, hyperbola, parabola. Definition. A conic meeting L 
in two distinct points is call(‘d a hi/perhola, one meeting it in only 
one point a parabola^ and one meeting it in no point an ellipse. The 

u 



Ellipse Parabola Byperboia 

Fio. 22 

pole of lo, is called the center of the conic. Any line through the 
center is called a diameter. The tangents to a hyperbola at its points 
of intersection with are called its asymptotes. A conic having an 
ordinary point as center is called a central conic. 

EXERCISES 

1 . An ellipse or a hyperbola is a central conic, but a parabola is not. 

2 . The center of a parabola is its point of contact with /*. 

3 . No two tangents to a parabola are parallel. 

4 . The asym})totes of a hyperbola meet at its center. 

5 . Two conjugate diameters (cf. § 44, VoL I) of a hyperbola are harmon- 
ically conjugate with respect to the asymptotes. 

6. If a simple hexagon be inscribed in a conic in such a way that two of 
its pairs of opposite sides are parallel, the third pair of opposite sides is parallel. 
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7. If a parallelogram be inscribed in a conic, the tangents at a pair of 
opposite vertices are parallel. 

8 . If the vertices of a triangle are on a conic and two of the tangents at 
the vertices are parallel to the respectively opposite sides, the third tangent 
is parallel to th(‘. third side. 

9. If a }>arallelograin be circumscribed to a conic, its diagonals meet in 
the center and ani conjiigak' diameters. 

10. If a parallelogram be inscribed in a conic, any ])air of adjacent sides are 
parallel to conjugate diameters. Its diagonals meet at the center of the conic. 

11 . Li‘t P and ]^' b(* two i)oiuts which are conjugate with respect to a conic, 
let p be the diameter parallel to PP\ and let Q and Q' be points of intersection 
with the conic of the diameter conjugate to p. The lines IHl and P'Q' meet 
on the conic. 

12. If a paralhdogram OAPH is such that the sides OA and OB are conju- 
gate diameters of a hyperbola and the diagonal OP is an asymptote, then the 
other diagonal A B is parallel to th(^ other asymptote. 

13. If two lines OA and OJi are conjugate diameters of a conic which they 
meet in A and B, then any two j>arallel lines through A and B respectively 
meet the conic in two points A' and />' such that OA' and OB' are conjugate 
diamet(*rs. 

14. Any two ])arabolas ar(^ conjugate under a eollineation transforming 
/* into itself.* 

15. Any two hyperbolas are conjugate^ under a eollineation transforming 
U into itself.* 

16. Derive the ecpiation of a parabola referri'd to a nonhomogeneous coor- 
dinate system with a tangent and a diameter as axes. 

17. Derive the equation of a hyj>erbola referred to a nonhomogeneous coor- 
dinate system with the asymptotes as axes. 

18. Derive the equation of an <‘llipse or a hyinu bola referred to a nonhomo- 
geneous coordinate system wdth a i)air of conjugate diameters as axes. 

38. The group of translations. Definition. Any elation having 

as an axis is called a translation. If I is any ordinary line through 
the center of a translation, the translation is said to be parallel to 1. 

Corollary. A translation carries every proper line into a parallel 
line and leaves invariant every line of a certain system, of parallel lines. 
Theorem 3. There is one and only oixe translation carrying a point 
A to a point B, 

Proof. Any translation carrying Aio B must be an elation with 
Ij, as axis and the point of intersection of the line AB with Z* as center. 
Hence the theorem follows from Theorem 9, Chap. Ill, Vol. 1. 

* Dn the corresponding theorem for ellipses, see § 76, Ex. 7. 
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Theorem 4. An ordered point pair AB can he carried hy a trans- 
lation to an ordered point pair A' B^ such that A’ is not on the line AB, 
if and only if ABB' A is a parallelogram. 


Proof. Let and be the points at infinity on the lines AA' and 
AB resptictively. The translation carrying A to A' must carry the line 


AM^ to A' ]\U and leave 
the line BL^ invariant. 
Hence the point B, 
which is the intersec- 
tion of A Mrr, with BL ^ , 
is carried to whicli 
is the intersection of 
A ' with BL ^ . H en ce 
tlie points A' and B' to 
wliicli A and B respec- 
tively are carried by 
a translation are such 



that ABU' A' is a parallelogram. Since there is one and only one 
translation carrying A to A'^ the same reasoning shows that vvluaj- 
ever ABB' A' is a parallelogram there exists a translation carrying 
A and Ji to A and B' respectively. 


Thkohkm 5. An 
ordered point 
AB is carried hy a 
translation to an 
ordered point pair 
A B', v'here A is on 
the line A />, if and 
only if Q{L^AA', 
Leu'll), L„ hciii.y 
the point at infinity 
of A B. 



Proof. Let P be Fio. 24 

any point not on 

the line AB, and let and N„ respectively be the points of inter- 
section of VA and PA' with L. Q be the point of intersection of 
BM., with PL,. Then, hy the last theorem, the translation carrying 
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A\,o B carries P to Q, and hence carries A! to the point of intersection 
of QN^ with AB. Hence Qy and R' are collinear, and hence we 
have Q{L.AJ'y L^B^B). 

Theorem 6. If Ay B, C are any three pointSy the resultant of the 
translations carrying A to B and B to C is the translation carrying 
A to a 

Proof, Let A^y B^y be tlie points of intersection of the lines 
BCy CAy AB respectively with l^. Suppose first that the three points 
A^y B^y are all distinct. The translation carrying A to B changes 
the line AB,„ into the line BB^y and the translation carrying B uj) C 
changes the line BB,, into CB^, Hence the line AB^ is invariaipt 
under the resultant of these 
two translations. 

Consider now any other 
line through and let it 
meet AA^ in yl' and B C in C' ; 
also let 7?' he the point of 
intersection of A^C^ with 
7i(7(tig. We then have 
that the translation carrying 
^ to 7? cai’ries to R' 

(Theorem 4), and on ac- 
count of Q{A^BB'y A^C'C) 

(Theorem 5) the translation 
carrying B to C carries B' 
to C'. Hence the resultant of the two translations carries -4' to (7' and 
thus leaves the line A'B^ invariant; that is, it leaves all the lines 
through Rot, invariant. Since it obviously leaves all points on L 
invariant, it is a translation (Cor. 3, Theorem 9, Chap. Ill, Vol. I). 

If two of the three points A^yB^y coincide, they all coincide, and 
in this case the theorem is obvious. 

By definition, the identity is a translation. Hence we have 

Corollary. The set of all translations form a group. 

Theorem 7. The group of translations is commutative. 

Proof. Given two translations T^ and and let A be any point, 
T^(.4) = .4' and = B\ If R' = Ay T^ is the inverse of T^, and 

lieiicc T^ and T^ are obviously commutative. If R'=?^ A and R' is not 
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on the line AA', let B (fig, 23) be the point of intersection of the line 
through A parallel to A'B' with the line through B' parallel to AA'y 
then ABB' A' is a parallelogram, and it is obvious that 1l^{B)=^B' 
and T^{A)^B, Hence TjT 2 (.'l) But, by the definition of A' 

and B'y (A) = B', Hence, in this case also, and are 
commutative. 

In case B' is on the line AA', let B and Q (fig. 24) be two points 

such that A'B'QF is a parallelogram, let B be tlie point of iut(u- 

section of AA' with the line through Q parallel to AP, and let A*, 
J/*,A*be the points at infinity of P(>, and 7^1' respectively. 
Tiien, since Tj^(^l') = 7^', it is obvious that T.^(7^) = Q, and hence that 
'i^{A)=^B. Moreover, on account of Q(L^A By L^B'A'), T^(A) — A' 
implies that ^^{B)^B\ Hence TjT.,(yl) = 7i', and thus, in this case 
also, Tj and are commutative. 

Theokkm 8. If OX and O Y are tiro nonjyarallcl lines and T is any 
fra nslationy there is a vniqae pair of translations l^^sueh th(tt 
is parallel to OXy qxfrallel to OY, and = T. 

Proof In case T is parallel to O.V or O T tlie theorem is trivial. 

If T is parallel to neither of tliem, lot P=T(0) and let and Y^ 
be the t><>ints in wliich the lines tlirough !* juirallel t*) OY and OX 
respectively meet 0-V and OY resY)ectively. Then OXf*Y^ is a i)ar“ 
allelograni, and if be the translation carrying O to X^y and tlu‘ 
translation carrying O to it follows, by Theorems 4 and 6, that 

T T =T. 

12 

On tlie otluT hand, if T( is any translation parallel to OX, and T' 
any translation parallel to OF, and T{(0)=A7 and ^'(O) = )"{, the 
product T[Tl carries 0 to a point P' such that OX^J^'Yl is a par- 
allelogram. But P' — ]^ if and only if Xl = X^ and }'/= Hence 
T determines and uniquely. 

Thkokem. 9. lllth respect to a nonhomoyeneous coordinate system 
in irhich l^ is the singular line a translation parallel to the x-ajiis 
has the equations 

^ 2 ) 3^=x + a, 

y'=y- 

Proof, The point into which (0, 0) is transformed by a given trans- 
lation parallel to the a;-axis may be denoted by (a, 0). By Theorem 5 
and § 48, Vol. I, it then follows that any point (x, 0) of the a:-axis 
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is transformed into (x 4- a, 0). Since lines parallel to the y-axis are 
transformed into lines parallel to the y-axis, and since lines parallel 
to the a;-axis are invariant, it follows that the given translation takes 
the given form (2). 

Conversely, any transformation of the type (2) leaves all lines par- 
allel to the .T-axis invariant and transforms any other line into a line 
parallel to itself. Hence it is a translation parallel to the ^Mixis. 

TiiKOiiEM 10. With re.si)eci to a nonhomogeneons coordinate sf/ntem 
iti u'/iich is the singular linCy any translation can he expressed in 
the form 

y ^y- 

Proof. By Theorem 8 any translation is tlie product of a translati()p 
parallel to the .v-axis hy one parallel to the y-axis. Hence it is the 
product of a transformation of the form 

x' = X -h 

y=y. 

by a transformation of the form 


X^ X -|“ 


y'= u + f>- 

EXERCISE 

Investigate the subgroups of the group of translations. 

39, Self-conjugate subgroups. Congruence. Definition. Anysul)- 
group (j of a group) G is said to ])e self-conjugate or invariant ^ 
under G if and only if 2T2”^ is an oj)eration of G' whenever S is an 
operation of G and T of G\ 

Tlie geometric significance of this notion is as follows : Supi)ose 
that two figures and are conjugate under G', and T is a trans- 
formation of G' such that F^ = T (Ff 
If F^ and F^ are clianged into F^ and 
7^2 by any transformation 2 of G, then 
2- ' (F;) = F^. Hence t T2' ' (7’/) = 7;, t 

* These terms have already been defined in 
§ 75, Vol. I. 

t These relations may be illustrat'd by the 
accompany diagram (probably due to S. Lie). 
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and 'ET'!E''^{Fl) = Fl, Therefore, if G' is self-conjugate under G, the 
figures F( and F.' are conjugate under G\ Hence the proj^rty of 
heiny con fay ate under the self-confayate snbynmp G' is a jyropcrty 
left invariant by the yronp 6r. Thus the theory of figures con- 
jugate under G' belongs to the geometry corresponding to G, pro- 
vided that G is not a self-conjugate subgroup of any other gi*oup 
of ])rojective collineations. 

Tiikokem 11. The yroup of translations is self'Cmijuyate under the 
affine yronp, 

Ib'oof. Let T be an arbitrary translation and S an arbitrary affine 
lransf(»rination. We liave to show that is a translation. If 

F be any point of L, is also on L. Therefore, since T 

Leaves all points of invariant, so does 2T2“1 The system of 
lines tlirougli tlie center of T is a system of parallel lines: trans- 

forms this system of j)arallel lines into a system of parallel linens; 
and luMice the latltT system of })arallel lines is invariant under 
lienee (cf. Cor! Cl, Theorem 9, Chap. Ill, Vol. I) STS"-^ is 
a translation. 

CoifoLLMiY 1. 71ie yroap of translations is self-confayate under 
any sahynatp of the ((J/ine yronp v'hidi contains it, 

CoKOLLAliV ‘J. For any affine colli neat ion Z, and. any translation T, 
there e.eists a translation T' saelh that ST=T'CS and a translation T" 
sneh that - 2T". 

J^roof, Let 2T2-' = T' and Ry the theorem, T' and 

are translations. Rut 

2T2' ' = T' and = T"' 

im])ly and TS = respectively. 

Definition. Two figures are said to be cony me nt if they are con- 
jugate und(‘r the group of translations. 

This d(‘iinition will })reseiitly be extended by giving other condi- 
tions undiM* ^\hic,h two figures are said to be congruent.* In view of 
Theonmi 11, the theory of congruence as thus far defined belongs to 
the affine geometry. 

* A coinpli'ti* dftinition would be of the form, “Two fipjures are said to be com 
jjruent if awl only if • • - " 
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40. Congruence of parallel point pairs. The figure consisting of 
two distinct points A, B may be looked at in two ways with respect 
to congruence. We consider either the two ordered* point pairs 
AB and BA or the point pair AB without regard to order. In the 
second case AB and BA mean the same thing and AB is congruent 
to BA because the identity belongs to the group of translations. 
On the other hand, the ordered pair AB is not conjugate to the 
ordered pair BA under the group of translations, because the trans- 
lation carrying A to B does not carry i? to ^ (this is under Assump- 
tions A, E, Hjj). I 

Theorem \2. If ABDC is a parallelograiji, the ordered point p^r 
AB is congrneut to the ordered point pair Cl). If the conditidn 
Q(j^yf(7, liDB) is satisfied where is an ideal pointy the ordered 
point pair AB is congruent to the ordered point pair CD. 

Proof. This is a corollary of Theorems 4 and 5. 

CoKOLl.AKY 1. Let A and B he any hvo distinct points and O the 
harmonic conjugate of the point at infinity of the line AB with respect 
to A and B. Thcji the j)air AO is congruent to the pair OB. 

Definition, The point O in the last corollary is called the mid- 
point of the pair AB. In case B = Ay A is called the mid-point of 
the pair AB. 

Corollary 2. The I ine joining the mid-points of the pairs of vertices 
AB amd AC of a triangle ABC is parallel to the line BC. 

Proof. Let and be the points at infinity of the lines AB and 
AC respectively, and let B^ and C^ be the mid-points of the i)airs AB 
and AC respectively. Then, by the definition of “ mi(l-})oint,” 

AB^BB^-AC^CC^. 

Hence the lines B^C^y BCy and B^C^ concur, which means that B^C^ 
and BC are parallel. 

Definition. The line joining a vertex, say A, of a triangle ABC to 
the mid-point of BC is called a median of the triangle. 

Theorem 1 3. The three medians of a triangle meet in a point 


* Cf . footnote on page 40. 
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Proof, Let the triangle be ABC\ let A,, be the points at 

infinity of the sides BC, CA, AB respectively ; and let A^, B^, be the 
points of intersection of the pairs of lines BB^ and CC^, CC^ and AA^y 



Fig. 27 

AA^ and BB^ respectively (fig. 27). Then, by well-known theorems on 
harmonic sets (§ 31, Vol. I), the medians of the triangle ABC are AA^^ 
BB^y and CC^y and these three lines concur. 

EXERCISES 

1. The diagonals of a parallelogram bisect one another; that is, if ABCD 
is a parallelogram, the mid-}>oints of the pairs A C and BD coincide. 

2. Let a and b be two parallel lines. The mid-points of all the pairs AB 
where ^ is on a and B on b are on a line parallel to a and b. 

3. If the sides A By BC, CA of a triangle ABC are respectively parallel to 
the sides A'B'. B'C\ TM' of a triangle A'B'C'y and the ordered point A B is 
eongnient to the ordered point pair A'B'y then the two triangles are congruent. 

4. TIk* mid-points of the pairs of opposite vertices of a complete quadri- 
lateral are collinear. Let us call this line the diameter of the quadrilateral. 

5. A line through a diagonal point 0 of a complete quadrangle, parallel to 
the opposite side of the diagonal triangle, is met by either pair of oi>posite 
sides of the quadrangle which do not pass through 0 in a pair of points having 
O as mid-point. 

41. Metric properties of conics. The following list of exercises 
contains a number of theorems on conics which involve the congru- 
ence of parallel point pairs and can be derived by aid of the theorems 
m the last sections. 



82 


THE AEFi>;E CHUH P 1:N THE ELANE [c hap, iii 


EXERCISES 

1. The mid-points of a system of pairs of points of a conic A A', BB', CC\ 
etc. are collinear if the lines AA\ BB\ CC' are parallel. The line containing 
the mid-points is a diameter conjugate to the diameter parallel to A A'. 

2. Let A and B be two points of a j)arabola. If the line joining the mid- 
point C of the ])air AB to the }>ole P of the line AB meets the conic in O, 
then 0 is the mid-jxnnt of the pair CP. 

3. If a line me(*ts a hyperbola in a pair of points and its asymptotes 

in a pair A^A.^^ the two ])airs have the same mid-j)oint. d’he pair H^A ^ is con- 
gruent to the [»air IL^A,,. 

4. The jK)int of contact of a tangent to a hyj>erbola is the mid-j)oiiit jof 
the })air in whicdi tlui tang(‘nt meets the asyinptot(!S. 

5. Let Aj and A,^ be eacli a hx(‘d and X a variable point of a hyj)erbola, 

and let and X^ i»oints in which the lines AMj and nux*t one ()f 

the asyni])totes. The point ])airs determined by ditferenit values of 

are all congriumt. 

6. I'he center's of all conics inscrib(‘d in* a simj)le (}iiadrilat(‘ral ABCD 
are on the lim* joining the mid-points of the ])oint ]>airs (\i and JH). 

7. The (M-nters of all c<)nics which passthrough tlu‘ V(*rtices of a comphte 
(piadrangle ABC]) are on a coni<* f.'-, hich contains the six mid-points of the 
j)airs of vertices of the (piadrangh*. tin* three vertic(‘S of its diagonal triangle, 
and the doubh^ points (if (‘\istent) of tlui involution in which L, is nu‘t by 
tin? jumcil of conics tlirough J, />, <\ />. From the pr()jt‘ctiv(» point of vi<‘Wg 
according to wliich is any line \vhatev(‘r, (7^ is called the ninr-}>(>inl (or th(‘ 
rlrrni-p(finf) conic of tin' (tomph'te (piadrajiglo AB(1> ami the lim‘ C.. Ihu'ixa* 
the analogous theorems for tin* jxmcils of conics of Types II-V(cf. § 47, Vo). I). 

8. The tiv(‘. diaimter.sf of the comi>l<‘te (piadri laterals form(‘d by lea\ing 
out one line at a time f?'om a five-line nu'et in a j)oint .1, which is tlie center 
of the conic tangent to the five lines. 

9. 'riie six points .1 det(*rmined, according to the last exercise, by the six 
complete live-lines formed by leaving out one lim* at a time fnun a six-line 
are on a conic 

10. The sev(*n conics C^ <letermined, according to the last exercise, by the 
seven com}»lete six-lines formed by l(‘aving out one line at a time from a 
sev(*ri-line, all pass through three points. 

42. Vectors. Any ordered pair of points determines a set of pairs 
all of which are equivalent to it under the group of translations. In 
order to study the relations between such sets of pairs we introduce 
the notion of a vector. The term “ vector ” appears in the literature 

* A conic is said to be inscribed in a given figure if the figure is circumscribed 
to the conic (cf. § 43, Yol. I). 

t Cf . Ex. 4, § 40. This and the following exercises are taken from an article by 
W. W. Taylor, Messenger of Mathematics, Vol. XXXVI (1907), p. 118. 
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under a multitude of guises, none of which, however, is in serious 
contradiction with the following abstract definition. In this definition 
the term “ ordered pair of points is to be understood to include the 
case of a single point counted twice. 

Definition. A planar field of vectors (or vector field) is any set of 
objects, the individuals of which are called vectors, such that (1) there 
is one vector for each ordered pair of points in a Euclidean plane, and 
(2) there is only one vector for any two ordered pairs AB and 
which are equivalent under the group of translations. A vector cor- 
responding to a coincident pair of points is called a null vector or a 
zero vector, and denoted by the symbol 0. 

For example, a properly chosen set of matrices would be a vector field 
accordiu.i^ to this definition. So would also the set of all translations including 
the identity ; also a set of classes of ordered point pairs such that two point 
])airs are in the same class if and only if ecpiivalent under the group of trans- 
lations. IIow(‘ver a vector fi(*ld be defined, it will be found that, in most 
applications, only thos(‘ j^roperties which follow from the definition as stated 
above are actually used. 

A j>recisely similar state of affairs exists in the definition of a number 
system. Die objects in the ]>articular number syst(‘m determined for a given 
sf>ace by the methods of Chaj). VI, Yol. I, are points, but a numb(*T system in 
general is any 8<*t of objc'cts in a proi>er one-to-one correspondcuice with this 
set of ] mints. 

Ill tlie following discussion we shall suppose that one field of vectors 
has been selected, and all statements will refer to this one field. Thus, 
tlie vector corresponding to 
the point pair AB is a definite 
object, and we shall denote it as 
the vector J Bf or, in symbols, 

A^ect {AB), 

Since any point of a Eu- 
clidean plane can be carried by 
a translation to any other point, ^ 
the s(^t of all vectors is the same 
as the set of vectors OA, where 

is a fixed and A a variable point. Consequently, the following defi- 
nition gives a meaning to the operation of “ adding ” any two vectors. 

Dkfinition. If 0,A, C are points of a Euclidean plane, the vector 
OC is called the svm of the vectors OA and AC. In symbols this is 
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indicated by Vect (OC) = Vect (OA) + Vect (AO), The operation of 
obtaining the sum of two vectors is called addition of vectors. 

An obvious corollary of this definition is that 
Vect (AB) 4* Vect (BA) = 0. 

Hence we define : 

Definition. The vector Vect (BA) is called the negative of the 
vector Vect (AB), and denoted by — Vect (AB), 

Theorem 14. The operation of addition of vectors is associative ; 
that is, if a, h, c are vectors, (a -H &) 4* c = a 4- (5 -|- c). 

Proof. Let the three vectors be OA, AB, BC respectively ; then, 'by 
definition, both (Vect (OJ) 4- Vect (.4R)) 4- Vect (^(7) and Vect(0^)\j4 
(Vect (47^)4- Vect (BC)) are the same as Vect (00). \ 

Definition. Two vectors are said to be collinear if and only if 
they can be expressed as Vect (0^4) and Vect (OR) respectively, where 
O, A, B are collinear points. 

Theorem 15. The sum of two noncollinear vectors OA and OB is 
the vector 00, where C is such that OACB is a parallelogram. 

l^oof. By Theorem 4, the vector OB is the same as the vector A 0. 
Hence, by definition, the sum of OA and OB is 00. 

Theorem 1 6. The sum of two collinear vectors OA and OB is a 
vector 00 such that Q(IiAO, JiBO), whei'c R is the point at infinity 
of the line AB. 

Proof. Let Land 
M be two points 
such that OB ML 
is a parallelogram. 

Hence Vect (OR) = 

Vect(L^/). Then, 
by definition, C 
must be such that 
Vect (RilL)= Vect 
(AO), that is, such 
that AC ML is a 
parallelogram. Let 
Loo be the ideal 
point of intersection of the lines OL and BM, and let M^ be the ideal 
point of intersection of the lines AL and MC. The complete quadrangle 
LML.M. determines QlH AO, P^BC). 
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Corollary. If O, A, B are three collinear points, and C a point 
such that Vect (OA) -I- Vect (OB) = Vect (OC), then, urith respect to any 
scale (cl, § 48, Vol. I) in which II is 0 and li the point at infinity 
of the line OA, A+B^C, 


Proof, Cf. Cor. 1, Theorem 1, Chap. VI, Vol. I. 

Theorem 17. The operation of adding vectors is commutative ; that 
is, if a and h are vectors, a 4- 6 = 5 -|- a. 

Proof, Let the vectors a and h be Vect (OA) and Vect (OB) 
respectively. If 0, A, B are noncollinear, the result follows from 
Theorem 15, and if they are collinear, from Theorem 16. 

43. Ratios of collinear vectors. By analogy with the case of addition 
we should be led to base a definition of multiplication of collinear 
vectors upon the multiplication of points in § 49, Vol. I. There are, 
however, a great many ways of defining the product of two vectors, 
which would not reduce to this sort of multiplication in the case of 
collinear vectors. Hence, in order to avoid possible confusion we shall 
not introduce a definition of the multiplication of vectors at present, 
but only of what we shall call the ratio of two collinear vectors. 

Definition. The ratio of two collinear vectors OA and OB is the 
number which corresponds to A in the scale in which 11 is 0, is B, 
and is the point at infinity of the line OA, It is denoted by 

Vect(O^) , OA 
Vect (OB) ^ OB 

It is to be emphasized that the ratio of two collinear vectors as 
here defined is a number. By comparison with the definition in § 56, 
Vol. I, we have at once 

Theorem 18. If A, B, C, />« are collinear points, Z>« being ideal, 


Theorem 13, Chap. VI, Vol. I now gives 

Theorem 19. If A A^, A^, A^ are any four collinear ordinary points. 

Theorem 20. ^ two triangles ABC and A'B'C are such that the 
sides AB, BC, CA are parallel to A'B', B’C, C'A' respectively, 

AB BC CA 
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Proof, Suppose that the translation which carries A' to A carries 
R' to and (7' to C^. Then is on the line AB and on the line 
AC, and the line B^C^ is parallel to BC, Thus, if B^ be the point at 
infinity of the line AB, and the point at infinity of the line ACy 

B^ABB^^C^ACC^. 


Hence, by Theorem 18, ^ 1 = 

AB^ At\ 

which is, by definition, the same as 

AB ^ CA 
A'B' ” C'A' ‘ 

In like manner, it follows that 

yiB _ BC 
aHJ' ” B'C'‘ 


CA 

C\A 


Since vve have not defined the product of two vectf)rs, it is necessary 
to resort to a device in order to compute conveniently with them. 
This we do as follows: 

Definition. With respect to an arbitrary vector OA, which is called 
a unit vector, the ratio (>/» 

OA ' 

where OB is any vec’.tor collinear with f LI, is called the vicnjnitude of OB. 

Observe that the magnitude of is the negative of the magnitude 
of BO. Since the magnitude of a vector is a number, tht‘re is no diffi- 
culty about algebraic computations with magnitudes. In tlie rest of 
this section we shall use the symbol AB to denote the magnitude of 
the vector AB. No confusion is introduced by this double use of the 
symbol, because the ratio of two vectors is juecisely the same as the 
(juotient of their magnitudes. 

Definition. If F is any collineation not leaving L invariant, tlie 
lines r(Z«) and F" are called the vani^ihing Ihirs of F. If IT is 
any projectivity transforming a line I to a line V (which may coincide 
with /), the ordinary points of I and V which are homologous with 
points at infinity are (if existent) called the vatlifihing points of TI. 
If n is an involution transforming I into itself but not leaving the 
point at infinity invariant, the vanishing point is called the center of 
the involution. 

Theorem 21. Definition. If O and O are the vanishing points, 
on I and V respect irelg , of a projectivity transforming a line I to a 
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parallel* line I', and X is a variable point of I, and X' the point of V 
to which X is transformed, the product OX ■ O' X' is a constant, called 
the power of the transformation. 

Proof. Let P be the point at infinity of I and V ; and let X^ and 
X^ be two values of X, and A'/ and X^ the points to which the} are 
transformed by the given projeotivity. Then, by the fundaiiienlal 
proj)erty of a cross ratio, 


li {po, A^g = li (o'p, x;aV) = b (P o', xixo, 

0 Y ( 

and hence, by Theorem 18, — -j* = 

Hence, by the definition of magnitude of vectors, 

oa ; • o'x; = oa ', • o'x[. 

CoKOLLAiiY 1. The power of an involution having a center 0 and 
a conjugate pair A is OA ■ OA^. 

COROnUAItY 2. IjCt 11 be a homology whose center is an ordinary 
point F and whose axis is an ordinary line, and let I) he any jioiiU uj 
the vanishing line n-'{L). If P is a variable point, J'' = O^/'), and 
[)' is the point in which the Ihie. through P' parallel to FD meets the 
vanishing line ll(/»), then p'p J>F 

fP~ p'd' 


Proof. Let Q and Q' be the points in which the line FP meets the 
vanishing lines n-\L) and n(L) respectively. Ly the theorem, 

PQ ■ P'tf = FQ ■ FQ'-, 
from which we derive successively 

^ FP' A- P'Q\ 

FO ” ' i’V 
PF__Flji^ 

P'(/ 

FP __ QF 

jfp' - p>Q<’ 

Since n is a homology, the two vanishing lines are parallel. Hence 

QF __ nr 
F'Q' F’JJ' 

FP 1)F 

Hence ~FP^ ”” P^l^ 


* With the extension of the 
restriction to parallel lines may 


definition of congruence in tlie next chapter the 
be removed. 
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EXERCISES 

1. If a projectivity ABCD'j^ A'B'C'iy is such that the point at infinity of 
the line AB corre8ix)nd8 to the point at infinity of the line A'B't 

AB ^ A'B' 

CD cir ’ 

2. If three parallel lines a, by c are met by one line in the points A', B', C 
respectively and by another line in A"B"C" resj)ectively, then 

A'B' ^ A"B" 

A'C A"C"' 


3. If ABCD are any four collinear points, 

A R • Ci> + A C . + A /) . R C = 0 . 

4 . Six points form a quadrangular set Q {A^B^C^y A^B^C^) if and only if 


Bc{A,A^y B,(\) . R(B,B^y C\A^) • A A) =-l* 


5. The condition for a quadrangular set may also be written 

^^ 1^2 ^ 1^2 ^ 1^3 _ n 

a,b/b,c/c,a^ 


6. If three tangents to a parabola meet two other tangents in P^, F,, F, and 
Qv Qif Qs respectively, then ^ ^ ^ 


Conversely, if five lines are such that the points in which two of them meet 
the other three satisfy this condition, the conic to which the five lines are 
tangent is a parabola. 

7. Let 0 be the center of a hyperbola, and A^ and A^ the points in which 
the asymptotes are met by an arbitrary tangent; if another tangent meets the 
asymptotes OAj, OA^ in B^ and B^ resj)ectively, 

OB^ OA^' 


8. If a fixed tangent /? to a conic at a point P meets two variable conju- 
gate diameters in Q and Q'y then PQ • PQ' is a constant. Let O be the center 
of the conic. If the diameter parallel to p meets the conic in Sy then 

PQ-PQ' 

9. Let 0^ and be the jx)ints of contact of two fixed parallel tangents to 
a conic. If a variable tangent meets the two fixed tangents in A\ and 
respectively, OjAj • O^X^ is constant. If O is the center of the conic and B is 
a point of intersection of the diameter through O parallel to the fixed tangents, 

o^x.-o^x^^iOBy. 
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44. Theorems of Menelaus, Ceva, and Carnot. 

Theoeem 22 (Menelaus). Tfiree points A', B', C' of the sides BC, 
CA, AB, respectively, of a triangle are collinear if and only if 

A’B KC C'A ^ 

A'C ' B'a ' C'B~ 


Fig. 30 


Proof, Let the points at infinity of BCy CA, AB, l)b 

A'B' be Aoo, B^, C^, Ji respectively, and let be \ 

the intersection oi A li with BC, Then, supposing A', B', C' collinear, 


Hence 


Hence 


{B^B'AC)^(A^A'A^^C) and {C^C^BA) = {A^A^BA'% 

jif C C 

— = R {B^B\ AC) (A^A\ A"C) = , 

~=Ji (C. c'. BA) = K (A^A', BA") = ^ ■ 

A'B B'C C'A_A'B A'C A'A'‘ ^ 

A'C B'A C'B~ A'C A' A" A!B~ 


The converse argument is now obvious. 

Theorem 23 (Ceva). The necessary and suficient condition for the 
concurrence of the lines joining the vertices A, B, C of a triangle to 
the points A', C of the opposite sides is 


A'B B'C C'A 
AC e A ' C'B 




(4) 
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Proof, Let C"' be the point of intersection of the lines A*B' and AB, 
Suppose first that C" is an ordinary point. Then, by the theorem of 
Menelaus, 

(5) 


A'B 
A' a 


B'C 

B'A 


Tl^e point C is harmonically conjugate to C with respect to A and B 
if and only if the lines AA\ BB\ CC^ meet in a point. Thus, 


(^>) 


cli ^ C"B 


is a nec.(‘ssary and siiflicient condition that AA\ BB\ CC' concur. ’,But 
on multiplying (5) by (6) we obtain (4). ' 



In case is an ideal point, the line A^B' is parallel to AB and 
by Th(*orem 20, 


( 7 ) 


A'B B'C 
A'C ‘ B'A 


= 1 . 


The condition that (7" be harmonically conjugate to with regard to 
A and B now takes tlie form 

v'li 

On multiplying this into (7) we again obtain (4). 

Theorem 24 (Carnot). Three pairs of points, A^A^, 
respectively, on the sides BC, CA, AB, respectively, of a triangle are 
on the same conic if and only if 

A.B B.G C3A 
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Proof. Suppose first that the conic reduces to two lines containing 
and A^y B^y respectively. The formula (8) in this case 
follows directly from 
Theorem 22 when we 
multi})ly together the 
conditions that A^y B^y 

and yl.,, B^y C\ be re- 
spectively collinear. 

Now consider any 
proper conic through A^y 
A^y 7>\, B^ meeting the 
line AB in Cl C^. By the 
tlieorem of Desargues 
(Theorem 19, Chap. Y, 

Vol. I) the pairs ABy 
CjCjj, and ('I Cl are in 
involution. Hence 

C, ( !IAB C^ CIBA ( '/ ( U By 

, , (\A CU CU CLA 

and hence — ^ r . 

C\B CIB CIB C\B 

t\B t\ B *“ pB ‘ ( IB * 

Hence the formula (8) is e([uivalent to the formula obtained from it 
by substituting d’/, Cl for C^ respectively. Hence tlu‘ formula holds 
for any conic. The converse argument is now obvious. 

The last three theorems are the most important special cases of 
the '‘theory of transversals.” A few further theorems of this class ami 
some other propositions which can readily be derived from them art‘ 
stated in the exercises below. Further theorems and references will 
be found in the Encyclopadie der Math. Wiss. Ill AB 5, § 2, and 
III Cl, §23. 

EXERCISES 

1. The six lines joining the vertices Ay By C of a triangle to pairs of points 
A^A^yB^B^y CjTg on the respectively opposite sides are tangents to a conic if 
and only if the relation (S) is satisfied. 

2. If the sides BC, CA, AB oi a triangle are tangent to a conic in A^ 

ab^ bc\ ^ 

'ba^' cb^‘ ac^ 
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3. If a line BC meets a conic in and and two parallel lines through 
B and C, respectively, meet it in the pairs Cj, C, and B^, B^ respectively, 

A^B A.jB B^C B^C 
A,C' A^C' (\b' C\B 

4. Let two lines a and h through a ])oint O meet a conic in the pairs Aj, 
and ^j, respectively. If O, a, b are variable in such a way that a and h 
remain respectively parallel to two fixed lines, 

OR, . OB^ 

is a constant. I 

5. If the sides of a triangle meet a conic in three pairs of points, the three 
pairs of lines joining the pairs of points to the opposite vertices of the triai^gle 
are tangents to a second conic. State the dual and converse of this theorem. 

6. If two points are joined to the vertices of a triangle by six lines, the^e 
lines meet the sides in six points (other than the vertices) which are on a 
conic. Dualize. 

7. If a line meets the sides A^A^^ * “> respectively, of a simple 

polygon AqA^A^ • • • in points R,, • • •, R„ respectively, 

^"^0^0 ^iBi A^B^ _ - 
/IjRo '^aR, ‘‘ A^B^ 

8. If a conic meets the lines /Ij/lj, •••, An/1„, re8j)ectively, in the 

pairs of points •••, R„C„ respectively, 

A,J, ^0 A^ 

A^Bq .4iC, .laRj A^Cj A^B^ AoC\ 

9. If a conic is tangent to the lines A^/1,, ^ j/l,, • • •, respectively, in 

the points R^, R,, • • •, R,* respectively, 

-4 0^0 ^4 ,R, A„Byy ^ 
vIjRo'.IjRi *** JoR, ^ ^ * 

45, Point reflections. Definition. A homology of period two whose 
axis is is called a point reflection. 

From this definition there follows at once : 

Theorem 25. A point reflection is fnlly determined hy its center. 
The center is the mid-point of every pair of homologous points. Every 
two homologous lines are parallel. 

Theorem 26. The prodnot of two point reflections whose centers 
are distinct is a translation parallel to the line joining their centers. 

Proof. The product obviously leaves fixed aU points of and also 
ttie line joining the two centers. Let and be the two centers, 
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§ 46 ] 

and let P be any point not on the line Also let P' be the trans- 
form of P by the point reflection with as center, and let Q be the 
transform of P' by the point reflection with as center. Since is 
the mid-point of the pair PP', and of the pair F'Q, the line P(? is 
parallel to (Theorem 12, Cor. 2). Thus the product of the two 
point reflections leaves invariant all lines parallel to and hence 
is a translation. 

Corollary. Tlie •product of any even mimher of point reflections is 
a translation. 

Theorem 27. Any translation is the product of two point reflections 
one of which is arbitrary. 

Proof, Let T be any translation, the center of any point reflec- 
tion, C'jj = T((7j), and the mid-point of the pair CfO^, The product 
of the reflections in and is a translation, by Theorem 26, and 
since it carries to Cg, it is the translation T, by Theorem 3. 

Corollary 1. The product of any odd number of point reflections 
is a point reflection. 

Proof Let the given point reflections be Pj, > p 2 n+r 

Theorem 26 the product PjP.j • • • P^^ reduces to a translation, which, 
by Theorem 27, is the product of two point reflections one of which is 
P^n + v Hence there exists a point reflection P such that 

+ i “ P^an+i^an + i ~ P* 

Corollary 2. The product of a translation and a point reflection 
is a point reflection. 

Corollary 3. The set of all point reflections ayid translations form 
a group. 

Theorem 28. The group of point reflections and translations is a 
self -conjugate subgroup of the affine group. 

Proof. It has been proved, in Theorem 11, that if T is a trans- 
lation and 2 an affine collineation, 2T2“^ is a translation. Precisely 
similar reasoning shows that if T is a point reflection, is a 

point reflection. 

Corollary. The group G of point reflections and translations is 
self-conjugate under any subgroup of the affine group which contains G. 
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Theokem 29. With respect to any system of nonhomogeneous coordi- 
nates in which is the singular line, the equations of a point reflection 
have the form 

x'= — x-\-a. 

/ L 

y --y + 2>- 


Proof. The point reflection whose center is the origin is of the form 

x' — — X, 

y=-y. 

I 

because this transformation evidently leaves (0, 0) and pointwise 
invariant and is of period two. Since any other point reflection is\the 
resultant of this one and a translation, it must be of the form (9)) 


EXERCISES 

1. An ellipse or a hyperbola is transformed into itself by a point reflection 
whose center is the center of the conic. 

2. Let [C^] be a system of conics conjugate under the. grou]» of translations 
to a single conic. lTn<l<*r what circumstances is invariant under the group 
of translations and ])oint refl(‘ciions? 

3. Investigate the sul)grouj>s of the group of translations and point 
reflections. 

4. Any odd number of point reflections Pj, Pg, • • P„ satisfy the condition, 

5. Let T be the point reflection whose center is the pole of /.« with 
respect to the n-])oint whose vertices are the centers of n point reflections 
P^, Pg, •••, P„. Then* 

PjTP.TP^T • •• P,.T = 1. 

46. Extension of the definition of congruence. Definition. Two 
figures are said to be congruent if they are conjugate uiuUt the group 
of translations and point reflections. 

This definition is obviously in agreement witli tluit given in § o9. 
It will be completed in § 57, Chap. IV. The main significance of the 
present extension of the definition is that it removes any necessity of 
distinguishing between ordered and non ordered point pairs in state- 
ments about congruence. 

* Cf . pp. 46, 84, Vol. I. The center of T is the “ center of gravity ” of the cen- 
ters of Pj, • • •, P„. rf. H. Wiener, Berichte der Gesellschaft der Wissenschaften zu 
Leipzig, Vol. XLV p. .'ViS. 
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Theorem 30. Any ordered point pair AB is congruent to the 
ordered point pair BA, 

Proof. Let 0 be the mid-point of the ordered point pair AB. The 
point reiietitioii witli 0 as center interchanges A and B. 

(/OROLLARY. If a point refection transforms an ordered point pair 
A li to A'n', ^ (^a'B'). 


Proof. By Theorem 20 the given point reflection is the product of 
tlie point ndh*('t.ion in the mid-point of AB and a translation. The 
point reflection in tli(‘. mid-point of AB interchanges A and 7>, and the 
tianslation leaves all v(‘.(*tors unchanged. 

47. The homothetic group. Definition. A homology whose axis 
is too is called a dilation. Dilations and translations are both called 
homothetic tra.nsformations. Two figures conjugate under a hoirio- 
thetic transfonnaliim arc said to be honwtlietic. 

Homothetic ligures are also (‘ailed, in conformity with definitions 
introduced lat(*r, “similar and similarly placed.’’ 

The point reflections arc evidently special cases of dilations. Since 
the })rodu(‘t of two perspective colli neations (§ 28, Yol. 1) having a 
common axis is a perspective collineation, the set of all homothetic 
transformations form a group; and by an aigumeiit like tliat used 
for Theorem 1 1 this group is self-conjugate under the affine group. 
Hence we liave 

Tiieohem 31. The set of all lioviothetic transformations form a 
(jro}ip which is a self -conjugate subgroup of the affine group. 

Further tlieorems on tlie homothetic group are stated in the 
(‘-xercises below. 

EXERCISES 

1. "Fho ratios of ])arallcl v(‘(*tors are loft invariant by the homothetic group. 

2. If two j)oiut ])airs AB and CD are transformed by a dilation into A'B' 
and Cpy res]>cctively, 

AB' ^ UD' ' 

3. If two triangles are homothetic, the lines joining corresponding vertices 
meet in a ])oint or are parallel. 

4. Th(‘ (MpiatioTis of the homothetic groii]) with respect to any nonhoino- 
geneous coordinate system of which is the singular line are 

x' = oj: + hy 

y' = ay + d. 


(a^O) 
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48, Equivalence of ordered point triads. Although the theory of 
oongruence as based on the group of translations and point reflections 
does not yield metric relations between pairs of points unless they 
are on parallel lines, yet when applied to point triads it yields a 
complete theory of the equivalence (in area) of triangles.* 

In this section we shall give the definitions and the more important 
sufficient conditions for equivalence, using methods somewhat analo- 
gous to those in the first book of Euclid^s Elements. Instead of tri- 
angles, however, we sliall work with ordered triads of points. This 
permits the introduction of algebraic signs of areas, though, as we do 
not need to refer to the interior and exterior of a triangle, we jshall 
not actually employ the word area.” The triads of points which are 
referred to are all triads of noncollinear points. \ 

Our definitions have their origin in the intuitional notions : that ^ny 
triangle ABC is e^piivalent in area to the triangle BCA, that two triangfes 
are equivalent in area if one can be transformed into the other by a transla- 
tion or point reflection, and that two triangles which can be obtained by adding 
equivalent triangles are equivalent. 

Definition. If ABC and ACD are two ordered point triads, and 
P, (7, and T> are collinear, and B ^ 1) (fig. 33), the point triad ABD is 
called the sum of ABC and ACD and is denoted by ABC + ^CD or by 
ACD A- ABC, A A 



Definition. An ordered point triad t is said to be equivalent to an 
ordered point triad (in symbols, t^t^) (1) if t can be carried to t^ 
by a point reflection, or (2) if t and V can be denoted by ABC and 

* The idea of building up the theory of areas without the aid of a full theory of 
congruence is due to E. B. Wilson, Annals of Mathematics, Vol. V (2d series) (1903), 
p. 29. His method is quite different from ours, being baaed on the observation 
(cf . I 52, below) that an equiaffine colWneation is expressible as a product of simple 
shears. Still another treatment of areas based on the group of translations and 
employing continuity considerations i.s outlined by Wilson and Lewis, “The Space- 
time Manifold of Relativity,” Proceedings of the American Academy of Arts and 
Sciences. Vol. XLVIll (1912). We shall return to the subject in later sections. 
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BCA respectively, or (3) if there exists an ordered point triad i such 
that and t ^ or (4) if there exist ordered point triads 
t[, such that and t — and + An ordered 

point triad t is not said to be equivalent to an ordered point triad 
unless it follows, by a finite number of applications of the criteria (1), 
(2), (3), (4), that t ^ 

Since any translation is a product of two point reflections, Criteria 
(1) and (3) give 

Theorem 32. Two ordered point triads are equivalent if they are 
conjugate under the group of translations and point reflections. 

Theorem 33. If A, By and C are noncollinear points, ABC ^ ABC, 
ABC^BCAy ABC ^ CAB. 

Proof. From (2) of the definition it follows that ABC ^ BCA and 
BCA ^ CAB. Hence, by (3), ABC^ CAB. But, by (2), CAB ^ ABC. 
Hence, by (3), ABC ^ ABC. 

From tlie last two theorems and from the form of the definition 
we now have at once 

Theorem 34. If t^^ then t^^ t^. 

Theorem 35. If A, B, C are any three noncollinear points and O 
the mid-point of the pair ABy then 
AOC^OBC. 

Proof. Let C' be the point to which 
C is changed by the translation 
shifting ui to 0, and let M be the 
point of intersection of the non- 
I)arallel lines BC and OC'. Since 
COBC^ is a parallelogram, M is the 
mid-})()int of the pairs CB and C'O. 

Thus we have 

AOC ^ OBC^ ^BC'O^ BC^M-{- BMO 
and OBC = OBM-^ OMC. 

But the point reflection with M as center carries OMC into C^ MB. 

OMC ^ C'MB «= BC'M, 
and OBM^BMO, 

and hence, by comparison with the equivalences and equations above, 

AOC ^ OBC. 


c c* 
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Theorem 36. Two order td point triads ABC^ and ABC^, where 
C^, are equivalent if the line is parallel to the line AB, 

Proof Let be such 
that B is the mid-point of 
C.C\y and let the line 
meet the line AB in O, which 
is an ordinary point because 
Cg is not on the line 
It follows (§ 40) that 0 is the 
mid-point of the pair C^C^, 

By Theorems 34 and 35, 

A BC\ ^ BA Cg ^ C\BA. By 
definition, CJ3A = -f- 

( 'pA. By Theorem 35, C^BO 
^CA)B and C/)A' C\AO. 

Hence C\BA ^ Cp O f CpB 
= (\A B ^ A Bcl. Hence ABC^^ ABC\. 

Corollary. If a 'point B' 'Is on a line OB and a 'po'int C on a 
different line ()(\ and the lines BC' and B^ C are parallel^ B(>('^ B'OCV, 

Proof. By liypothe.sis, 

B0C=^B()CA-^BC'C 
and aB’0=(ni’B + (:^BO. 

But C'B^B^C'CB^BC'il 
by Theorems 36 and 34, 
and C'BO ^ BOC’, by 
Theorem 34. Hence BOC 
^ C^B'O^B'OO'. 

Theorem 37. If A, B, a nd C are awy three no ncolli near points^ and 
P and Q are anj/ two disUnct points^ there e.rists a Une r parallel to 
PQ such that if R is any point of r, ABC ^ PQR, 

Proof. Let T be the translation such tliat T (A) = P, and let 
T (/?) = // and T((7) = (7'. If B' is not on the line PQ, let R^ 
be the intersection (fig. 37) of the line through (7' parallel to PB' 
with the line through P parallel to QB\ If B' is on the line PQ, let 
R* be the point of intersection with PC^ of the line through B 
parallel to 
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In both cases the lines which intersect in R' are by hypothesis non- 
parallel, so that is always an ordinary point. By Theorem 32* 
ABC^FB'C'. In case B^ 
is not on FQ, it follows, by / 

Theorem 36, that FB^C'^ / 

FB^R^^FQR\ In case J5' / 

is on FQ, it follows, by the 

corollary of Theorem 36, B' 

that FinV^FQR\ By / 

Tlieorem 36 the line r / / 

through parallel / / 

to FQ is siicli tliat J / 

for ('very point R p q 

oi\r,ABC^]H,)R, Fig. 37 


EXERCISES 

1. Two ordered jxniit triads ABC and AB' C' are e(|inval<‘nt if the ])oints 
B, (\ IV, C' ar(‘ collin(‘ar and Vect (7^ (''') = Vect (B'C'). 

2. Let O he the point of int(‘rseetion of the asymjvtotes \ and m of a 
iiy])erhohi, and let L and M ))(3 the intersections with / and 7 n resj>ectively 
of a variable tan^neiit to tin* ]iy]>erbola. Then the ordered jxnnt triads 

are all e([ui valent. 

49, Measure of ordered point triads. The theorems of the last sec- 
tion state siitlicit'iit conditions for the equivalence of ordered point 
triads. In order to 
obtain necessary con- 
ditions, we shall in- 
troduce the notion 
of measure, analogous 
to the magnitude of 
a vector. 

Definition. Let 
Oy Py Q be three non- 
collinear points. The 

of an ordered ^ 

Fig. 38 

point triad ABC rela- 
tive to the ordered triad OFQ as a unit is a number m{ABC) detei- 
mined as follows : If the line BC is not parallel to OF, let and 
be the points in which the lines through B and C respectively, parallel 
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fco OF, meet the line OQ, and let be the point in which the line 
through Ay parallel to OFy meets the line BC. Let AA^ denote the magni- 
tude of the vector AA^ relative to the unit OP (§ 43), and the 
magnitude of the vector relative to the unit OQ, The measure of 
the ordered triad ABC ^ 


and is denoted l)y m {ABC). If the line BC is parallel to OP, CA is 
not parallel to OP, and the measure of ABC is defined to be m (BCA)^ 

If this definition be allowed to apply to any ordered point triad 
whatever (instead of only to noncollinear triads, cf. § 48), we haye 
7/t {ABC) = 0 whenever the points A, B, C are collinear. 

Theorem 38. If ABC^A!B^C\t}ienm{ABC)^m{A!B^C% 

Proof. Let us examine the four criteria in the definition of equiva^ 
lence in § 48. 

(1) In case ABC is carried to A!B' C' by a point reflection, each of 
the vectors AA^ and BfJ^ is transformed into its negative (Theorem 30, 
corollary), and hence the product of their magnitudes is unchanged. 

(2) According to the second criterion, ABC^BCA. Suppose, first, 
that neither BC nor CA is parallel to OP, and let A^, B^, C^ have the 
meaning given them in the definition above. Then 


m{ABC)^AA^- B^C^. 


Let B^ (fig. 38) be the point in which the line through B, parallel to 
OP, meets the line CA, and let point in which OQ is met by 

the parallel to OP through A. Then if BB^ and C^A^ represent the 
magnitudes of the corresponding vectors relative to OP and OQ 
as units, m{BCA) ■ C^A^. 


By Theorem 20, 


AA^ A,C 
BJi^Bc' 


But since the lines CC^, A^A^, BB^ are parallel, it follows from § 43 that 


Hence 

or 


A^C A^C, 

BC B^C/ 

A A, A,C, 

5 ,( 7 / 

m(ABC) =AA^ • B^C^=BB^ ■ C^A^=m{BCA). 


^ The factor J is lacking in this expression, because we are taking a triangle 
rather than a parallelogram as the unit. 
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In case 5C7 is parallel to OP, the last clause of the definition states 
m{ABC) = m{BCA). 

In case CA is parallel to OP, AB and POare not parallel to OP, and 
hence the argument above shows that 

m(CAB)=m(ABO), 

But, by definition, m (BOA) = m{CAB), 

Hence m{ABC)—m (BCA). 

(3) Corresponding to the fact that if ^ and ^ then 

we have that, since m(() is a uniquely defined number, 
if m = m (IJ, and m (t^ = 7n (^g), then m {t^) = m 

(4) Let By Cy D be tlircie col- 
hnear points and A any point not 
on the line 7?0(fig. 39). In case 
the line PO is not parallel to OP, 
let be tlie point in which the 
line through Ay parallel to OP, 
meets PC, and let B^y (\y be 
the points in wliich tlie lines 
through By C, 1) respectively, 
parallel to Oi", meet OQ. Then 

m{ABD) 

= AA^ B^I)^ 

^AA^‘B/\A^AA^- 
= m (ABC) m {A CD). 

In case the line BC is parallel 
to OP, let P be the point in which 
PC meets OQy and A^ be the 
point in which the line through 
u4,parallel toOP,meetsO<). Then 

m (ABD) = m (BDA) =^BD • SA^=BC • SA^-hCD • SA^ 

= m (BOA) 4- m(CDA) = m(ABC) + m (A CD). 

Thus, in every case, if ^ ^ (^ 2 ) 

Comparing the results proved in these four cases with the definition 
of equivalence, we have at once that whenever m (y. 
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Theorem 39. If B, ( 7 , and D are collinear points, and the point A is 


not on the line BC, 


m{ABC) BC 
m{ABD)~~' BD 


Proof. In (‘.aso the line BC is not parallel to OP, let A^, B^, have 
the meaning given them in the definition of measure, and let be the 
point in which the line through D, parallel to OP, meets OQ (fig. 39). 

m {A mV) _ AA^ ■ ^ 

m^ABD) ~ AA^ ■ BJ\ ~ ' 


But, by § 43, 


B^C^ BC 
Bf)^ “ BI) 


In case BC jiarallel to OP, let be the point in which the line 
through A, ])arallel to OP, meets OQ, and S the point in which JW 
meets OQ. Tlien 

mi A BC) _ m {nCA) __ BC ■ S A. _ ^ 
m ( . I liJ)) " /// (BBA) "" BI> • BA‘^ " BD * 


OoK(mLAKY 1. If B, C, ]), E are points no t wo of which are collinear 
with a point A, 


R {.//>', AC, AD, AE) = — 

m(ABE) 


VI (Acjy)^ 
ni (A CE) 


Corollary '1. If B, C,J> arc points no tiro of which are collinear 
with a point A, and if is the point at infinity of the line Cl) {the 
latter not hcimj parallel to AB), 


^{AI\,AB,AC,AD):= 


m{ABD) 
]n{ABC) * 


Theorkm 40. If m {ABC) = m (A' B'C')^ 0, then ABC^A^B'a. 

Proof. By Tlieorem 37 tliere exists a point C'" on the line A' 6^' 
such i\\^l ABC^A' A! Bl CA ^ A! B' C'\ and by the last 
theorem, C' = C" . 

In consiujiience of the last tw^o theorems the unit point triad may 
be replaced by any equivalent triad without changing the measure of 
any triad. 

Theorem 41. If ABC ^ABC\ and C^ C\ the line CC is parallel 
to the line AB. 
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Ptoof. The unit triad OPQ may be chosen so that OP is parallel 
to AB. Then if is the point in which the line through C\ parallel 
to OPy meets OQ, and the point in which AB meets OQ, 

m{ABC) = AB • B^C^, 

If ( 7 / is the point in which the line through C\ parallel to OP, meets 0 (), 
m.{ABC') = AB-B^Cl. 

By Theorem 38, m(ABC)= m(ABC'), and hence C^ — C[. Hence the 
line GO' is parallel to AB, 

Tiii:orem 42. If ABC ^ AB^ C\ and B^ is on the line AB, and, C' on 
the line A(\ then the line BC' is parallel to the line B' C 

Proof. By the corollary of Theorem 3G, if is a point of A C' such 
that is parallel to B'C, then 

ABC^ABUy\ 

By Theorem 41 the only points C such Wioi ABC ^ ABU> are on the 
line through C", parallel to AB\ Hence C''= T". 

It is uotahk* tliat although the suflicient conditions for equival(*n(^c given 
in § 48 ar<‘ all ])rov(*d on the basis of Assiiinjdions A, K, Ily, the discussion of 
th(‘ ratios of vectors, and hence all the n<‘cessary conditions for equivalence, 
involve Assuin])tion P in their ])roofs. This is essential,’'" as can show hy 
jmjving that Assunijdion 1* is a logical consequence of these tht'onuns, tog(‘ther 
with the previous theorems on equivalence. As was pointed out in § 8, Assunq>- 
tion P is a logical consequence of the theorem of Paj)]>us, Theonmi 21, ^ 80, 
Vol. 1. When one of the lines of the configuration is taken as /oo, this theonnn 
assumes the form : 

If a simple hexagon 
AB'CA'B C' is such 
that A , B, C are on one 
line and A', B\ C' on 
another line, and if A B' 
is jtarallel to A'B and 
BG/ parallel to B'C, then 
CA' is parallel to C'A. 

In case the lines Fio. 40 

containing A BG and 

A'B'C', respectively, are parallel, this can be proved from the Desargues 
theorem on perspective triangles; so that we are interested only in the 

* The rOle of Assumption P(or rather of the equivalent theorem of Pappus) in 
the theory of areas was first determined in a definite way by D. Hilbert, Giundlagen 
der Geometrie, Chap. IV. 
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case when AB and A'B' intersect in a point 0. By Theorem 36, since AB' 
is parallel to A'Bj OAA'^OBB'\ and since BC' is parallel to B'C^ OBB' ^ 
OCC', By the definition (3) of equivalence it follows that OAA' OCC\ 
But by Theorem 42 this implies thatylC' is parallel to A'C, 

This is perhaps the simplest way of proving the fundamental theorem of 
projective geometry if it be desired to base projective geometry upon elemen- 
tary Euclidean geometry (cf. Ex. 3, § 54). 

The notion of measure can be extended to any ordered set of n 
points, i.e. (cf. § 14, VoL I) to any simple n-point Tlie details of this 
discussion are left to the reader. An outline is furnished by tlie 
problems below. The principal references are to A. ^I(')bius, l)er| 
barycentrische Calcul, §§ 1, 17, 18, 1 65 ; Werke, Vol. 1, pp. 25, 39, 200; \ 
Vol. II, p. 485. See also the Encyclopadie der Math. Wiss., Ill A J > 9, § 1 2. 
It is to be borne in mind in using tliese references that our hypotheses 
are narrower than those used by the previous writers. 


EXERCISES 

1. For any three points .1, />, (\ 

///(. 1 7jr) +/;/(.! C/0= 0. 

2. For any four ] joints O, A, /?, C, 

m (^1 B(^) — 7it (^OA B) -f 7u (^OBC) + tfi(()CA ). 

3. For any 7i points aIj, .-Ig,* • *, the number 

7n(OA,A.,) -f- 7n (OA^A^) + • • • + m(()A,,_,A,) + ,// ( ()A,A , ) 


is the same for all choices of the point O. We define it to )»(* tin* of 

the simple //-jjoint .Ij/lo * ’ • and denote it by mi^A^A.^ • • •.!„). 

4. 7)1 * * ■ *'ln— l-^ln) 2^“^ Z * * ’ ll* 

6. Derive a formula for w (vl j.lg • • • /!„) analogous to the definition of 
Tn(ABC) in terms of vectors collinear with two arbitrary vectors OP and (X^. 

7. Prove the converse jjropositions to those stated in the exercises in § IS. 

8. If rl BCD and A'B'C'Jf are two parallelograms whose sides are respec- 


tively parallel, 


mjABCD) ^ AB BC 
m {A'B'C'D ) A 'B' ' B'C' ’ 


9. The variable parallelogram two of whose sides are the asymptotes of a 
hyperbola and one vertex of which is on the hyperbola has a constant measure. 

10. If a variable pair of conjugate diameters meets a conic in point pairs 
AA\ BB'y the parallelogram whose sides are the tangents at Ay 4', B, B' has 
ft constant measure. The parallelogram ABA'B' also has a constant measure. 
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50. The equiafflne group. Theorem 43. 1/ two equivalent ordered 
point triads and are transformed by an afUne collineation into 
t[ and ^ 2 , then t[ ^ t[. 

Proof. It is necessary merely to verify that the relation used in 
ea(‘h of the criteria (1), • • *, (4) in the definition of equivalence (§ 48) 
is unaffected ])y an affme collineation. For Criterion (1) this reduces 
to Theorem 28. For Criteria (2), (3), (4) it is a consequence of the 
fact that an alfine collineation transforms ordered triads into ordered 
triads and collhuiar points into collinear points. 

Theorem 44. If an affme collineation transforms one ordered point 
triad, into an equivalent jurint triadyit transforms ever y ordered point 
triad into an equivalent qwint triad. 

Proof. It follows from Theorem 43 that if AP>C is transformed b}- 
a given collineation into an equivalent ordered point triad C', 
then every point triad er^uivalent to ABC is transformed into a point 
triad equivalent to A! B' C and thus into one equivalent to ABC. lly 
Theorem 37 any ordered ])oint triad whatever is etjuivalent to some 
point triad where 7) is on the line .4 Z?. Hence the present 

theorem will be proved if we can show that ^Z)(7 is transformed into 
an ecpiivalent point triad. 

Denote the point to which D is transformed by th(i given collinea- 
tion by />'. By Theorem 39, 

m{AT)C) _ A I) m(A^P'C') A'B' 

m{ABC) ~~ A B vi(a'B'C') “ A'B' ’ 

By §43, 

A Jy 


whore Ji is the point at infinity of the line AB. But since the given 
oullinoation is alfine, /i is transformed to the point at infinity BJ, of 
the line A'B', and 


li {HA, BD) = B ( PW, B'l)') = 


A'jy 

A'B' 


m(A'iyC') 

in{A'B'C')' 


Since m{ABC) = rn{A'B'C’), it follows that m{ADC) —'ni{A’D' C). 

ADC^A'D'C. 


Definition. Any affine collineation which transforms an ordered 
point triad into an equivalent point triad is said to be equiafflne. 
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Theorem 45. The equiaffine collineations form a self-conjugate 
subgroup of the ajfine group. 

Proof By the last theorem an equiaffine collineation traiivsforms 
every ordered point triad into an equivalent point triad. Hence, by 
Condition (3) in the definition of equivalence, the product of two 
equiaffine collineations is equiaffine. By Theorem 43, is equi- 

alfine whenever T is equiaffine and 2 affine. 

Theorem 46. Let Ay By B' he points such that A^ B and A'd^ />' ; 
let a he a line on A hat not on By and let a' he a line on A' hut not 
on B'. There is one and only one equiaflne collineation transf orminy\ 
A to A\ B to B\ and a to a\ \ 

Proof, Let C he any point distinct from A on a. By Theorem 37, 
there is a point C' on the line a' such that 

ABC^A^B^CA 

By Theorem 1 there is one and only one affine transformation carrying 
Ay By C to A'y Jl’y C' I’cspecti vcl}' , and by definition this transformation 
is equiailine. By Theorem 41, (7' is the only point on a' such that 
ABC'^ABiCd, Hence (Theorem 44) there is only one eciuiatfine 
transformation carrying Ay By a into A\ B\ a' respectively. 


EXERCISE 


Any affine collineation leaves invariant the ratio of the ineasurOvS of any 
two point triads. 

*51. Algebraic formula for measure. Barycentric coordinates. 

Consider a non homogeneous coordinate system in which L is the 
singular line. Let the unit of measure for ordered tiiads ])e OPQy 
where O = (0, 0), P = (1, 0), Q = (0, 1). Ix3t A=(a^, a^)y B = {h^, 

(7= {c^y c^) ; the line through Ay parallel to OP, consists of the points 
aj), where X is arbitrary, and the line BC has the e([uation 
(§ 64, Vol. 1), 




0 . 


In case the line BC is not parallel to OP, and therefore ^ c^, the point 
A^ which appears in the definition of measure (§ 49) is aj), 

where X satisfies 

j/V V V| IM', M-o j-i 

. 0 . 


\ 

0 

0 



% 

1 

K 

K 

1 


b 

t 

1 


^2 

1 




1 
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Hence 


AA^ 


-1 




a, a, 1 

b, 1 


The points and of the definition of measure are (0, h^) and (0, c^), 
respectively, so that yy ^ 

Hence 


( 10 ) 


m(ABC) = 


«i 1 

b, K 


1 . 

I«i 1 

That tlie same result holds good in case BC is parallel to OP is 
readily verified. 

Now if Ay By C are transformed to A’ , B\ C' respectively by a 
transformation , 

■»'• =«!•« + ^,y + 7i, 

y' = + 72. 

of the affine group, 

^1®1+ 'yp ®2"i+ ^a®2+ '^2’ ^ 

®/'i + ^ih + '^ 1 ’ ''2'^'! + 1 

+ ^1<’2 + '/r ®2^ + + 7 “. 3 


(O) 


(12) on{A']l'0')=: 




* 0 


®1 ®2 1 

^ K 1 

^ '■2 1 


«2 ^2 


Hence we have 

Tiikokem 47. A transformation (11) of the ajfine group is equiajfflne 


if and only 


a, 

«, /S, 


= 1 . 


Let A = (a^y a^), B={h^y b^)y C = (c^, c^) be the vertices of any triangle, 
and J* = {Xy y) any point. In the homogeneous coordinates for which 
xjx^=yy these points may be written A = (1, a^y a^), etc. 
II (Mice by the result established in § 27 for the three-dimensional 
case, the numbers proportional to 


1 X y 


1 a, a, 


1 

1 6 . 62 

II 

1 X y 

> ^2 = 

1 \ K 

1 c, c. 


\ c c 
12 


\ X y 


inay be regarded as homogeneous coordinates of P in a system for 
which ABC is the triangle of reference. 


* By comparison with § 30 this condition yields the result that, in an ordered 
space, the equiaffine collineations are all direct. 
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This is a particular one of the homogeneous coordinate systems 
for which ABC is the triangle of reference, and of course corresponds 
to a particular choice of the point (I, 1, ]). Other particular systems 
may be obtained by replacing (1, by {k, ka^, ka^ and like 

changes. The coordinates written down, however, have (in view of (10)) 
the remarkable property that 

^^^m{FBC), ^^=m(AFC), ^^=m(ABF). 

Also, in view of Ex. 2, § 49, they satisfy the condition 

for all ordinary points 7^ If A7jC be taken as the unit of measure, \ 
tliis condition assumes the form 

Since all ordinary points satisfy this condition, the equation 

which can always bo satisfied by properly chosen homogeneous coordi- 
nates, must re])resent Therefore the point (J, ^), whicli is polar 

to L relatively to the triangle AI^C, must be the ])oint of intersection 
of the medians of this triangle. 

Definition. Given a homogeneous coordinate system with respect 
to which the line at infinity has the e(|uation 

the three numbers which are homogeneous coordinates of an 

ordinary point F and satisfy the condition 

are called the harycentric coord Uiatca of relative to the triangle 
•^0= ^1= 

EXERCISES 

1. Defining the harycentric coorciinates of a point P, relative to a triangle 
ABC,&% ^ _m(AnP) t _m(IiCP) ^ _m{CAI^) 

m{AliCy ** ni(AIiC)’ ~ ni(AnC)' 

prove that a line is represented by a linear equation. 

2. If Ay By Cy D arc four fixed points of a conic, and P a variable point, the 

ratio w(^ABP)-m{CDP) 

m{AI)P) • m{CBP) 
is constant (cf. ("or. 1 Thcoreni .‘19). 



oi, 
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3. Show that the equation of a conic through five points -4, C, Z>, JK may 

be written in the form 

{ADE) {BCE) {ABX) {CDX) - {ABE) {CDE) {ADX) (BCX) = 0, 
where {ADE) stands for 

(1 2 


and the other j)arenthetical triads have analogous meanings. 

*52. Line reflections. Definition. A homology of period two 
whose center is on is called a line rejie^tuyn ; if its center is L and 
its axis I, w^e shall denote the line refle(ttion by {LI}. 

This definition could also be expressed by saying that a line reflec- 
tion is a transformation having an axis such that (1) if P' be the 
transform of a point P andP=?^P', the mid-point of the pair P7*' is 
on the axis of the reflection ; and (2) if P^ and P[ are any other pair 
of homologous points, the line is parallel to FF\ 

Theorem 48. A 'product of ixvo line reficctions is an eqiiiajffine 
rollmeation. 

Proof Let the given line reflections be {P/J and {Lf^. Let I be 
any line meeting both l^ and and let L be any point at infinity not 
on /. 1 hen s r i \ , \ i t \ s r / \ . i r/> . //i . ^ r / « 

Let A be the point of intersection of I and F> any other point of l^, 
C any other point of /, (\ the point to wliich C is transformed by 
[Lj/jj, and O the ])oint in which the line C(\ meets 1 Since o is the 
inid-])oint of tY' Theorem 35 
gives in case A^ <) ^ //, x. 

(OU^CfH), 

CA()^(\0A. / yx 

Sinc.e CA O + i 'OB = C. I />’, 

and r^BO + C\OA ==:r{BA, \ 

it follows that y O-®/ 

CAB^C^BA. 

In case A=^0 or 0=B the same result follows directly from Theorem 35. 
In like manner, if be the point to which B is transformed by 

CAB^CB^A. 

C^BA^CB^A. 


Hence 
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The product {LI} • transforms C^BA to CB^A and is therefore 
an equiaffine collineation. In like manner, {LJ>^ • {LI} is also equiaffine 
Hence the product is equiaffine. 

Theorem 49. An equiaffine, collineation is a product of two line 
reflections. 

Proof. Let T be any equiaffine collineation. If there be any point 
which is not on an invariant line of F, let A^ be such a point. Let 
Ag, Ag be defined by the conditions 

r{A^=A^. 

By the hypothesis on A^ the points A^, A^, A^ are noncollinear, and by 
the hypothesis that F is equiaffine \ 


0 12 




Hence, by Theorem 41, the line A^A^ is parallel to or else A^=A^. 

Let Afj be the mid-point of the pair A ^A^, and of the pair A^^l„. 
Let Lj be the point at infinity of the line A^A,^, of the line A^A^, and 
K of the lineAjAg. Since is parallel to yf ^^4^, it follows that 



A^Affj^ ^^A^A^Ky and hence, by the definition of mid-point, that 
and L^ are collinear. Since A^, A,^, and the point at infinity of the line 
A^A^ are transformed by F to A^, A^, and the point at infinity of the 
line^^^g,F(J/J=:il/^. 

Let l^ be the line Af\T^y and l^ the line joining the mid-point of A^A^ 
to the mid-point of By the above, 

and {L^l^,{A^A^M-^ = A^A^M^. 

Hence ■ {L^l^} (AJ^MJ=A^A^M^. 

But since F (A^A^M^) = A^A^M^, it follows, by Theorem 1, that 
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In case there is no point not on an invariant line of F, the invariant 
lines all meet in a point 0. For the point of intersection of any two 
of them is invariant, and any three nonconcurrent ordinary lines have 
at least two ordinary points in common. Thus we should be led to 
a contradiction with Theorem 46 if the invariant lines were not 
concurrent. 

Let be a point which is not invariant, and let = r (JJ, 
Also let />*^ be another point which is not invariant and not on 
the line and let = The lines and neces- 

sarily meet in 0. 

If O is ordinary, then since any line through it is invariant, all 
points of are invariant, and hence is parallel to Since 

r is equiaffine, 

Hence, by Theorem 42, A^B^ and A^B^ are parallel, and A^B^A^B^ is a 
parallelogi*ani. Hence 0 is the mid-point of A^A,^ and BJi^^ and F is 
a point reflection. 

Let a be the line A^A^ 
and A the point at infinity 
of and let h be the line 
/>ji >2 and B the point at 
infinity of h. The product 
{Ah}’ {Ba} transforms 
B ^ , 0 into Ag, i>^, 0 respec- 
tively, and hence is F. 

If O is an ideal point, let I be the line AJi^y and let m be the line 
joining the mid-points olA^A^ and BJi^, Then • {()l\ transforms 
O, A^yB^ into 0, res})ectively, and hence, by Theorem 46, is F. 

Corollary 1. An equiaffine collineatiori F such that A, F (A) and 
F^(A) are collinear for all choices of A is either a qwint reflection or 
a translation or an elation whose center is at infinity and whose axis 
is an ordinary line. 

Proof In the argument above it was proved that if the point 0 is 
ordinary, F is a point reflection; and that if 0 is ideal, F = {Om} • {0/}. 
If m and I are parallel, F is evidently a translation ; and if m and I 
are not parallel, it is an elation with 0 as center and the line joining 
O to the point Im as axis. 



Fig. 43 



112 


THE AFFINE GROUP IN THE PLANE [Chaf. iii 


Definition. An elation whose center is at infinity and whose axis 
is an ordinary line is called a simple shear. 

Corollary 2. IfV^ {^ 2 ^ * every line I concurrent 

with l^ and l^ which is not a double line of F there exist points L and 
M and a line m such that 

r = {Mm) . {LI). 

There also exist a point and a line vi such that 

r = {LI) • {if'm'}. j 

If I he taken as variable y \ 

W A A [™] A m A m A \.^'i 

Proof The first con elusion follows from the arbitrariness in the 
choice of in the proof of the theorem above. The second conclusion 
follows from the first, combined with the fa(*.t that 

The projectivities follow from the constructions given in the proof of 
theorem for A^, etc. 

Corollary 3. F = ILJJ • then for every point L of L 

which is not a douMe point of F, there exists a point M of /« and two 
lines I and m concurrent with l^ and such that 

F = [Mrn) • {Ll). 

There also exist a point M' and a line m' such that 

F= [LI ) . 

Theorem 50. The set of all affine collineations vdiieh are products 
of line reflections form a group. Every transformation of th is group 
is either aji equiaffine transformation or the product of an equiaffine 
transformation by a line reflection. 

Proof. By Theorems 48 and 49 the product of an even number 
of line reflections is equiaffine and reduces to a product of two line 
reflections. Hence the product of an odd number of line reflections 
reduces to a product of three line reflections. The statements above 
follow in an obvious way from this. 
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EXERCISES 

1 . Let the points at infinity of I respectively in Theorem 49 , Cor. 2, 
be denoted by Za, L\ If the i>oints L[y Zg, L'^ are distinct, the pairs 
ZjZ{, ZgZg, LL' are in involution. 

2. In case Z^ is on 1^ and is not on {LJ^] • [L^l^] = T is a oollineation 
of Type II (cf. § 40, Vol. I), parabolic on /* and of period two on the line*, 
joining Z^ to the point of intersection of and /g. If / be any line, exoej)t /g, 
through tlie point J* the ])oint in wdiich I meets L, and Z the harmonic 
conjugate of Z, with respect to P and T(/*), 

T = IZZ). [Zi/;. 

If j\I be the harmonic conjugate of Z^ witli res[>ect to and T~^(P), 

3. The product iZo/g] • [Z/^; is a point ri'flection if and only if is on 

/y and 7^2 on A point refhn'tion with O as center is the product of any 

two line rellectious and for which is on O, on 0, Zj on /y, 

and Zg on 

4 . Th(‘ product \LoL;^] • {Zj/^I is a translation if and only if Zj = and 
is ])arallel to i,. The ideal point Z^ is the center of the translation. If T is 
any translation, Zoo its center, /\ any ordinary point, P = T(/\), 7^2 

point of the pair J*P^, and and p^ tw'o parallel lines through I\ and P^ 
res})ectively, T = 

5. The product { L^L^] • (Zj/jl is a simple sh(‘ar if Z^ Zj and — Zg, or 

if Zj = Zo and intersects in an ordinary point, but not in any other case. 

6. L(*t 2 be a simple shear whose axis is / and whose renter is Z. 

Let P^ be any ]K)iut of Zoo, P = X(/^i), and P^ the harmonic conjiigat(i of 
Z with respect to P and P^. Then = I^V} If be any line 

meeting Z in an ordinary point, p = 5(/>i), and p.^ the harmonic conjugate 
of Z with res]K!rt to p and p^^ 

5 = {Lp^}’{Lp^}. 

7. Let be a simple pentagon. Let C^, Cg, be the 

mid-points of the j»airs PI\, Pil\y P^Pa^ Pa^^ respectively. If the line 

Z^Zj is parallel to P^P^<t and PI\ is pjirallel to I\p 2 ^ the three lines C\C^j 

PPz concurnmt or parallel. Discuss the degeneratci cases. 

8. Every ecpiiairine transformation is either the identity or a })oiiit reflec- 
tion or an elation whose center is at infinity (i.e. a translation or a simple shear) 
or expressible as a product of two elations w’hose centers are at infinity. 

9. Prove Cors. 2 and 3 of Theorem 49 directly, without using the theory 
of equivalence. 

10. A necessary and sufficient condition that a |>lanar collineation be the 
[>roduct of two harmonic homologies is that it transform ordered point triads 
into equivalent point triads relative to a fixed line of the collineation regarded 
as Z« (E. B. Wilson, Annals of Mathematics, Vol. V, 2(1 series (1903), p. 15) 
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11 . Let us denote an involution whose double points are L and M by 

[LM], If = and are two distinct involutions on the 

same line, then for every j)oint of this line, not being a double point 
of /i • /2» there exists a unique point il/g and involution such that 

if we denote {L^M^} by /g and by 

^*^^1 ^2^1 ~ ^ 8 ^ 4 ' 

The pairs Lgd/g, are all i)airs of the same involution, 

unless the pairs and Lo/IL a point in common, in which case all 

four jjairs have this point in common. I 

12 . The j)rojectivities on a line which are expressible in the form' 

• {Zjil/g} form a group. \ 

The last two exercises connect with the following algebraic considerations. 
An involution in a net of rationality is always of the form (§ 51 , Vol. I) 

. oar + fe 

X = , 

cx — a 

where a, ?>, c, d are rational. The double points are the roots of 

cx^ -2nx-h^ 0, 

and both will be rational if A* is rational in 

^2 4. /jf. = X.2 

Now any projectivity is the product of two involutions, a double j»oint of one 
of which may be chosen arbitrarily. Tlu* projectivity may therefore be written 

,ax -{■ h 
(I h h 

_ cx — a _ {an' + h'c) x + {n'h — ah') 

ax + 6 , («c' — a'c) X + {he' + aa') 

c' a 

cx — a 

and so has the determinant 

aa'hr' + + hh' cc' 4- b' can' — {aa'bc' — aV/c' — a'%c + aal/c) 

~ n^{a'^ -f h'c') 4- be {h'c' 4- a'^) = k^k'^j 

where k'^ = a'2 ^ Hence (1) the product of two involutions whose double 
points have rational coordinates is a projectivity whose determinant is a per- 
fect square; and (2) if the determinant of a projectivity is a perfect scpiare, and 
one of two involutions of which it is a product has rational double i)oints, 
then the other has rational double points. Hence there is a subgrouj) of the 
group of collineations of a linear net of rationality generated by the involu- 
tions with rational double points. This is the group of transformations whose 
determinants are perfect squares. 
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*53. Algebraic formulas for line reflections. Let us employ the 
uon homogeneous coordinates for which is the singular line and 
the corresponding homogeneous coordinates for which 


The line Z* now has the equation = 0, and the equations (1) of the 
affine group become 

= a-Q, 

(1 3) x[ = + a,a:j + a' ^ 

x!^ = -h "b * * 

On the line Z„ this effects the transformation 

x[ == H- 

.r ' = + h^i\. 


According to § 54, Vol. 1, this is an involution if and only if a^ — — 
Tlius — — is a necessary condition that (13) represent a line 
ivtl(*c4ion. 

The ordinary double points of (L‘>) are given by the following 
iMjuations, in wbic'h we have put a = = — ?>,. 

(r^-]).r+?vy + f, = 0, 

-b 1 ) 4- = 0. 

If (13) is to be a line reflection, it must have a line of fixed points. 
Hence the two e([uations (14) must represent a single ordinary line, 
which re(|uires 

Tlie first of tliese conditions is equivalent to A = — 1. 

Since the c-ocfficients of .r and // in (14) cannot all vanish, the 
conditions (15) are also sutfudent that (14) represent a single ordinary 
line. Hence 

Theorem 51. A tramformatioti of the fonii 


(16) 


,v! = ax H- 
f = (t^x - ay 4- Cj, 


is a line reflection if and only if 




-(rt+1) 
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From this it follows that a product of two line reflections is such 
that A = 1, and a product of three line reflections is such that 
A = — 1. By Theorems 47 and 49 any transformation for which A = 1 
is a product of two line reflections. Any transformation T for which 
= — 1, wlien multiplied by a line reflection A yields a transfer ina- 
ion S for whicli A = 1, i.e. an equiafline transformation. From TA == S 
)!lows T = S A. Hence T is a product of three line reflections. Thus 
we have (cf. Tlieorem 47) 

Theorem 52. The grouj) of nffin.e transformations which are prod,- 
lets of line reflections has the eg nations 

1 jJ = a^x -}- 4 - 

y' — n,/ + + (•„, 

! EXERCISES 

' 1. The set of all affine transfonnations which are j)ro(hicts of equiaffine 
fransfoririations by dilations form a ^t^roup which is a self-conjngate subgroup 
f)f the atfine group. Its ecpiations are 

7 — A j 

y' ~ (up -f A.,// 4- Co, S ^2 

where k is any number in the g(‘ometri(^ nunibcu* syst(‘m. 

2. The set of all atline transformations whioli are })roducts of line reflections 

and dilations form a group which is self-conjugate undf‘r the afline grouj). Its 

equations are , . . 

A X — a^x + /qv 4- (\y 

y — (t.x 4- Ag// -f Cjj, 
where k is any number in the geoim‘tric number systeun. 

54. Subgroups of the affine group. AVe give below a list of the 
principal subgroups of the affine group whifffi we liave considered in 
tliis chapter and in § 30 of Chap. IT. These ai‘e all self-conjugate 
subgroups. We also include the groups whicdi will be considered in 
the next chapter in connection with the FAiclidctin geometry. 

The groups are all described by means of the conditions which 
must be imposed on the coeflicients of the equations of the afline 
group to reduce it to each of the other groups. In some spaces, i.e. 
when the variables and coefficients are in certain number systems, 
these groups are not all distinct. However, they are all distinct in 
case the variables and coeflicients are ordinary rational numbers. 




■ ± k\ 


a^ \ 


=1. 



SM] LIST OF SUBGROUPS 117 

With respect to a system of nonhomogeneous coordinates of which 
is the singular line, the equations of the affine group are 

where A= ^ 0. 

% K 

The principal subgroups connected with the affine geometry are : 

(2) A>0; 

the transformations satisfying this condition are direct (§ 30). 

(3) A = F. 

where k is in the geometric number system (§53, Ex. 1). 

(4) A = ±F, 

where k is in the geometric number system (§ 53, Ex. 2). 

(5) A^ = l; 

these are products of two or of three line reflections (Theorem 52). 

(6) A = 1, 

the equiaffiue group (§51). 

(7) aj=5j=0, 

tlie homothetic group (§ 4-7). 

(8) a^=&^=0, = a'=l, 

llie ^roup of translations and point reflections (§ 45). 

(9) = a,= 5,= l, 

the group of translations (§ 38). 

The principal gr()ii])S connected with the Euclidean geometry are : 

(10) -f rt.* = -h ^ 0, 4- = 0, 

tlie Euclidean group (§§ 55 and 62). Its transformations are called 
similarity transformations. 

(11) + + 0, 4* = 0, A>0, 

the direct similarity transformations. 

(12) a^ + a^=b,^^b^^0, + A = A*, 

where k is in the geometric number system. 

(13) = + + A = ± A*, 

where k is in the geometric number system. 
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(14) 




the group of displacements and symmetries (§ 62). 
(15) a2+< = l, = 

the group of displacements. 

The relations among 
these groups may be 
indicated by the follow- 
ing diagram, in which 
we have included only 
those groups which are 
distinct in case of the Equiaffine 
real geometry. A dotted 
line indicates that the 
lower of the two groups 
joined is a subgrouj) of 
the upper, and a solid 
line that it is a self- 
conjugate subgroup. 

The fundamental importan(‘e of the 
group of translations is indicated by 
the fact that it is a self-conjugate 
subgroup of each of the other groups. Pm. 44 


Homothetic 


Euclidean 



Displacemenic 


Translaiian* 


EXERCISES 

1. Supposing the number of points on a line to be /> + 1, wbat is the number 
of transformations in each of the groups listed above? 

2. Supposing the geometric number sysbmi to be (a) the, ordinary n*al, or 
(/>) the ordinary complex number system, bow many ]>arameters are there in 
the equations for each of the grou[>s listed above? 

3. Prove that the ]»lane affine geometry as a separaU; science could be based 
on the following assum})tions witli regard to undefined elements, called points, 
and undefined classes of jjoints, called line.s: 

I. Two points are contained in one and only one line. 

II. For any line I and any jioint not on /, there is one and only one line 
containing P and not containing any point of 1. 

III. Every line contains at least two points. 

IV. There exist at least three noncollinear j)oints. 

V. The sjH^cial case of the Pappus theorem given in the fine print in § 49; 
or Theorem 41. 
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55. Geometries of the Euclidean type. We come now to the 
extension of tlie definition of congruence whicli was promised in 
§§ 39 and 46. Tliis requires the consideration of groups which are 
not self-conjugate under the afliine group. Not being self-conjugate, 
these groups are not determined uniquely by the aliiue group, and 
lienee our definitions will contain a further arbitrary element. 

Definition. l.et I be an arbitrary but fixed involution on This 
involution shall be called the ahsohde or orthogonal involution. The 
group of all projective collineations leaving I invariant shall be called 
a parabolic* metric group. Tlie transformations of the group shall 
lie called similaritg transformations. Two figures conjugate under 
the group shall be said to be similar. The geometry corresponding 
to the group shall be called the parabolic metric geometry. 

The absolute involution is supposed to be fixed throughout the 
rest of the discussion, but of course there are as many parabolic metric 
groups as there are choices of I. We nevertheless speak of the para- 
bolic metric group in order to emphasize the fact that we are fixing 
attention on one group. 

In case the plane in which we are working is a real plane and 
the absolute involution is without double points, the parabolic 
metric geometry is the Euclidean geometry. It is for this reason 
that we refer to the parabolic metric geometries as geometries of 
the Euclidean type. 

The investigations in the following sections are arranged in order 
of increasing specialization. First we consider a perfectly general 
involution, I, in a projective plane satisfying A, E, P, H^. Then we 
consider a particular type of involution in an ordered plane, and finally 
limit the plane to be the real plane. 

• The reason for the term “ parabolic ” in this connection is explained in a 
later chapter, where the elliptic and hyperbolic metric groups are defined. 
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Wlien the plane and the involution are fully specialized, it is 
a theorem (§ 70) that the real plane is contained in a complex 
plane in which the absolute involution has double points. Thus 
the theorems on the general type of involution (where the possible 
existence of double points is taken into account) come to have a 
new application. 

56. Orthogonal lines. Definition. Two lines are said to be orthog- 
onal or perpendicular to each other if and only if they meet L in 
conjugate points of the absolute involution. 

The following consequences of this definition are obvious : [ 

Theorem 1. The pairs of perpendicular Utics through any pointy^ 
are the pairs of an involution. Through any point there is one andt\ 
hut one line perpendicular to a given line, A line perpendicular to one 
of t wo parallel lines is perpendicular to the other. Two Imes perpen- 
dicular to the same line are parallel. 

Definition. In case the absolute involution I has two double 
points, and they are called the circular points. Any line 
through or is called an isotropic line or a minimal line. 

Any isotropic line has the property of being perpendicular to itself. 
The circular points are so called because all ordinary points of any 
circle (cf. § 60) are on a conic through and 7^. The ordinary points 
of the conic section referred to in the following lemma will later be 
proved to be on a circle. 

Definition. A homology of period two whose center L is on and 
whose axis I meets /« in the point conjugate to the center with regard 
to the absolute involution, is called an orthogonal line reflectiony and 
is denoted by {LI}, 

Since the center of a homology is not a point of the axis, the center 
cannot be a double point of the orthogonal involution, nor can the 
axis j)ass through such a point. An orthogonal line reflection is of 
course a special case of a line reflection as defined in § 52. 

Lemma. Let 0 and he two points not collinear with either double 
point of the absolute involution. There is one and only one conicy 
having 0 as center, passing through 7J, and having the pairs of the 
absolute involution as pairs of conjugate points. 

Proof, Let be the harmonic conjugate of with respect to 0 
and the point at infinity, li, of the line OI[, Any conic containing 
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and having O as center must contain by the definition of center. 
Let A" be a variable point of and Y the conjugate of A in the 
absolute involution. Any of the triangles OXY must be self-polar to 
any conic satisfying the required conditions. But if P is the point of 
intersection of the lines and B^Y, and Q the point of intersection 
ofiJAaiidOr, 

b,ob^b^Lbqb,x, 

and hence the 
points B^ and P 
are harmonically 
con jugate with re- 
s])ect to A and Q. 

Hence P must 
be on any conic' 
through 7* with 
regard to whicb X 
is the pole of Q Y. 

Hence B must be 
on any conic satis- 
fying the hyiiothe- Fio. 46 \ 

ses of tlie lemma. 

Since 7^[A^] -^B^IY], the points P, together with and 7J, consti- 
tute a unique conic (§ 41, Vol. I); and this conic, by its construction, 
satisfies the condition required by the lemma. 

Coroll AKY. J?i case the absolute involution has double points the 
conic passes through them. 

Theorem 2. An orthogonal line reflection leaves the absolute ivr- 
ToJution invariant. 

Proof. If i is the axis of an orthogonal line reflection and L 
its center, let O be any point on I and 7J any point not on 1. The 
conic (7^(cf. Lemma), which contains has 0 as center, and has the 
absolute involution as an involution of conjugate points, must have 
L and I as pole and polar. Hence, by the definition of pole and polar 
(§ 44, Vol. I)r* is transformed into itself by the harmonic homology 
having L and I as center and axis. Hence the absolute involution is 
transformed into itself by the orthogonal line reflection {Ll), 
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Theorem 3. The product of two orthogonal line reflections whose 
axes are parallel is a translation parallel to any line perpendicular 
to the axes. 

Proof. Let the given line reflections be and {Lf^. Their axes 
meet in a point L' of Z«, and and niiist be conjugate to Z' with 
res])ect to tlie absolute involution. Hence L^ = L^. The product there- 
fore leaves all points on invariant and also all lines through L^. 
Hence it is a translation })arallel to any line through 

Theorem 4. A translation, T, v^hose center is not a double point of 
the ahsohUe involution, is a product of two orthogonal Hue reflections)^ 
{Ll^^, {ZZj}, where L is the center of the translation. If O is an arbi- 
trary ordinary point and P the mid-point of the pair 0 and T(0), 

may he chosen as OTJ and l^ as PIJ, irhere V is the conjugate of L 
with respect to the absolute involution. Or l^ may be chosen as PL’ 
and l^ as the line joining T (()) to L'. A translation whose center is a 
double jmint of the ahsohUe involu- 
tion is a product of four orthogonal 
line reflections. 

Proof. If l^=OL' and l^=^PL\ 
the refl(H 5 tion {Z/J leaves O inva- 
riant and (Z/J carries O to T (O). 

Hence the translation {Z/J • {Z/^} 
carries D to T (O), and, by Theorem 3, 

Chap. HI, is identical with T. 40 

If l^ = PlJ and Zg = QV y where 

Q = ^ (O), the reflection {ZZ^} carries 0 to ^ and {ZZJ leaves Q 
invariant. Hence, as before, {ZZJ • {ZZ J = T. 

A translation whose center is a double point of the absolute involu- 
tion can be expressed as a product of two translations wdth arbitrary 
points of Zoo as centers (Theorem 8 , Chap. Ill), and hence is expressible 
as a product of four orthogonal line reflections. 

Definition. If the axes of two orthogonal line reflections intersect 
in an ordinary point, 0 , the product is called a rotation about 0, and 
the point 0 is called its center. 

Theorem 5. A rotation which is the product of two orthogonal line 
reflections whose axes are orthogonal is a point reflection. 
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Proof, Let the two line reflections be and {Lj,^ and let 0 be 
the point of intersection of and Since and are orthogonal, 

is on and on The product therefore leaves 0 

and every point of Z* invariant. Moreover, it is of period two on the 
axis of either of the line reflections. Hence it is a homology of period 
two with 0 as center and Z« as axis, i.e. a point reflection. 

Definition. If a line Z is perpendicular to a line in, the point of 
intersection of the two lines is called the foot of the perpendicular 1. 
A line Z is said to be the 'per'pendicular hisector of a pair of points 
A and B if it is perpendicular to the line AB and its foot is the 
inid-i»oint of the pair A/i. 

Definition. A simple quadrangle A CD is said to be a rectangle 
if and only if the lines and CD are perpendicular to AD and BC, 

EXERCISES 

1. A parallelogram AB(^D is a rectangle if and only if the lines AB and 
A1) are perj>ondicular. 

2. The jxTpendicular bisectors of the point pairs APt, BC^ CA of a tri- 
angle AB( meet in a point. 

3. Tlie ]K‘ri>en(iiculars from the vertices of a triangle to the oj>])osit(j sidrs 
meet in a point. 

4. Tin* lines through the vertices of a triangle }>arallel to the transforms 
of tlui opposite sides by a fix<‘d orthogonal line reflection are concurrent. 

57, Displacements and symmetries. Congruence. Definition. The 
})r()duct of ail ev(ui number of orthogonal line reflections is called 
a (lisplaceniejit. Tlie product of an odd number of orthogonal liiu*. 
reflec’Xioiis is calh'd a symmetry. 

Theorem 6. The set of all displacements form a self-conj agate 
s'uhgronp of the paraholic metric group. 

Proof, That tlie displacements form a group is evident because 
(cf. § 26, A^)l. I): (1) the identity is a displacement, being the prod- 
uct of any orthogonal line reflection by itself ; (2) the inverse of a 
product of orthogonal line reflections is the product of the same set 
of line reflections taken in tlie reverse order ; (3) the product of an 
even number of orthogonal line reflections by an even number of 
ortliogonal line reflections is, by definition, a displacement. 

The group of displacements is contained in the parabolic metric 
group by Theorem 2. 
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If {LI} is ail orthogonal line reflection, 2 a similarity transformation, 
and X' = 2 (X), = 2 (/), then 2 • {X^} • 2”^ is a harmonic homology 

with X' as center and V as axis. But since X and the point at infinity 
of I are paired in the absolute involution, so are X' and the point 
at infinity of V. Hence 2 • {Ll} • 2“^ = {X7'} is an orthogonal line 
reflection. 

If and are any two line reflections 2 A^ A22~^ = 2 A^2~^2A22”\ 
A similar argument shows that • • • A„ • 2”^ is a product of 

n orthogonal line reflections whenever A^, • • •, A„ are orthogonal line 
reflections and 2 is in the parabolic metric group. Hence the groujp 
of displacements is a self-conjugate subgroup of the parabolic metrib 
group. 

Corollary 1. The set of all displacements and symmetries form 
a self -conjugate subgroup of the paraholic metric group. 

Definition. Two figures such that one can be transformed into 
the oth(‘-r by a displacement are said to be congruent. Two figures 
such that one can be transformed into the other by a symmetry are 
said to be symmetric. 

Corollary 2, If a figure is congruent to a figure and F^ to 
a figure F^^ then F^ is congruent to F^, 

Corollary 3. If a fi'g^lre F^ is symmetric toith a figure and F^ 
is symmetric with a figure F^, then F^ is congruent to F^. 

Corollary If a figure F^ is symmetric %r>ith a figure F^y and F^ 
is congruent to a fi,gure then F^ is symmetric with F^. 

Since translations and point reflections leave the absolute invo- 
lution invariant, the definition of congruence given in this section 
includes the definitions in §§39 and 46 as special cases. Theorem 6 
shows that the theory of congruence and symmetry in general belongs 
to the geometry of tlie parabolic metric group. It must be remem- 
bered, however, that the theory of congruence of point pairs on parallel 
lines belongs to the affine group. In other words, the" part of the theory 
of congruence developed in Chap. Ill is independent of the choice of 
the absolute involution. 

In case the absolute involution has double points, the theory of 
congruence of point pairs on the minimal lines (§56) is different 
from that on other lines. As will appear in the following sections the 
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theory on any line which is not minimal is essentially the same 
as that developed in Chap. Ill on the basis afforded by the group of 
translations and point reflections. On a minimal line, however, the 
set of points [P] such that OP^ is congruent to OP consists of all points 
on this line except the point 0. For let and denote the double 
points of tlie absolute involution, being the one on the line OP^, 
Jjel Q be a point of the line OT^ distinct from O and from and let 
P be any point of 01^ distinct from 0 and from 7^. If be the 


orthogonal line reflection whose center 
is the point at infinity of the line I^Q 
and whose axis passes through O, and 
Aj be the orthogonal line reflection 
whose center is the point at infinity 
of the line QP and whose axis passes 
through 0, we have A^ (7^) = Q and 
Ajj((>) = P. Hence the rotation A^A^ 
transforms to 

P. Combining . 

transformations 

of the form A^ Aj 

with transla- q // 

tions it is clear C^- Qjp 

that we have 


Theorem 7. Any pair of points on a minimal line is congruent to 
any other pair of points on the same line. 

For example, if a mid-point of a pair AB were defined to be a 
point C such that ^(7 is congruent to CB, we should have that when- 
ever the line AB is minimal, the point C may be any point on Uiis 
line different from A and B. The theorems on mid-points in Chap. Ill 
would in general have exceptional cases. It is to avoid this difficulty 
that we have adopted the definition of mid-point given in § 40, 
Chap. III. A similar remark applies to the definition of ratio of 
collinear point pairs in § 43, Chap. III. 

Definition. A parallelogram ABCD whose sides do not pass 
through double points of the absolute involution and in which the 
point ])air AB congruent to the point ])air^7> is called a rhombus. 
A rhombus which is also a rectangle is called a square. 
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EXERCISES 

1. Prove that the group of displacements and symmetries could be defined 
as the group of all collineations leaving invariant the set of all conics obtain- 
able by translations from a fixed central conic. 

2. The parabolic metric group consists of all projective collineations trans- 
forming the group of displacements into itself. 

3. Two point pairs on nonminimal lines are symmetric if and only if they 
are congruent. 

4. The perpendicular bisector of a point j)air A B contains all points P such 
that A P is congruent to BP, 

5. The simple quadrangle A BCD is a rhombus if and only if the lines A C and 
BD are the perpendicular bisectors of the point pairs BD and A C r(‘spe(*tivel^\ 

6 . A parallelogram ABCD is a rectangle if and only if the point pair 

is congruent to the point j)air BD, ^ 

7. 8]>ecialize the quadrangle-quadrilateral configuration (§ 18, Vol. I) to th^ 
case where the vertices of the quadrangle are the vertices of a square. 

58, Pairs of orthogonal line reflections. Theorem 8. If A^, A^, A^ 

are three orthogonal line reflections whose a. res pass through a point 
0 (ordinary or ideal) y the product A^^A^A^ is an orthogonal line 
reflection whose axis 
passes through 0. 

Proof, In case the 
three axes are parallel, 
the product A^A^ is a 
translation, and so by 
Theorem 4 is expressible 
in the form A^A^, where 
A^ is an orthogonal line 
reflection whose axis is 
parallel to the othei* 
axes. Hence 
A,A,Aj=A^AjAj=A^. 

In case two of the 

axes are not ])arallel,the 

, . , . Fio. 48 - 

third axis must pass 

through their coiiimon point O. Let P be any point not collinear with 
0 and a circular point. Let (7* be the conic, existent and unique 
according to the lemma of § 56, which passes through P, lias O as 
center, and has the absolute involution as an involution of conjugate 
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points. If be any point of C*. let Aj{Qj) = <)^, A^{Q^) = Q^, 
\{Qs) = Q.> A,(e; = Q^, A,((3.) = Q,. 

According to this construction the line is parallel to 
and to Q^Q^, where in case <),■ = Qj, the line Q^Qj is taken to mean 
the tangent to (J‘^ at Q^. Hence, by Pascal’s theorem (Chap. V, Vol. I) 
or one of its degenerate cases, it follows that is parallel to Q Q . 

A,(e.)-o, 

and (A,A,A, )•(«,) = <},. 


Siucte is an arbitrary point of 

(A.A,A,)’‘=l. 

Tlie transformation is not tlie identity, because it cannot leave 

invariant a point, different from O, of the axis of A^ unless A^ = A. 
and in the latter ease the product is equal to A^. Since A^^A^A^ leaves 
invariant tlie line (or the tangent at()j, if Q^=z Q^), it leaves in- 
variant the })oint at infinity of this line and also the line through 0 
perpendicular to it. As A.^A^A^ is of period two, it follows thet it is 
an orthogonal line refl(U!tion. 

(VmoidLAaY 1. Tf A^, A^, and A.^ are any three orthogonal line 
refections irhose a.ees meet in a point or are parallel , there exists an 
orthogonal line refeeiion A^ such that A^A^ = orthog »nal 

line refection A^. such that A^A^ = A^A.^. 

Proof, lly the theorem, A^ exists such that 

11 ence -^ 2^1 ~ ^ 8 ^ 4 - 

111 like manner, A^ exists such that 

Aj^A^Ag = 

1 fence ^ 2 ^^! ~ 

Corollary 2. The product of any odd numler of orthogonal line 
refections ivhose axes meet in a j)oint or are parallel is an orthogonal 
line reflection. 

Proof. By the theorem, whenever rt ^ 3, the product of n orthog- 
onal line reflections whose axes are concurrent reduces to a product 
of 71—2. Thus, if n is odd, the number of line reflections can be 
reduced by successive steps to one. 
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If n is even, this process reduces the number of line reflections in 
the product to two. Thus w'e have 

Corollary 3. The product of any even number of orthogonal line 
refections is a rotation in case their axes meet in a pointy and is a 
translation in case the axes are parallel. 

Corollary 4. A 71 orthogonal line reflectio7i is not a displacement 
Corollary 5. The set of all rotations having a common center is a 
rommn ta tive gro up. 

Proof. A rotation is defined as a product of two orthogonal line 
reflections whose axes meet in an ordinary point. So, by definition, 
the identity is a rotation, and the inverse of a rotation is the 

rotation A^A^. The product of two rotations is a rotation by Cor. 
Hence the rotations having a given point as center form a group, 
fo show that any two of these rotations are commutative amounts 
to showing that 

(1) aaa,a, = aaaa 

wdienever the A’s are orthogonal line reflections whose axes concur. 
Hy the theorem we have 

and hence 

(2) A,A,A,A, = A,A,A,A,. 

But since AgA^A^ = A^A^A^, 

which combined with (2) gives (1). 

Theorem 9. Any displacemc^it leaving a point O invariant is a 
rotation about 0. 

Proof. The given displacement is a product of an even number, n, 
of orthogonal line reflections, A„ • • • A^. Let A[ be the line reflection 
whose axis is the line through O parallel to the axis of A,. Then the 
product T, = A, A,' is a translation (Theorem 3) and 

A, = T,A'. 

Thus A„ • • • Aj = T„A' • • • T^AJ,- 

where each T,. is a translation. But by Cor. 2, Theorem 11, Chap. Ill, 
if 2 is any affine coUineation, T,.2 = 2T/, where T/ is a translation or 
the identity. Hence 

A„ . .a,=a: . . .a't: . .T(. 
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But since A, • • • Aj and A!, - • • Aj' leave 0 invariant, the product 
Ti • • • T,' leaves 0 invariant, and hence, by Theorem 3, Chap. Ill, is 
the identity. Hence 

where A{, •• •, A^ are orthogonal line reflections whose axes pass 
through 0. By Cor. 3, Theorem 8, A' • • * A/ is a rotation about O, 

59. The group of displacements. Theorem 1 0. Let O he an arbi- 
trary point Any displacement can he expressed in the form PT, where 
V is a rotation about 0 and T a translation. 

Proof By precisely the argument used in the last theorem the 
given displacement can be expressed in the form 

A' • • A'T' • • • T' 

where A? (i = 1, • • •, 2 7i) is an orthogonal line reflection whose axis 
passes through O, and T/(ii = 1, • • 2 ti) is a translation or the identity. 

'I1ie product T'„ * * * T' is, by Theorem 6, Chap. Ill, a translation. By 
(Jor. 3, Theorem 8, A.^„ • • • A{ is a rotation or a translation. Since it 
leaves O invariant, it is a rotation. 

Corollary 1. Any displacement can also he expressed in the form 
T'P', where T' is a translation and P' a rotation with O as center. 

Corollary 2. Any symmetry is a product of a line reflection whose 
axis contains an arbitrary point and a translation. 

Theorem 11. Any displacement, except a translation having a 
double point of the absolute mvolution as center, is a product of two 
orthogonal line reflections. 

Proof Let O be an arbitrary point. By the last theorem the given 
displacement reduces to PT, where T is a translation and P a rotation 
about 0. If the center, L, of T is not a double point of the absolute 
involution, by Theorem 4, 

T = {L/,} • {L/J, 

where and l^ meet in the conjugate of L relative to the absolute 
involution and where passes through 0. By Cor. 1, Theorem 8, there 
exists an orthogonal line reflection {Mm} such that 

P = {Mm) • {Ll^. 

= {Mm) • {Ll^. 


Hence 
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If P is not the identity, it is clear that ra and cannot be parallel, 
and hence PT is a rotation. 

In case T is a translation whose center is a double point of the 
absolute involution, it can be expressed (Theorem 8, Chap. Ill) as a 
product of two tmnslations T^, whose centers are not double points 
of the absolute involution. Hence, if P is not the identity, PT^ is a 
rotation, and thus PT^T^ is also a rotation. In case P is the identity, 
we have the exceptional case noted in the theorem. 

Corollary. A displacement is either a rotation or a translation. 
The following two theorems have the same relation to the para- 
bolic metric group and the group of displacements, respectively, that 
the fundamental theorem of projective geometry (Assumption P) l^is 
to the projective group on a line. 

Theorem 12. A transformation of the paraholic metric group 
leaving invariant tivo ordinary pyovnts not collincnr with a doulde 
point of the absolute involution is either an orthogonal line reflection 
or the identity. 

Proof, Denote the given fixed points by O and P, and let (7^ be the 
conic through P having 0 as center and the absolute involution as an 
involution of conjugate points. Since is imiciuely determined by 
these conditions (cf. the lemma in § 56), it is left invariant by the 
given transformation P. Now P leaves O, P, and the point at infinity 
of the line OP invariant. Hence the line OP is point-wise invariant, 
and every line I perpendicular to it is transformed into itself. Since 
is also invariant and each of the lines perpendicular to OP meets 
in at most two points, P is either the identity or of j)eriod two. 
If of period two, it is evidently an orthogonal line reflection. 

Theorem 13. A displacement leaving invariant a 2^oint () and a 
liiu I containing O hut not containing a double point of the ahsoluie 
involution is either the identity or a point reflection with O as center. 
Proof, Let P be any ordinary point of I distinct from O, and hit 
be the conic through P having O as center and the absolute invo- 
lution as an involution of conjugate points. A displacement leaving 
0 invariant, being a product of two orthogonal line reflections whose 
axes meet in 0, must leave (7* invariant. Hence it either leaves P 
invariant or transforms it into the other point in which the line OP 
meets C*. In tlie first case the transformation must, by Theorem 1 2 
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and Cor. 4, Theorem 8, reduce to the identity. In the second case the 
given displacement, which we shall denote by A, multiplied by the 
orthogonal line reflection A whose axis is the line through 0 perpen- 
dicular to OP, leaves P invariant. Hence, by Theorem 12, 

AA = A', 

where A! is a line reflection having OP as axis or the identity. Hence 

A = A' A 

Since A cannot be a line reflection. A! cannot be the identity. Since 
the axes of A and A' are perpendicular, A is a point reflection. 

EXERCISES 

1. A (lisj>laceineiit which carries a point .4 to a point /i and has a point (> 
(ordinary or not) as center is, if the line OA is not ininiinal, the product of 
an ortlio|;*onal line r(‘flection whose axis is OA followed by one whose axis is 
the line joining O to the mid-point of the ])airyl/>. 

2. If tlu'(*e of the perpendicular bisectors of the point pairs AJij B(', r/>, 
PA of a sinijde quadrangle meet in a point, the fourth perj)endicular bisector 
]>ass(*s through this point. 

*3. Any allliie transformation which leaves a central conic invariant is a 
line ri^flection whose center and axis are pole and polar with regard to the 
conic or a jiroduct of two such line reflections. 

*4. In case tin* absolute involution is without double points, the group of 
dis]>lae(*ments can be deliiuid as the group of transformations common to tlie 
jiarabolie. metric group and the equiafline group. Thiis two ordered ]K)int 
triads are, congruent if tlu'y are both equivalent and similar. Develop the 
theory of congruence, on this basis, and show wdiat difticulties arise in case 
th(‘ absolute involution has double points. 

60. Circles. Definition. A circle is the set of all points [P] such 
tliat the i>()int pairs 07% where O is a fixed point, are all congruent to 
a fixed j)()int pair 01*, provided that the line 01* does not contain a 
double point of the absolute involution. The point 0 is called the 
ctmfer of tlie circle. 

Since the displacements form a group, it is clear that may be any 
one or the points P. It has already been proved (§ 57) that if the 
line 01^ contained an invariant point of the absolute involution, the 
set [P] would consist of all ordinary points, except 0, of the line 01^, 

Theorem 14. A circle consists of the ordinary points of a conic sec- 
tion having the pairs of the absolute involution as pairs of conjugate 
points. Th e center of the circle is the pole of with respect to the circle. 
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Proof. Let O be tlie center of the circle and /J point of the 
circle. The circle consists of all points obtainable from by displace- 
ments which leave O invariant. If one of the line reflections of which 
each of these displacements is a product be taken to have OiJ as axis 
(Cor. 1, Theorem 8), it follows that the circle consists of the points 
obtainable from by orthogonal line reflections wliose axes pass 
through (>. Rut the system of points so obtained is identical by 
constructioji with the ordinary points of the conic referred to in 
the lemma of § 50. 

Corollary. In case the absolute involution has no double foinf^^ 
every circle is a conic section. In case the circular 2>oints exists the!y^ 
and the j)oints of any circle form a conic section. 

Theorem 15. The ordinary points of any piro per conic yUvitli regard 
to which the pairs of the absolute involution are pairs of conjugate 
points, form a circle. 

Proof. A conic with regard to whic’.li the pairs of the absolute 
involution are conjugate points cannot be a i)arabola, siiu’.e all points 
of /« are conjugate to the point of contact of a parabola. Hence C"* 
has an ordinary point O as center. Let be any point of CP. By 
definition there is one and only one circle tlirougli P which has 0 as 
a center. By Theorem 14, tliis circle is a conic through P having 0 
as center and the })airs of the absolute involution as pairs of conjugate 
points. By the lemma of § 56 there is only one such coni(*.. Hence 
the circle through P with O as center contains the ordinary points of 

Theorem 16. Three noncollinear points, no two of which are on a 
minimal line, are contained in one and only one circle. 

Proof. Let the tliree points be Iq, 7^, and Let />« be the point 
at infinity of tlie line and I the j)erpendicular bisector of the 
point pair P^T[. The polar of7o„ with regard to any circle through 7^ 
and must, by Theorem 14, pass through the mid-point of fJl and 
the conjugate of 7« in the absolute involution. Hence the ])olar of 
Loo with regard to any circle through 7^ and 7J must be 1. In like 
manner, the polar of the point at infinity AT. of the line 7J7J with 
regard to any circle containing 7J and must be the perj)endicular 
bisector m of 7J^. Since the points J^, P^, 7J are not collinear, I and 
m intersect in an ordinarj’’ point 0, which must be the pole of 
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with regard to any circle through ij, and ij. Since, 
by definition, there is one and only one circle through P with O as 
center, there cannot be more than one circle through ij, ij, and ij. 

Since the product of 
the orthogonal line re- 
flection with 07J as axis 
by that with I as axis 
transforms the point pair 
OPq into the point pair 
O/j, the circle through 
/q with 0 as center con- 
tains^. A like argument 
shows that it contains ij. 

Hence there is one circle 
containing JFJ, and ij. 

Observe that we do 
not prove at this stage 
that a circle has a point on every line through its center. This could 
not be done without further hypotheses on the nature of tlie plane 
than we are making at present. 

EXERCISES 

1. The locus of the points of inkirsection of the lines through a point 
with the perpendicular lines through a point B, not on a minimal line through 
i4, is a circle whose center is the mid>])oint of the i>air AH, 

2. A tangent to a cinde is perpendicular to the diameter through the point 
of contact. 

3. Any two conjugate diameters of a circle are orthogonal. 

4. If the tangents at two ])oints A and B of a circle meet in a point O, 
the pairs OA and OB are congruent. 

5. If I is the j>er])endicular bisector of a point pair AB^ then tin? circles 
through A and B meet I in pairs of an involution whose center (§ 4d) is the 
mid-point of A B, 

6 . The system of all circles having a common center meet any line in the 
pairs of an involution. 

7. A parallelogram which circumscribes a circle must be a rhombus. 

8. A parallelogram inscribed in a circle is a rectangle. 

9. If two circles have two points in common, the pair of tangents at one 
common point is symmetric to the pair of tangents at the other. 

10. The feet of the perpendiculars from any point of a circle to the sides 
of an inscribed triangle are collinear. 
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61. Congruent and similar triangles. Two of the three fundamental 
criteria for the congruence of triangles can be derived at the present 
stage. Tlie third criterion, that in terms of two sides and the included 
angle,” essentially involves order relations and is given in § 63. 

In the following theorems we shall restrict attention to triangles 
none of whose sides pass through double points of the absolute invo- 
lution. The sides of a triangle ABC which are opposite to the vertices 
A, By C are denoted by a, 6, c respectively. It will be observed that 
instead of angles we refer to ordered line pairs. 

Theorem 17. Two triangles ABC and A^B^ C' are congruent in suih 
a way that A corresponds to A' and B to />' if the point pair AB is corhr 
gruent to tlis point pair A^B^ and the ordered line pairs ca and ch art 
congruent to the ordered 
line c'a' and dV 

respectively. 

Proof. By hypothesis, 
there is a displacement T 
carrying A and B to A^ 
and B’ respectively. I^t 
T{a)=.a\T{h)^V\ and 
r(C) = r". If a":9t:a',we 
should have the ordered 
line pair c'a' congruent to 
c'a", and hence there 
would be a transformation leaving B* and d invariant and carrying a^ 
to a", but this transformation, by Theorem 13, would be the identity 
or a point reflection with B^ as center contrary to the assumption that 
a\ In like manner it follows that Vy and hence that 6'"= C\ 

Theorem 18. If in two triangles ABC and A^B'C' the point pairs 
AB, BC, CA are congruent, respectively, to A!B! , B^C\ C'A\ the pair of 
lines he is congruent to the pair of lines h'd. The two triangles are 
either congruent or symmetric. 

Proof. By hypothesis, there is a displacement which carries A^B^ to 
AB. Let C" be the point into which C is carried by this displacement. 
Let C'" be the point to which C" is carried by the orthogonal line 
reflection of which AB is axis. Now if C were not identical with C*" 
or we should have three congruent point pairs ACy AC^\ AC^^^ and 
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three other congruent point pairs BCy BC", BC^'\ That is, there would 
be two circles, one with A as center and one with B as center, having 
three points in common. If C, C", (7'" were collinear, or if two of them 
were on a minimal line, this would contradict Theorem 14; otherwise 
it would contradict Theorem 16. 

The conclusions of the theorem are now obvious. 

The theorems converse to the above are not difficult and are stated in 
the exercises below\ The theorems on similar triangles (Exs. 3, 4, 5) are 
proved in an analogous way, using Theorem 12 instead of Theorem 13. 
Fur tliese theorems we used the following definition : 

Definition. Two figures are said to be directly similar if and 
only if one can be transformed into the other by a similarity trans- 
formation which effects on Z«, the same transformation as some dis- 
placement. A transformation of this sort is called a direct similarity 
t ra ns formation, 

EXERCISES 

1 . If two ordc*r<»d })oiTit triads arc. coiij»rueiit, the corresponding ordercMl point 
pairs and line pairs are congruent. 

2. If two ordcrc‘<l jioint triads are symmetric, tlu; corresi)onding point pairs 
are congruent and the corresponding ordered line i)airs an*, symmetric. 

3. If the ordert'd line pairs ah, he, ca are congruent, respectively, to the ord(*red 
line pairs a'h', b'c', e'a', the ordered triad abc is directly similar to the ordered 
triad a'h'v'. 

4 . If the ordered line pairs ah, he, ca are symmetric, respectively, to the 
ordered line pairs a'b', 1/c', c'a', the ordered triad ahe is similar to the ordered 
triad a'b'c'. 

5. If two ordered triads abc and a'h'c' are directly similar, the ordered pairs 
ah, he, ca are congruent to ah', h'c', ca' respectively. If the ordered triads 
are similar but not directly similar, the ordered pairs ah, he, ca are symmetric 
to a'h', h'c', c'a' respectively. 

6. A direct similarity transformation is a product of a disjdacement and 
a homology. 

62. Algebraic formulas for certain parabolic metric groups. Adopt- 
ing a system of nonhomogeneous coordinates {x, y) for which is the 
singular line, and a system of homogeneous coordinates for which 

= = 

X ““ 

% 

the line L has the equation = 0, and any involution on it can be 
written in the form (§§ 54, 58, Vol. I), 

aj^ = 0, ax^x^ + cx^x^ = 0. 
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If the coordinate system be chosen so that (0, 1, 0) and (0, 0, 1) are 
conjugate points in this involution, the bilinear equation reduces to 

(3) 0. 

Here the point (0, 1, 1) is paired with the point (0, c, — a). In 
case the involution contains two pairs of points which are harmoni- 
cally conjugate, one pair may be chosen as (0, 1, 0) and (0, 0, and 
the other pair as (0, 1, 1) and (0, 1,-1). In that case (3) reduces to 

(4) 

For the rest of this section we assume that the absolute involutioi^ 
contains two pairs of points which are harmonically conjugate with 
respect to each other. Such involutions exist in every plane satis-\ 
fying Assumption 11^, since any two distiiuit collinear pairs of points 
determine an involuticm. Hence this assumption is no restriction on 
the nature of the plane in which we are working. It is, moreover, 
easy to replacn*. the formulas which we shall obtain from (4) by the 
more gcuieral but more cumbersome formulas based on (3). 

The equations of the transformation required to change (3) into (4) are 

lienee it is clear tliat in tlie comjdex geometry (§ o) e.very involution may he 
reduced to the form (4), and in the real geometry only those involutions can 
be reduct'd to this form which are such that a/c>0. The involutions of the 
latter ty])e an* direct (§18). 

The equations of the affine group are 

(5) *5 = + h^x^, 

and if the involution (4) is to be transformed into itself, all pairs 
and x^y which satisfy 

x^^-\-x^x^=Q 

must also satisfy 

(«i*, + («i*i + = 0. 

wliich is the same as 

(al + O ajjSj 4- (a,Ji + + (5* + &“) x^^= 0. 

' af + a 2 = + 6j =# 0, 


Hence 
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are the necessary and sufficient conditions that (5) leave (4) invariant. 
Combining these two equations, we obtain 

+ al — “ = 0 

or (a® + ffl|) (a * — J®) = 0. 

Thus we infer = ± and = T b,^. Hence 

Theorem 19. The equatioiis of the parabolic metric group are 

g. a;' = aa: + /9y + 7j, 

y'=e{- ^x + ay) + y^, 

where = 1. 

Any conic section has an equation of the form (§ 66, Vol. I) 

(^) ^OO'^'O ^11^1 ^22^*2 "f“ ^ ^01^0^1 ^ ^02‘^0*^'2~^ ^ ~ 

which determines on the line = 0 an involution whose double 
elements satisfy ^ ^ ^ ^ g 

Comparing with (4), we have that a circle must satisfy the condition 

If this circle is to have (1, 0, 0) as center, i.e. as pole of a?^= 0, the 
equation (7) must also satisfy the condition 

a == 0 = 

01 02 

Thus, returning to nonhomogeneous coordinates, the equation of a 
circle with the origin as center must be of the form* 

(8) x^+y^=^k. 

According to § 59, the transformations of the parabolic metric 
group leaving such a circle invariant are all displacements or sym- 
metries, and, moreover, all displacements and symmetries leaving the 
origin invariant leave this circle invariant. Substituting (6) in (8), we 
see that a displacement or symmetry leaving the origin invariant is 

of the form x'-ax-i-3v 

x-ax + 3y, a®+/3®=l. 

y’=€( — ^x + ay). 


* This argument does not prove that every equation of this form represents a 
circle. The answer to this question depends on the value of k. 



138 


euclidea:^ plane geometey 


[Chap. IV 


Since any displacement or symmetry is expressible as the resultant 
of one leaving the origin invariant and a translation (Theorem 10, 
Cor. 1), we have 

Theorem 20. The equations of the group of displacements and 
symmetries are 

x'=:ajj + y8y+7'j, 

y' = e( — ^x + ay)+ 7j, 

where a“ -f = 1 and =1, 

By § 54, Yol. I, a transformation of the form (9) effects an involjU- 
tion on L if and only if e — — 1. By Theorem 10, Cor. 2, any symmetry 
leaving the origin invariant is a line reflection. Hence \ 

Thkokem 21. The displacements are the transformations of the 
type (9) for which e — 1 and the symmetries those for which e = — 1. 

EXERCISES 

1. The eciuaiion of a circle coutaiuing the point and having the 

point (cifx) as center is 

(X - -+ (// - />j)- = («.^ - + (h., - />,)2. 

2. Two liiKis ax + /ny -f- c = 0 and a'x + f/y + c' = 0 are orthogonal if and 
only if an' + bh' — 0. 

3. In case the absolute involution has double points, the (‘(luiafline trans- 
forniations of the parabolic metric group are of the form (9), wlicrc a- 4- /?* = c 
and c = ± 1. 

63. Introduction of order relations. Lei us now assume that the 
plane wliich we are considering is an ordered jdane in tlie sense 
of § 15. We may therefore apjdy tlie r(^sults of Chap. IT, particu- 
larly of §§ 28-30. Let us also assume tliat the absolute involution 
satisfies the condition referred to in § 02, that there exist two ])airs 
of points conjugate with regard to the absolute involution whicli 
separate each other harmonically. By Theorem 9, Chap. II, and its 
(corollaries, it follows that any two pairs of the absolute involution 
separate each other, and that the absolute involution has no double 
points.* This result may conveniently be put in the following form : 

Theorem 22. Two pairs of perpendicular lines intersecting in the 
mme point separate each other. No line is perpendicular to itself, 

* The geometry arising from the hyperbolic case has been studied by Wilson and 
Ti(*\vis in tlie article referred to in § 48. 
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The restrictions which we have just introduced enable us to state 
the fundamental theorem (Theorem 13) about the group of displaca- 
ments in the following more precise form : 

Theorem 23. The only displacement leaving a ray invariant is 
the identity. 

Proof, Let A be the origin and B any point of the ray. Since any col- 
lineation preserves order relations, A is transformed into itself. Since tlie 
line.-l/> is invariant, the displacement is a point reflection or the identity 
(Theorem 13>). But a point reflection would change B into a point of the 
ray opposite to the ray AB^ and thus not leave the ray AB invariant. 

With the aid of this theorem we can complete the set of funda- 
mental theorems on congruent triangles, the first two of which were 
given in § 61. 

Theorem 24. Ttvo triangles ABC andA^B'C^ are congruent if the 
point pairs ABy AC and the angle A CAB are congruent respectively 
to the point pairs A' B\ A' C^ and the angle A C^ A' B\ 

Proof, Since the angle* A CAB is congruent to the angle A C'A^B\ 
there exists a displacement carrying A to A^ and the rays AC and 
AB to C' and A^ B' res))cctively. Since the point pair AB is con- 
gruent to A' B\ there is also a displacement carrying A to A’ and B 
to/?', and since J 6' is congruent toA'C\ there is a displacement A. ^ 
carrying A to A' and C to C\ By Theorem 23, A^ = A.^ and A^ = A^^. 
Hence the displacement A^ carries the triangle ABC to A'B'C', 

EXERCISES 

1. Two triangles ABC and A'B'C' are congruent if the point ]>air AB is 
v'ongriH*ni to the point pair A'B' and the angles A CAB and A CBA are con- 
gruent respectively to the angles A C'A'B' and A (^'BW, 

2. If two triangles ABC kiA A'B'C' are congruent in such a way that.l 
corres]>()nds to A' and B to B', the angles AABC^ ABCA^ A^'AB are con- 
giuent to the angles AA'B'C'y AB'C'A', A C'A'B' re.sj)ectively. 

3. If two triangl(*s ABC and A'B'C' are symmetric in such a way that A 
corresponds to d' and B to /T, the angles A ABC, ABC A, A CAB are con- 
gruent to the angles A^'B'A', AA'C'B', AB'A'C' r(*sp(‘ctively. 

4. Let A, B, C be three collinear points and tlie point at infinity of the 
line joining them ; B is between A and C if and only if 

0<R(P«>d, CB)<\. 

5. An orthogonal line reflection inttjrchang’cs the two sides of its axis. 

* IXote that an angle is an ordered pair of rays (§ 28). 
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64. The real plane. Let us finally assume that we are dealing 
with the geometry of reals. In consequence, we have the theorem 
(§ 4) that any one-dimensional projectivity which alters sense (i.e. for 
which A < 0) has two double elements. This may be put into the 
following form as a tlieorem of the affine geometry. 

Tifeorem 25. If and arc any two points of an ellipse^ any 
line ly meeting the line A^A^ in a point between A^ and meets the 
ellipse in two points. 

Froof.^ Let us de- 
note the given ellipse 
by E^y and let ^ be a 
variable point on it. 

Let Lj and be the 
points in which I is 
met by A^A and A^A 
respectively, and let 
and be the points in 
which is met by A^A 
and A^A respectively. 

Also let be the 
point in which AJj^ 
meets /«. By construc- 
tion, and by the defi- 
nition of a conic, 

( 10 ) = 

The projectivity direct, because, by the remark at the 

l)eginning of this section, if tlie projectivity altered sense it would 
have two double points, and these, by the definition of the projec- 
tivity, would be points of intersection of with E^y contrary to the 
hypothesis that E^ is an ellipse. 

Let C and (7«, be the points of intersection of A^A^ with I and Z* 
respectively. Also let X. be the point at infinity of L Then, by the 
hypothesis that C is between A^ and A^y 

S{C^CA^)^S{C^CA^). 

*A simpler proof of this theorem, which, however, involves more preliminary 
theorems, is given in the next chapter (§ 76). 
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But, by construction, A^CA^C, = Q^C.. 

Hence, by Theorem 6, Chap. II, 

S{C^L^Q^)^ S{C^L^Q;). 

But the points C^, L^, are carried to C^, L^, Q^, respectively, by 
the projectivity a hidicated in (10). Hence the projectivity 
[^JtT is opposite. Since [V,]x[Vs] is direct, is oppo- 

.site. From this, since 0^ and are carried by a per.spectivity with 
.Ij as center to and respectively, it follows (Theorem 6, Chap. II) 
that the proiectivity r ^ n r ^ i 

is opposite. By the remark at the beginning of the section tliis pro- 
jectivity must therefore have two double points, and by the definition 
of tlie projectivity these double j)oints must be points of intersection 
of I with 

CoKoiJ.MiY 1. The points in which I meets the ellipse are separated 
hy (Old A,, relative to the order relations on the ellipse. 

Proof. Let and 1)^ (fig. 51) be the two points in which I meets 
the ellipse, and let Ay A^, A^, etc. have the meanings given them in 
the jiroof of the theorem. Then since the projectivity x [^ 2 ] 

Hence the lines AD^ and AD^ separate the lines AA^ and AA^^, which, 
acn'.ording to the definition in § 20, implies that the pair of points 
separates the pfiir A^A^ on the ellipse. 

(^)K<)LLAaY 2. The points in which I rneets the ellipse are on opposite 
sides of the line A^A^. 

Proof, Let a be tlie tangent at A^. By the first corollary the lines 
a end A^A^ separate the lines Af^)^ and A^I)^. Hence, if A' denote the 
point in which a meets and separate A^ and C. Now A^ 

is not lietween and because if it w'ere, the line a would meet 
the ellipvse in two points instead of only in one. Hence C is between 
P^ and Tig, and hence P^ and P^ are on opposite sides of 1. 

Tiieorkm 26 . a rotation which transforms a given circle into itself 
transforms any triad of points on the circle into a triad of points in 
the same sense relatively to the order relations on the circle. 
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Proof. Let the given triad of points be Ay By C, let 0 be any other 
point of the circle, and let A^yB^y (7. be the points at infinity of the 
lines OAy OB, OC respectively ; let 0\A\B\ C\ AL,BL, CL be the points 
to which Oy Ay By Cy A„y B^y C^y respectively, are carried by the given 
rotation ; let A^l, BZy be the points at infinity of the lines OA!y OB\ 
OC' respectively. 

The given rotation effects on Z* a transformation which is the prod- 
uct of two hyperbolic involutions. Hence S(Ao,Ba,Cao) = S{AlBiCL), 
As in the proof of Theorem 25, the projectivity ALBLCL-^AilB'J,C!i 
is direct because otherwise it would have double points and thes^. 
would be common to the circle and /«. Hence S(ALBiCL)=^S(AilB'J,C'J,j\ 
and, therefore, S{A^B^ (L) = S{A'lB'lC'l), Projecting from 0, we have, ‘ 
by the definition of sense on a conic (§ 20), that 

S{ABC) = S{A'B'C'). 

Theorem 20, which is here proved only for a real space, can be proved for 
any ord(?red space by the methods of the next chapter. This theorem statcis 
one of tlie most intuitionally immediate jiroperties of a rotation. In fact, 
most of the older discussions of the notions of sense describe sense, without 
further explanation, as “sense of rotation.” 


EXERCISES 

1. If A-AOB is any an|jle, and PQ any ray, there is one and only one ray 
PR on a given side of the line PQ such that A A OB is congruent or vsymrnetric 
to A QPR- 

*2. Prove that Theorem 25 is not true in a space satisfying Assumptions 
A, E, H, Q. 

65. Intersectional properties of circles. Theorem 27. If A and B 

are any two distinct pointSy then on any ray having a point O as 
origin there is one and only one point F such that the pair A B is 
congruent to the pair OJ\ 

Proof, Let B^ be the ])oiut to which B is carried by the translation 
which carries A to 0, The circle through B^ with 0 as center contains 
all points Q such that 0^ is congruent to AB. Let B^ be the point 
to which B^ is transformed by a point reflection with 0 as center. 
Then since O is between B^ and B^, any line I through 0 (and distinct 
from OB^ must meet the circle in two points, according to Theorem 25. 
But by Theorem 23 neither of the rays on I which have 0 as origin 
can contain more than one point of the circle. Hence each of these 
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rays contains just one point of the circle. Hence eacli ray with O as 
origin contains a single point P such that^P is congruent to OF, 

Combining this theorem with Theorem 23, we have 

Theorem 28. There is one and only one displacciric^it carrying a 
given ray to a given ray. 

This result characterizes the group of displacements in the same 
way that the proposition that there is a unique projectivity of a 
one-dimensional form carrying any ordered triad of elements to any 
ordered triad characterizes the one-dimensional projective grou}>. 

Theorem 29. If two circles are such that the line joining their 
centers meets them in two point pairs which separate each other, the 
circles have two points in common, one on each side of the line joining 
the centers. 

Proof. Let the two circles be and C^, and let them nuu‘t the 
line joining the centers in the pairs J\Q^ and respectively. Let A 
be the center (§ 43) of the involution F in which Pff and are 
[)airs, and let a be the 
per])endi(udar to the line 
7;/* at A. 

SiiuHi 7* and (f separate 
TjJ and I lie ordered 
triads FffTl and 
are in the same sense. 

The involution F inter- 
changes these two triads 
and hence transforms any ^ 

triad into a triad in the 

same sense. Hence A is between /* and Qy Hence, by Theorem 25, the 
line meets the circle Cf in two points A^ and A.^] and by the second 
corollary of this theorem, and A.^ are on o])posite sides of the line l^Qy 

The lines AJ\ and A^Q^ are orthogonal since and are the ends 
of the diameter of a circle through A^. The line A^A is orthogonal to 
the line through A^ parfillel to I{Qy Hence the involution F is ])er- 
spective with the involution of pairs of orthogonal lines through A^. 
Hence Ay and Q., are on a circle wliose center is on the line P^Qy 
By Theorem 1 6 this circle must be Hence C\ and have 
in common. A similar argument shows that A^ is on and 
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66, The Euclidean geometry. A set of assumptions. In the geom- 
etry of reals the coefficients of the formulas derived in § 62 are real 
numbers. The formulas given for displacements in that section are 
the well-known equations for the "rigid motions'* of elementary 
Euclidean geometry. Hence the geometry of the parabolic metric 
group in a real plane is the Euclidean geometry. 

This result can also he established by considering a set of postu- 
lates from which the theorems of Euclidean geometry are deducible 
and proving that these postulates are theorems of the parabolicj 
metric geometry. It then follows that all the theorems of Euclidean 
geometry are true in the parabolic metric geometry. 

As a set of assumptions for Euclidean geometry of three dimensions 
we may choose the ordinal assumj^tions I-IX which are stated in § 29, 
together with the assumptions of congruence (X-XVl) stated below. 
For our immediate purpose, however, a set of assumptions for Euclid- 
ean plane geometry is needed. To obtain such a set we merely replace 
VII and VIII by the following: 

Vll. All points are in the same plane. 

Thus our set of postulates for Euclidean plane geometry is I- VI, 

vTi, ix-xvi. 

Assumptions X”XVI make use of a new undefined relation between 
ordered point pairs which is indicated by saying *'AB is congruent 
to 6VA” It must be verified that the n(*w assumptions are valid 
when this relation is identified with the relation of congruence 
defined above. 

X. If A ^ By then on any ray whose origin is a point C there is 
one and only one point D such that AB is congruent to CD. 

Proof. This is the same as Theorem 27. 

XI. If AB is congruent to CD and CD is congruent to EF, thenAB 
is congruent to EF. 

Proof. This is a consequence of the fact that the displacements 
form a group. 

XII. If AB is congruent to A!B\ and BC is congruent to B*C^ and 
{ABC} and {A'R'C'}, then AC is congruent to A^C. 

Proof By Theorem 28, there is a unique displacement which 
carries A and R to and R' respectively. This displacement carries 
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(7 to a point C' such that because a collineatiou preserves 

order relations. Moreover, the point C' so obtained is such that BC is 
congruent to B'C' and -4 (7 to A^C'; and, by Theorem 27, there is only 
one point C' in the order {A^B'C^} such that BC is congruent to B'C\ 

XIIL AB is congruent to BA. 

Proof. AB is transformed into BA by the point reflection whose 
center is the mid-point of AB. 

XIV. If Ay By C are three noncollinear 'points and D is a point in 
the order {BCD^y and if A! B^ are three noncollinear points and ll 
is a point in the order {B^ ClI) such that the point pairs ABy BC, 
CAy BI) are respectively congruent to A^B\ B'C^y C'A\ B'D\ then AD 
is congruent to A' D'. 

Proof. Since AB is congruent to A^B\ 
there exists a displacement A which 
carries AB to A^B'. Let A((7)=Cj, 

A {!)) = 1)^. Also let and D^ be the 
points to which and D^ are trans- 
formed by the orthogonal line reflection 
having A^B^ as axis. 

According to § 57, the pair BC is con- 
gruent to B^C^ and to B^C^] CA to C^A^ 
and C^A^\ BD to B'D^ and B^D^\ and 
AD to A^D^ and A^D^. It follows that 
C' must coincide with C^ or (7^, for 
otherwise there would be two circles, one with A^ as center and the 
other with B^ as center, containing the three points C^y C^, C'. 

If ( 7 ' = C^y it follows, by Theorem 23, that D^ == and hence that 
AD is congruent to A^D\ If C"= (7^, it follows, similarly, that D'^D^y 
and hence that AD is congruent to A! D\ 

Definition. If 0 and are two points of a plane a:, then the set 
of points [X] of a such that OX is congruent to OX^ is called a circle. 

XV. If the line joining the centers of two coplanar circles meets them 

in pairs of pointSy and respectively y such that {I^P^Q^ (x^nd 

{P\Q\Q^^i Idle circles have two points in commony one on each side of 
the line joining the centers. 

Proof. This is the same as Theorem 29. 
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XVL If A, By C are three points in the order {ABC) and B^, 7?^, 
B^y • • • are points in the order {ABB^y {ABJ3^y • • • such that AB is 
congruent to each of the point pairs BB^y BfB^y • • then there are not 
more than a finite number of the points B^y B^, — between A and C. 

Proof. Let B^^ be the iiuint at intinity of the line AB. Then B^ is 
the liarmouic conjugate of A witli respect to B and B^ is the har- 
monic conjugate of B with respect to B^ and B^ ; and so on. Thus Ay By 
B^y B^y • • • fonn a harmonic secpience of which B^ is the limit-point. 
Since C lias a finite coiirdinate, tlie result follows from § 8, Chap. I. 

The set of assumptions I~XVI is not categorical. It provides 
merely for the existence of sucli irrational points as are needed in 
constructions involving circles and lines (see § 77, below). It can be 
made categorical by adding Assumption XVII, § 29. It must be 
noted, however, that when XYII is added, X“XVI become redundant 
in the sense that it is possilde to introduce ideal elements and tlien 
bring in the congruenc>e relations by means of the definitions in this 
and the })receding chapters. 

In oi’der to c'onviiic.e himself that the assumptions given above are 
a suflicient basis for the tlieorems of Euclid, tlie reader should carry 
out the deduction from these assumptions of some of the fundamental 
theorems in Euclid’s Elements. An outline of this process will be 
found in the monograph on the subject from wliiidi the assumptions 
have been (quoted.* 

In making a rigorous deduction of the theorems of elementary 
geometry, either from the assumptions above or from the general 
projective basis, it is necessary to derive a number of theorems which 
are not mentioned in Euclid or in most elementary texts. These are 
mainly theorems on order and continuity. They involve such matters 
as the subdivision of the plane into regions by means of curves, the 
areas of curvilinear figures, etc., all of which are fundamental in the 
applications of geomeitry to analysis, and vice versa. In so far as 
these theorems relate to circles, they have been partially treated in 
§§ 64-65 and will be further discussed in the next chapter. The 
methods used for the more general theorems on order and continuity, 
however, are less closely related to the elementary part of projective 
geometry and will therefore be postponed to a later chapter. 

♦ Foundations of Geometry, by Oswald Veblen, in Monographs on Modem 
Mathematics, edited by J. W. A. Young, New York, 1911- 
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67, Distance. In § 43 we have defined the magnitude of a vector 
OB as its ratio to a unit vector OA collinear with it ; but in the 
affine geometry the magnitudes of noncollinear vectors are abso- 
lutely unrelated. In the parabolic metric geometry we introduce 
the additional requirement that any two unit vectors OA and 
O^A' shall be such that the point pair OA is congruent to the 
point pair 

Thus, if a given unit vector OA is fixed and is the circle through 
A with O as center, any other unit vector must be expressible in 
the form Vect (OP), where P is a point of the circle. This gives two 
choices for the unit vector of any system of collinear vectors, and 
each of the two possible unit vectors is the negative of tlie other. 
Therefore, while it is possible under our convention to compare the 
absolute values of the magnitudes of noncollinear vectors, there is 
no relation at all between their algebraic signs. This corresponds to 
the fact that there is no unhpie relation between particular sense 
classes on two nonparallel lines. 

rorniulas in which the magnitudes of noncollinear vectors aj)pear 
must, if they state theorems of the Euclidean geometry, be such that 
their meaning is unchanged when the unit vector on any line is re- 
placed by its negative. This condition is satisfied, for example, in 
Exs. 2 and 4, § 71. 

The ratio of two collinear vectors is invariant under the affine 
group; the magnitude of a vector is invariant under the gi’oup of 
translations; but the absolute value of the magnitude of a vector, 
according to our last convention, is invariant under the group of 
displacements. The last invariant may be defined directly in terms 
of point pairs as follows : 

Definition. Ij^tAB be an arbitrary pair of distinct points which 
shall be referred to as the %imt of distance. If P and Q are any 
two points, let C be a point of the ray AB such that the pair ^(7 is 
congruent to the pairP(?. The ratio 

AB 

is called the distance from P to Q, and denoted by Dist (PQ)- If ^ 
is any point and I any line, the distance from L to the foot of the 
perpendiciih’.r lo I tbrough L is called the distance from B to J. 
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It follows directly from the theorem above that Dist {PQ) is 
uniquely defined and positive whenever P ^ Q, and zero whenever 
P=Q. From the corresponding theorems on the magnitudes of 
vectors there follows the theorem that if {ABC} .ihen 

Dist (AB) 4- Dist {BC) = Dist {AC). 

Other properties of the distance-function are stated in the exercises. 

The notion of the length (or circumference) of a circle may be defined a? 
follows : Let Pj, ‘ ^ x>oints in the order {PjPj • • • P^} on a circle! 
and let ^ ^ ^ + . . . + Dist (P.P,)- ' 

It can easily be proved that for a given circle the numbers p obtained from 
all possible ordered sets of points P^, P„, for all values of n, do not 

exceed a certain number. 

Definition. The number c, which is the smallest number larger than all 
values of /), is called the length or circumference of the circle 

The proof of the existence of the number c will be omitted for the reasons 
explained below. The existence of c having been establislu'd, it follows with- 
out difficulty that if c and c' are the lengths of two circles with centers 0 and 
(y, respectively, and passing through points P and P', respectively, 

c _ Dist (OP) 
c' Dist ( O'P') 

Choosing the point j)air O'P' as the unit of distance and denoting the con- 
stant c' by 2 TT, this gives the formula 

(11) c = 27r-Dist(OP). 

The theory of the lengths of curves in general could be develoj)ed at the 
present stage without any essential difficulty. This subject, however, is very 
different (in respect to method, at least) from the other matters wliich w^e are 
considering, and therefore wull be passt^d over with the remark that, starting 
with the theory of distance here developed, all the r(\sults of this branch of 
geometry may be obtained as applications of the integral calculus. Even the 
theory of the length of circles which we have summarized in the paragraph 
above involves the ideas, if not the methods, of the calculus. 

EXERCISES 

1. Two point pairs AB and CD are congruent if and only if Dist {AB) = 
Dist {CD). 

2. If Aj By C are noncollinear points, Dist {AB) + Dist {BC) > Dist {A C). 

3. Two triangles yl PC and^'P'C' are similar in such a way that /I corre- 
sponds to A', B to B'y and C to C' if and only if 

Dist (.4 P) _ Dist (/I C) _ Dist (PC) 

Dist {A'B') Dist (.4 'C') “ Dist (P^)‘ 
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4 . Relative to a coordinate system in which the axes are at right angles, 
the distance between two points (Xj, (xj, y^) is 

- *,)* + iVx - y*)*. 

the positive determination of the radical being taken. The distance from a 
point (XiVi) to a line ox + % + c = 0 is the numerical value of 

-b 4 c 

68. Area. The area of a triangle, as distinguished from the measure 
of an ordered point triad, may be defined as follows : 

Definition. Relative to a unit triad OPQ (§ 49) such that the 
lines OF and OQ are orthogonal and the point pairs OF and OQ are 
congruent to the unit of distance, the positive number 

is called the area of the triangle ABC ^ and denoted by a {ABC). 

As was brought out in Chap. Ill, the theory of measure of polygons 
belongs proi)erly to the affine geometry. But the standard formula 
for the area of a triangle in terms of base and altitude (Ex. ], below) 
involves the ideas of distance and perpendicularity and hence belongs 
to the parabolic metric geometry. It should be noticed that this 
formula assumes that the side of the triangle which is regarded as 
the base does not pass through a double point of the absolute invo- 
lution. This condition is satisfied under the hypotheses of §§ 63, 64, 
but is not always satisfied in a complex plane ; whereas the definitions 
of eciuivalence and measure as given in Chap. Ill are entirely free of 
such restrictions. 

The theory of areas in general depends on considerations of order and 
continuity which we have not yet develo]>ed, and which, like the theory of 
lengths of curves, belongs essentially to another branch of geometry than that 
with which we are concerned in this chapter. We shall, however, outline 
the deP.nition of the area of an ellipse from the point of view of elementary 
geometry, because the derivation of the area of an ellipse from that of the 
circle affords rather an interesting application of one of the theorems about 
the affine group. 

Let Pj, Pj, • * *, P„ be any finite number of points in the order {P^Pj * • Pn) 
on an ellipse with a point 0 as center, and let 

A = a(OPiPD + a{OP^P^)^ . . . + a{OP^P{). 

It can easily be proved that there exists a finite number, a (P®), which is the 
smallest number which is greater than all values of A formed according to 
the rule above. 
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Definition. The number a { E ^) is called the area of the ellipse. 

In case is a circle, it is easy to prove that 

a{C^) = 7rr\ 

where tt is the constant defined above and r — Dist (OPj). 

Now suppose! E ^ is an ellipse with two perpendicular conjugate diameters 
()A and OB which meet E^ in A and B respectively, and let be the circle 
through A with O as center, and let C he the point in which the ray OB 
meets CP. The homology T with OA as axis and the point at infinity of OB 
as center, which transforms B to is an affine transformation carrying the 
ellipse E^ to the circle This homology transforms the triangle OAB to 
the triangle OAC\ and the 
areas of these triangles 
satisfy the ndation 

a ( OA C) ^ Dist. (OT) ^ 
a (OA B) “ liist (OB) ~ 

It follows, by § .50, that the 
homology transforms any tri- 
angle into one whose area is 
tim(‘s as large. By the 
definition of the area of an 
ellipse, therefore, 

a (C^) ^ Dist (PC) 
a (E‘^) Dist (OB) ‘ 

Denoting Dist (0. 1) V)y a and 
Dist (OB) by A, this gives 

a (£2) = = n-afi. 

a 

EXERCISES 

1. The numerical value <jf the measure of a ])oint triad ABC is equal to 
Dist (A B) • Dist(CC'), where C' is the foot of the luuqKmdicular from C to 
the line AB. 

2. If aCjcf/ is a simple quadrilateral whose vertices are on a conic and P is a 
variable point of the conic, put(£^>is^ 

Dist(P6) •Dist(7V) 

is a constant (cf. Ex. 2, § 51), 

3. If a projective colliiieation carries a variable jioint Jf and two fixed lines 
a, h to M'y a'y h' respectively, the number 

Dist^/^ ^ Dbs t(.W) 

J list (M b) Dist ( M 7/) 



is a constant. 
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4. Let 7^ be the center of a homology F and I the vanishing line, 

If P is a variable point and Q = r(P), 

= I:*Dist(PQ), 

where /: is a constant. 

5. The area of an ellipse is 7ra/2, where a is the area of any inscribed 
parallelogram whose diagonals arc conjugate diameters. 

6. Among all simple quadrilaterals circumscribed to an ellipse, the ones 
wdiose sides are tangent at the ends* of conjugatij diameters have the 
least area. 

7. Among all sinijde quadrilat(‘rals inscribed in an ellipse, the ones whose 
vertices are the ends of conjugate diameters have the greatest area. 

8. Of all ellipses inscribed in a parallelograju, the one which has the, lines 
joining the mid-iH)ints (3f oj>posite siih‘s as a ]>air of conjugate diameters has 
the greatest area. 

9. Of all ellipses circumscribed to a paralhdogram, the smallest is the one 
having the diagonals as conjugate diameters. 


Dist(PP) 

Dist(P/) 


69. The measure of angles. The unit of distance may be chosen 
arbitrarily, because any point ])air can be transformed under the ])ai- 
abolic metric group into any other point pair. It is otherwise with 
angles or line pairs, because, for example, an orthogonal line pair can- 
not be transformed into a iionorthogonal pair. Therefore tlie systems 
of measurement for angles obtained by choosing different units are, 
in general, essentially different. We sliall give an outline of the 
generally adopted system of measurement, basing it upon properties 
of the group of rotations leaving a point O invariant. 

Let II be an arbitrary point different from f), and the circle 
through II with 0 a^s center. Let (fig. 55) be the point different from 
/o in whicli the line 1^0 meets C^^and let R and P, be the points in which 
tlie perpendicular to R^O at O meets By Cor. 1, Theorem 25, these 
]K)ints are in the order {R^R^RJ*^ on tlie circle. Let o' denote the 
segnuuit RJ[Ry Any line through O meets in two points which 

3 

are separated by and and hence meets cr in a unique point. 
Let be the point in which the line through 0 perpendicular to 
meets <r. And, in general, let [/J], 7i- = 1, 2, • • • be the set such 

that R^ is the point in which the line through O perpendicular to I^R^ 
meets <r. 


•The ends of a diameter are the points in which it meets the conic. 
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The line OP^ obviously meets the line PqP^ in the mid-point of the 
pair J^P^, and the mid-point is between and P^, Hence, by Cor. 1 , 
Theorem 25, we 
have the order re- 
lation 

where P' denotes, 
for the moment, 
the point not on 
cr in which the 
line 01^ meets the 
circle. Since O is 
between and P', 
the same corollary 
gives 

Since is on the 
segment <r, we have 
either 

or{iJ^/>^}. The 
second of these 
alternatives, how- 
ever, when combined with would imply con- 
trary to {J^^J^P'}. Hence is impossible, and we must 

have In like manner it is proved that and, in 

general, tnat 

■ 2 " 2^1 

Let n denote the rotation (a point reflection in this case) which 

1 

leaves O fixed and transforms to ij, and let 11^ denote the rotation 
transforming to ij. The rotation 11^, being the product of the 

orthogonal line reflection with as axis followed by that with 
OJ^ as axis, carries the point pair OJ^ to the point pair OiJ. Hence* 

(nV=n. 

In like manner it follows that 

(n^)*=n^. 

* The symbol A**, where A is any transformation and n a positive integer, has 
been defined in § 24, Vol. 1. 
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Let us denote (11**)" by IT®", where m is any positive or negative integer, 

and n^(^) by P„. 

2 « 

Now all rotations are direct (Theorem 26). Hence = 

Combining these relations with we 

have the order relation and in general, by a like argument, 

-i?}. 

2« 3» 

Hence we have whenever 0 < ~ < ^ < 1, as can easily 

2»» i"' 2 2 

be seen on reducing the two fractions to a common denominator. 

Since 11^=: 1, it follows that whenever m/2*' is expressible in the 
form 2 Ar 4- A: being an integer, 

(12) = and 

Definition. Let tt be the constant defined in § 67, (11). The 
number a • tt, where a = m/2", is called the measure of any angle 
c*,ongruent to An angle whose measure is air is also said 

to he equal to 2 a right angles. 

The measure of an angle is indeterminate according to this defi- 
nition. In fact, according to (12), whenever the measure of an angle 
is y8, it is also 2 kir -h /3, where k is any positive or negative integer. 
This indetermination can be removed by requiring that the measure 
^ chosen for any angle shall always satisfy a condition of the form 
0^/3<2 7r, or — 7r<y8^7r. 

Since the rays OJ^ do not include all rays with 0 as center, the 

definition just given does not determine the measures of all angles. 
The required extension may be made by means of elementary con- 
tinuity considerations, the details of which we shall omit. The essential 
steps required are: (1) to prove that if P be any point in the order 
{Pq PPxP/)i there exists a positive integral value of n such that {^,-^P/^} ; 

(2) hence to prove that if P be any point on the circle not of the form 
the points of the form fall into two classes, [J^] aiid [J^], such 

that (iJ^P^), and there is no point, except P, on every segment P^FP^ 
of the circle ; (3) having required that 0 < a < )8 < 2, to define 
^ where k is an integer, positive, negative, or zero, and x is the number 
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such that a <x<ff for all a’s and y8*s) as the rotation about 0 carry- 
ing to i"" ; (4) to show that if a; is a rational number 7n/n, (11*)" = II’" ; 
(5) to define measure of angle as above, but with the restriction that 
a — removed ; (6) to prove that the measure of the sum of two 
angles differs from the sum of the measures by 2 kir, the sum being 
defined as below. 

Definition. If a, c are any three rays having a common origin, 
but not necessarily distinct, any angle congruent to ^ac is said 
to be the sum of any two angles and such that is 

congruent to A ah and congruent to Ahc. The sum 4«iC^\^is 

denoted by A -f A 

For some purposes it is desirable to have a conception of angle according 
to which any two numbers are the measures of distinct angles. This may be 
obtained as follows : 

Definition. A ray associated with an integer, j)Ositive, negative, or zero, 
is calh‘d a Ji it inhered rat/. An onhu’ed pair of numbered rays having the same 
origin is calhui a inatthered artt/le. If the measun) of an angle A in the earlier 
sense is a, w'here e^a<2 7r, the measure of a numbered angle in which h is 
associated with m, and I with 7i, is 

2 (n — w)7r + a. 

Defining the sum of two numbi'red angles in an obvious way, it is clear that 
the sura of two numbered angles has a measure which is the sum of tlnur 
measures. 

Tlie trigonometric functions can now be defined, following the 
elementary textbooks, as tlie ratios of certain distances multiplied 
by ± 1 according to appropriate conventions. This we sliall take for 
granted in the future as having been carried out. 

70. The complex plane. Instead of the assumption in § 64, we 
could assume that the Euclidean plane is obtained by leaving out one 
line from the ccmplex projective plane (A, E, J, or A, E, H, C, K, I). 
All the results of Chap. Ill and of the present chapter up to § 63 are 
ajiplicable to tliis case. The rest of the theory, however, is essentially 
different from that of the real plane, because the absolute involution 
necessarily has two double points and because a line does not satisfy 
the one-dimensional order relations. Thus the minimal lines play a 
principal role and must be regarded as exceptional in the statement of 
a large class of theorems; and another large class of theorems of 
elementary geometry (those involving order relations) disappears 
entirely. 
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For the present, therefore, we shall confine attention to the geometry 
of reals, but shall make use, whenever we find it convenient to do 
so, of the fact (§ 6) that a real space S may be regarded as immersed 
in a complex space, S', in such a way that every line Z of S is contained 
in a unique line V of S'. As a direct consequence it follows that any 
conic of S is a subset of the points of a unique conic of S'. For 
any five points of (7^ regarded as points of S', determine a unique 
conic of S' which, by construction (§ 41, Vol. 1), contains all points 
of and is uniquely determined by any five of its points. Similar 
reasoning will show that any plane tt of S is contained in a unique 
plane tt' of S' ; and like remarks may be made with regard to any 
one-, two-, or three-dimensional form. 

A like situation arises with respect to transformations. A projective 
transformation IT of a form in S is fully determined, according to tlie 
fundamental theorem of projective geometry, by its effect on a finite 
set* of elements of S. Since the fundamental theorem is also valid in 
S', there is a unique projective transformation II' wliicli has the same 
(*ffect on this set of elements as II. 

Specializing these remarks somewhat we have : A Euclidean plane 
TT of S is a subset of the points of a certain Euclidean plane tt' of S'. 
The line at infinity associated with tt is a subset of the line at 
infinity JL associated with tt'. The absolute involution 1 on h, d(*t(‘r- 
niines an involution I' on IL in which all the pairs of I are ])air(‘d. 
The involution I' has two imaginary double points, tlie circular points 
(§ 50), which shall be denoted by and Since a circle in tt is a 
conic having I as an involution of conjugate points, every circle in tt is 
a subset of the points on a conic in tt' which passes througli and /,. 

The problem of the intersection of a line and a circle, or indeed of 
a line and any ellipse, can now be discussed completely. In the proof 
of Theorem 25 the intersection of a line I and an ellipse was seen 
to depend on finding the double points of a certain projectivity 
[L J [ZJ on I, Any three points Zj, Z{', Zj", and their correspondents 
Z', Zj', Z'", determine a projectivity on the complex line V containing 
I, and, by tlie fundamental theorem of projective geometry, this pro- 
jectivity is identical with [T^o] T’eal points are concerned. 

The double points of this projectivity are common to the complex 

♦For example, in cjuse of a one-dimensional form any three elements of the form 
are such a set. 
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line containing I and the complex conic containing E\ These points 
are real if the hypothesis of Theorem 25 is satisfied; they are real 
and coincident if / is tangent to ; otherwise they are imaginary. 

A similar discussion will be made in the next section of the prob- 
lem of the intersection of two circles, but first let us make certain 
definitions and conventions wliich will simplify our terminology. 

According to the definitions in § 6, any point of S' is said to be 
complex, and a complex point is real or imaginary according as it 
is contained in S or not. In the case of lines, however, we have 
three things to distinguish : a line of the space S, a line of S' which 
contains a line of S as a subset, and a line of S' wliich contains 
no such subset. In current usage a line of the last sort is called 
imaginary, a line of either of the first two sorts is called real, and a 
line of either of the last two sorts is called complex, Tlie current 
terminology therefore permits a confusion between a real line as a 
locus in S and a real line as a particular kind of a complex line. 

In most cases, however, no misunderstanding need be caused by 
this ambiguity of language, and we shall in future usually employ 
the same notation for the real line Z of S and the line V of S' which 
contains L The same remarks apply to conic sections and, indeed, to 
all one-dimensional forms. 

Definition. Any element (point, line, or plane) or set of elements 
of S' is said to be complex. Any element or set of elements of S is 
said to be real, A line or plane of S' which contains a line or plane, 
respectively, of S is said to be a real line or real plane of S'. A one- 
dimensional form of S', a subset of whose elements are real elements 
of S' and contain all the elements of a one-dimensional form of S, is 
called a real one-dimensional form of S'. An element or one-dimen- 
sional form of S' which is not a real element or real one-dimensional 
form of is said to be imaginary. 

Definition. A projective transformation of a real form of S' is 
said to be real if it transforms each real element of S' into a real 
element of 

Strictly speaking, these definitions distinguish between the two 
senses of the word " real ” by phrases such as " real line of S'.” But 
in practice we shall drop the " of S'.” The one-dimensional forms as 
thus far defined are all of the first or second degrees, but the defini- 
tion can be extended without essential modification to forms of higher 
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degree and also to forms of more than one dimension. We shall take 
this extension for granted whenever we have occasion to use it. 

In accordance with these conventions, the points and 1^ which 
are really the double points of I' will be referred to in future as the 
double points of the absolute involution I. In like manner, any line I 
and circle which have no real points in common will ])e said to 
have in common the two points common to the complex line and the 
complex conic which contain I and resj)ectively. 

The utility of these conventions will be understood by tlie reader 
if he will write out in full the discussion of pencils of circli‘s in the 
following section, putting in explicitly, in notation and language, the 
distinction between elements of S and S'. 

It is also convenient in many cases to extend the formulas for 
distance, area, etc. given in §§ 67~69 to imaginary elements. Thus, 
for example, in case and are imaginary points sucli that 

(■C, - aj,)"* + (yi - yj)* is a positive real number, + {y^ - y^f 

will be referred to as the distance from {x^y y^ to {x^y y^. Extensions 
of terminology of this self-evident sort will be made when needed, 
without further explanation. 

71. Pencils of circles. Consider two circles Cl and Cl in a real 
Euclidean plane. Let their centers be denoted by C^ and and in 
case C^ ^ C^y let h denote the lineCjC^. By Theorem 25, & meets each 
circle in a pair of real points which we shall denote by and P 2 Q 2 
respectively. The two pairs may be entirely distinct, in which case 
let r denote the involution on h transforming each pair into itself ; or 
they may have one point in common, in which case the line through 
this point perpendicular to & is a common tangent of the two circles. 
Tlie two pairs cannot coincide, because the circles would then coincide. 
Thus four cases may be distinguished : 

(1) The circles have the same center. 

(2) The circles have a common tangent and point of contact. 

(3) The involution T is direct. 

(4) The involution T is opposite. 

A circle is, by § 60, a real conic which, according to the terminology 
of the last section, contains the double points of the absolute invo^ 
lution. Let us denote these points (the circular points) by and 
and apply the results of § 47, Vol. I, on pencils of conics. 
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In the first case let O denote the common center of the two circles. 
The lines 01^ and 01^ are then tangent to both circles at and 
respectively. Hence, by reference to § 47, Vol. I, it is evident that 
the two circles belong to a pencil of circles of Type IV. 

In the second case and Cl have in common the points and 
as well as a common tangent and point of contact. Hence they belong 
to a j)encil of Type II which contains all circles touching* the given 
line at the given point. 

In the third case, since the involution T is direct, the pairs 
and separate each other. Hence, by Theorem 29, the circles have 
two real points, and A^, in common. Hence they belong to a pencil 
of Type I consisting of all conics through A^, A ^,1^, and Tliis may 
also be seen as follows : 

Since the involution F has no double points (§21), it has a center 
(§ 4o) which we shall call 0. Let a be the line perpendicular to h at 0 . 
Then by the argument used in the proof of Theorem 29, O is between 
/j and Hence a meets Cl in two real points A^ and A^ (tig. 52). 

The pencil of conics through A^, A^, 7^, 7^ meets b in the pairs of an 
involution among which 
are and O and the 
point at infinity of b. 

Hence Cl is a conic of 
the pencil, and hence a 
meets Cl in A^^ and A^. 

In this case, therefore, 
the two circles belong to 
a pencil of Type I. 

In the fourth case the 
involution F cannot have 
a double point at infinity, 
because then the other 
double point would have 
to be the mid-point of yic. 50 

and also of J^Q^, and 

thus Cl and Cl would have a common center. Hence in this case also 
the center 0 of the involution F is an ordinary point. Let a denote 

♦A conic and one of its tangent lines are said to touch each other at the point of 
contact. Two conics touchinp* a line at the same point are said to touch each other. 
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the perpendicular to h at O, and let and be the points in which 
a meets These points are imaginary ; for otherwise, since they 
are interchanged by the orthogonal line reflection with h as axis, O 
would be between them, and hence, by Cor. 1, Theorem 25, O would 
be between and contrary to the hypothesis that T is opposiU*. 
Precisely as in the third case it follows that A^ and A^ are also on C“. 
Hence in tliis case also and belong to a pencil of Type I. 

In each case the fatds established make it clear that the two circdes 
(H)uld not both be members of more than one pencil of conics. Since 
any two circles fall under one of the four cases, we have 

Thkokem 30. Definition. Ani/ circle contains the real points of a 
certain conic in the compleoc plane. Two conics determined hy circles 
are contained in a 'un ique pencil of conics, which is of Type /, II, or 1 V. 
The set of circles which the conics of such a pencil have in common irith 
the real plane is called a pencil of circles. If the pencil of conics is 
of Type IV, the pencil of circles is the set of all circles having a fixed 
point as center ; if the pencil of conics is of Type II, the pencil of 
circles is the set of all circles tangent to a given line at a giren point ; 
if the pencil of conics is of Type I, the pencil of circles is the set of all 
circles having a. given pair of distinct real jxrints in common, or else 
the set of all circles with centers on a giren line and meeting this line 
in the qnrtrs of an involution with two ordinary double points. 

Definition. The line a joining tlie centers of two nonconcentric 
circles is called the line of centers of the two circles or of the pencil 
of circles which contains them. If the circles have a coinmon tangent 
and ])oint of contact, this tangent is called the radical axis of the two 
circles or of the pencil of circles; if not, the line perpendicular to a 
at the center of the involution in which the circles of the pencil meet 
a is called the radical axis. The double points of this involution are 
called the limiting points of the pencil of circles. Any circle of the 
pencil is said to be alout either one, or both, of the limiting points. 

The discussion above has established 

Theorem 31. The radical axis of two circles passes through all 
points common to them which are not on the line at infinity. The 
limiting points of the pencil which they determine are real if the cir- 
cles meet only in imaginary points and imaginary if they meet in 
two real points. 
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Theorem 32. The circular points^ the limiting points of a pencil 
of circles of Type /, and the two points not at infinity in which the 
circles of the pencil intersect are the pairs of opposite vertices of a 
complete quadrilateral. The sides of the diagonal triangle of this 
quadrilateral are Z*, the radical axis, and the line of centers of the 
pencil. 

Proof. Let and (fig. 57*) be the points other than and 
coniirion to the circles of the pencil, and let and B^ be the points 
of intersection of the pairs of lines and I^A^ respectively. 

Whether A^ and A^ are 
real or imaginary, the line 
A^A^ — a, which is the radi- 
cal axis, is real. Hence its 
point at infinity is real; 
and hence the line BJ^^, 
the polar of A^ with regard 
to any circle of the pencil, 
is real. 

Since the line h = B^B^ 
is the polar of A^, it con- 
tains the centers of all 
conics through v4^, A^, 1^, 

Hence h is the line of 
centers of the pencil of circles through A^ and A^. The points B^ 
and B^ being diagonal points of the complete quadrangle A^A^If^ 
are evidently the double points of the involution in which the 
pencil of circles meets 6, and hence are the limiting points of 
the pencil. 

Taking Theorems 31 and 32 together, we see that any pair of real 
])oints A^ determines a pair of imaginary points B^, B^ such that 
either pair is the pair of limiting points of the pencil of circles through 
the other pair; that, conversely, any pair of imaginary points B^, B^, 
which are common to two circles, determines two real points A^, A^ 
which are in the above relation to B^, B^; and that the three pairs 
A^A^y B^B^, are pairs of opposite vertices of a complete quadri- 
lateral. The relation between the two pencils of circles, the one 

* Fig, 67 is, of course, a diagram in which certain imaginary elements are repre- 
sented by real ones. On the use of figures in general, cf . p. 16, Vol. I. 
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through and and the other about and A^, is thus extremely 
symmetrical. It can be described in purely real terms by means of 
the following theorems and definition : 

Theorem 33. Definition. ^ two circles have a point in common 
such that the tangents to the two circles at this point are orthogonal, 
the two circles have another such point in common. Two circles so 
related are said to he orthogonal to each other. 

Proof. An orthogonal line reflection whose axis is the line of cen- 
ters transforms each circle into itself and transforms the given point 
of intersection into another point of intersection. Since orthogonal 
lines are transformed to orthogonal lines, the tangents at the second 
point are also orthogonal. 

Theorem 34. If a line through the center of a circle meets the 
circle in a pair of points Pff and meets any orthogonal circle in 
a pair of points I^Q^, the pairs P^Q^ and separate each other 

harmonically. Conversely, if liQi and Pf}^ ^a.ch other har- 

monically, any circle through and (>3 is orthogonal to C\ 

Proof. Let T be one of the points common to the two circles, and 
lot t be the tangent to the circle TP^Q.^ at T. The ))encil of circles 
tangent to t at T meets 
the line P^P^ in the pairs 
of an involution F, and 
hence the first statement 
of the theorem will follow 
if we can prove that ^ 
and (f are the double 
points of this involution. 

Tlie line perpendicular 
to t at T and the line 
perpendicular to P^P^ at 
are tangents to the circle TP^Q^ at T and respectively, and hence 
(Ex. 4, § 60) meet in a point M such that the pairs MP^ and MT are 
congruent. Hence the circle through T with M as center is tangent 
to ^ at r and to TJiJ at ij. Hence is a double point of F. A similar 
argument shows that is also a double point. 

To prove the converse proposition we observe that there is only 
one circle through P and T and orthogonal to (7*. One such circle, bi 
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the argument above, passes through the point which is harmon- 
ically separated from by and Qy Hence the circle is 

orthogonal to C\ 

As a corollary we have 

Corollary 1. The set of all circles orthogonal to a pencil of Type 1 
is the pencil of circles through the limiting points of the first pencil. 

Another form in which this result may be stated is the following : 

Corollary 2. Let he a circle, any point not its center, and A^, 
the point on the line joinmg A^to the center of ivhich is conjugate 
to A^ with regard to the conic C\ Then all circles through A^ and 
orthogonal to meet in A^. 

Definition. Two points are said to be inverse with respect to a 
circle if and only if they are conjugate with regard to the circle and 
collinear with its center. The transformation by which every point 
corresponds to its inverse is called an inversion or a transformation 
hy reciprocal radii. 

Thus the center of the circle is inverse to every real point at infinity. 
We shall return to the study of inversions in a later chapter. 


EXERCISES 

1 . lu case the limiting points of a i>encil of circles are real, the ra(li(‘al axis 
is their j)erpendicular bisector. 

2. If 0 is any point of the plane of a circle, and a variable line through 
meets the circle in two points X, Y, the product OX • OFis eoiistant, and eciiuil 
to (OTy^ in case there is a line OT tangent to the circhi at T. Tin* ])rodn« t 
OX • OF is called the power of O with res})ect to the circle. 

3 . The power of any point of the radical axis of a pencil of circles with 
respect to all circles of the pencil is a constant, and this constant is the same 
for all points of the radical axis. 

4 . If O is the center of a circle, C any point of the circle, and .1^ and A., 
any two points inverse with respect to it, 

OA^-OA^ = (OCy. 

5. Through two points not inverse relative to a given circle, there is on«; 
and but one circle orthogonal to it. 

6 . By a center of similitude of two circles is meant the center of a dilation 
(§ 47) or translation which transforms one of the circles into the other. If tht* 
circles are concentric, they have one center of similitude ; if they are not con- 
centric, they have two. The centers of similitude harmonically Re))arate the 
centers of the two circles. The one which is between the centers of the twc 
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circles ia called the interior^ and the other is called the exterior^ center of 
similitude. The common tangents of two circles meet in the centers of 
similitude. 

7. Three circles whose centers are not collinear determine by pairs six 
centers of similitude which are the vertices of a complete quadrilateral having 
the centers of the circles as vertices of its diagonal triangle. Generalize to the 
case of n circles. 

8. If a circle meets two circles and C| in four i)oints at which the pairs 
of tiingcuits are congruent or symmetric, the four points are collim*ar by ])airs 
with the, centers of similitude of and Prove the converse proposition. 

72. Measure of line pairs. The circular points 7^, figure in a 
N'ei y important formula for the measure of a pair of lines.* With the 
exception of these two points, and two lines 7^, which pass through 
them, all the j)oints and lines to which we shall refer in this section 
are real. 

The center and the point at infinity of the axis of an orthogonal line 
rcfli‘ction are harmonically conjugate with regajd to 7^ and 7.,. Ifern'e 
any orthogonal line reflection, regarded as a transformation of the 
complex s])ace, interchanges and and any displacement leaves 
/j and /g separately invariant. Moreover, there exists a displacement 
Iransforming any (real) point of Zc»to any other (real) j)oint of Hence 
a necessary and sufficient condition that a pair of points 1\ P' of L he 
iransformable by a displacement to a pair Q, of is 

( 13 ) = 

Now any pair of lines meeting L in P and 7*' can be transformed 
]iy a translation into any other j)air of lines meeting it in P and r\ 
and any pair of lines meeting in Q and can be transformed by 
a translation into any other y)air of lines meeting it in Q and Q\ 
Hence the necessary and sufficient condition that a yiair of lines 
meeting in P and 7*' be congruent to a pair of lines meeting it 
in Q and is (13). 

This suggests as a possible definition of the measure of a pair of 

nonparallel lines 7, ^ n t • • \ 

B V,), 

where and are the lines joining the point of intersection of 
and to and respectively. It would satisfy the requirement of 

*This formula is due to A. Cayley. Cf . Encyclopiidie der Math. Wiss. Ill AJ8 9, 
P* 901, footnotes 98 and 99. 
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being unaltered by displacements. In the case of measure of point 
pairs, however, we have 

Dist(Aj5) + Dist(B(7)= Dist(AC) 

whenever {ABC}y and this condition is not satisfied by the cross ratio 
given above. We have, in fact, 

(14) B i^i^) ■ B i^i^) = B {/,/,. V,) 

whenever are concurrent. This is easily verified by substituting 

in the formula for cross ratio (§ 56, Vol. I). 

From (14) it is obvious that if we define 

(15) m (Z/^) = c log B i,i,), 
the measure of line pairs will satisfy the condition 


whenever are concurrent. Since the logarithm is a multiple- 

valued function, we must specify which value is chosen ; and we 
must also determine the constant c conveniently. 

Making use of the same coordinate system as in § 62, any point on 
may be denoted by (0, a, ^9). In case a//3 is real, {a/ > 0, and hence 
a and may be multiplied by a factor of proportionality so that 

( 16 ) a^+^"=l. 

Throughout the rest of this section we shall suppose a and /3 subjected 
to this condition. This is equivalent to supposing that 

a = cos (0-1-2 titt), /9 = sin (0 -f 2 7i7r), 

where 0 ^ 0 ^ 2 tt, and n is an integer, positive, negative, or zero. 
The double points of the absolute involution satisfy the condition 

(§62) a»+/3®=0, 

and so may be written 

/, = (0, l.t) and J, = (0, 1,-i), 

where t = V— 1. Now if and meet L in (0, a^, and (0, a^, /8,) 
respectively, it follows that (§ 58, Vol. I) 


R (V*’ Vj) ~ 


a, + 1/3, ■ a, + 1/3, 


(g,<r, + /3, j8,) + i (g, /3, - «,/3,) 


UjU, + /3,/8, - i (a,/8, - a,/3,) 
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The numbers a = and ^ = satisfy the condition 

^ = 1. In fact, if a^ = cos6^ and a^= cos 6^, then a = cos^ and 

0 = sin 0, where 0 = 0^—6^+ 2 rnr. Hence 

R {^A> \\) = a® - /3* + 2 ia/3. 

Here again, a = a^ — 0^ and ^—2a^ satisfy the condition 

a*+)Q* = 1. 

1 n fact, a = cos 2 0. Thus 


(17) R (//j, t,tj) = tt + 

= cos 20 + i sin 2 0 
= 

Hence 

(18) log R i^i^) = 2 10, 

where 2 ^ is real and may be chosen so that 0 S 2 ^ < 2 tt. Hence, 


choosing the constant c in (15) as > we have 

Ji 


(19) 


— I 


^ (hh) = -rr ^ (hh' Vs) = 


where 6 may be chosen so that 0 ^ 0 < tt. 

The formula (19) is interesting in connection with the theorem 
that the sum of tlie angles of a triangle is equal to two right angles. 
This jiropositioii can easily be estabhshed without the consideration 
of imaginaries, on the basis of the definitions in the last section. From 
our present point of view, however, it appears as follows: Let the 
tliree sides of a triangle be a, h, c, and let them meet the line at 
infinity in A^, 7>^ , T* respectively. It is easily verifiable that 


R IJ.) • B • R 7/,) = 1, 

from which it follows by (19) that 

m (ah) + m (he) -f wi (ca) = tt. 


Here we have a theorem on the line pairs rather than on the angles 
of a triangle. Indeed, (19) is necessarily a formula for the measure 
of a pair of lines and not of an angle, because of the fact that two 
opposite rays determine the same point at infinity. 

The number m(ah) may also be defined as the smallest value 
between 0 and 2 tt, inclusive, of the measures of the four angles 
which may be formed by a ray of a and a ray of b. 
Following the common usage, we shall say that two pairs of lines 
which are congruent make equal angles^ etc. 
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EXERCISES 


1. If ^ and B are any two points, the locus of a point P such that the rays 
PA and PB make a constant angle is a circle. 

2. If in two projective flat pencils three lines of one make equal angles with 
the corresj^onding three lines of the other, the angle between any two lines of 
the one is the same as the angle betwc^en the corresponding lines of the other. 

3. If OA^ OB, 00, OD are four lines of a flat pencil, 

^(OA,OR-, = 

sin 4 A OD sin 4 B OD 
In case the four lines form a harmonic set, 

2 cot 4 A OB = cot 4 A 00 + cot 4 A OD. 

4. If A^, A^i Aq, A^ are four points of a circle, 

where A^Aj represents Dist {AiAj) or — Dist (A^AJ) according as S (^OA^Aj) = 
or not, O being an arbitrary point of the circle and 
being a sense-class on the circle. 

5. If a, h, V are th(i sides of a triangle and a^n^, h^h^, are i)airs of lines 
through the v(‘rtic<‘-s he, ca, ah respectively, the six lines a^, a^, h^, h.^, fq, are 
tangents of a conic if and only if 

sin {a^h) sin (/qc) sin (b^c) sin (c^a) sin (r,-,a) _ ^ 

sin (ajC) sin (a^r) sin (/qo) sin sin (Cj6) sin (cgft) 

6 . The points of a ray having (x, y) as origin may be re[)resented in 

(^ + Aa, y + Xy8). 

where a and )3 are fixed and X>0. There is a one-to-one recif)rocal corn*- 
spondeuce between the rays having (x, y) as origin and the ordered pairs of 
values of a and )8 which satisfy the condition 

a2 + ^2 = 1. 

When a and ^ satisfy this condition, the numerical value of \ is the distance 
between (x, y) and (x -I- Aa, y -I- \P). 

7. Two angles formed by the pairs of rays 

(jTo + Ao, + A/8) and + Ao', + AyS'), 

(xg + Xa,yg + Xfi) and (Xg + Aa', + AjS') 

respectively are congruent if and only if 

aa' + pp' = Ea' + pp\ 

8. Relative to the homogeneous coordinates employed above, the formula 
for the distance between (Xq, x^, x^) and (y^, y^, y^) may be written 

's'ix.yg - )» + (x^yg - Xgy^Y _ 1 '■ 

X^g Xgyg 


A>0 


Xo Xi Xg 

1 

Xy Xj Xg 

Vo y\ Vi 

• 

3^0 y\ Vt. 

0 1 i 


0 1 - i 
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73. Generalization by projection. The relation established in § 66 
between Euclidean and projective geometry furnishes a source of new 
theorems in each. A theorem which has been proved for projective 
geometry can be specialized into a theorem of Euclidean geometry, or 
a theorem of Euclidean geometry may be generalized so as to furnish 
a theorem of projective geometry. 

The two processes, of generalization and of specialization, may often 
l)e combined in a hai)py way with the principle of duality or with 
other general methods of projective geometry. Thus a theorem proved 
for Euclidean geometry can be generalized into a theorem of projective 
geometry and the dual of the general theorem specialized into a new 
theorem of Euclidean geometry. As an example, let us take the 
theorem of Euclid : 

A. The per'pendiculars from the vertices of a triangle to the opposite 
sides meet in a point (tlie orthocenter). 

The sides of the triangle meet the line at infinity in three ])oints, 
and the three perpendiculars are lines from the vertices to tlie 
conjugates of these three points in tlie absolute involution. Tlie 
Phiclidean theorem is therefore a special case of the following 
projective theorem : 

B. The lines joining the vertices of a triangle to the conjitgaiesy with 
respect to an arbitrary elliptic involution on a line I, of the points in 
which the opposite sides meet I, are concurrent. 

This is a portion of Theorem 27, Chap. IV, Vol. I, the orthocenter 
and the three vertices of the triangle being the vertices of a complete 
quadrangle. But though the Euclidean theorem is a special case, yet 
the general theorem for elliptic involutions in real geometry rna}' easily 
he proved by means of it. For, given any elliptic involution whatever 
aiKi any triangle, the involution can be projected into the absolute 
involution and the given triangle will go into a triangle of the Euclid- 
ean plane. Hence the general theorem, B, that certain three lines 
meet in a point could fail to be true only if the Euclidean theorem, 
A, failed. 

It is to be noted that this proves the theorem only for a real space and 
an elliptic involution. In a complex space (§ 5) it might happen that any 
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transformation which carried the involution into the absolute involution 
would carry the triangle into one whose sides are not all real. 

Now consider the plane dual of the projective theorem, B. 

B'. The points of intersection of the sides of a triangle with the 
conjugates in an arbitrary involution at a point L,of the lines joining 
the vertices to Z, are collinear. 

If the involution at L is taken as the orthogonal involution we 
have the Euclidean theorem : 

A'. The three sides of a triangle are met in three collinear points 
by the perpendiculars from a fixed point to the lines joining this point 
to the opposite vertices. 

The second of the two processes which we are here emphasizing, namely 
the discovery of Euclidean theonuns by specializing i)rojective ones, is bril- 
liantly illustrated in many of the textbooks on proj(‘ctive geometry. We may 
mention the following ; 

L. Cremona, P]lements of Projective (reometry, Oxford, 1804. 

T. Ileye, Geornetrie der Lage, Leipzig, 1007“1010. 

R. Sturm, Die Ijohre von den Geometrischen Verwaiidtschaften, Leipzig, 1909. 

R. Boger, Geornetrie der Lage, Leipzig, 1000. 

II. Grassman, Projective Geometric der Ebene, Leipzig, 1000. 

J. J. Milne, Cross-Ratio Geometry, Cambridge, 1911. 

J. L. S. Ilattou, Principles of Projective Geometry, Cambridge, 1913. 

The reader will find material for the illustration of the second process, 
namely the discovery of projective theorems by generalizing metric ones, in 
Euclid’s Elements, and even more in such books as the following ; 

J. Casey, A Sequel to the First Six Books of the Elements of Pmclid, 
Dublin, 1888. 

C. Taylor, Ancient and Modern Geometry of Conics, Cambridge, 1881. 

J. W. Russell, Elementary Treatise on Pure Geometry, Oxford, 100.5. 

The class of tlieorems which are here in question will Ix^ dealt with to some 
extent in the following chapter, and the methods available will l>e extended 
in Chap. VI by the study of inversions. But on account of the magnitude of 
the subject many important theorems will be found relegated to tin; (‘xercises 
and many others omitted entirely. In nearly every such case, however, a good 
treatment can be found in one or another of the books on projective geometry 
referred to above. 

The current textbooks do not often classify theorems on the basis of the 
geometries to which they belong (§ 34) and the assumptions which are neces- 
sary for their proof (§ 17). Some progress has been made on such a classifi- 
cation in the present book (cf. § 83 below), but more remains to be done. 
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Another criticism on current books is that they employ imaginary points 
in a rather shy and awkward manner. This is doubtless due to the fact that, 
previous to a logical treatment of the subject based on definite assumptions, 
the geometry of reals was regarded as having, somehow, a higher degree of 
validity than the comj>lex geometry. The reader will often find it easy to 
abbreviate the proofs of theorems in the literature by a free use of imaginary 
elements (cf. § 78). 

EXERCISES 

1. (Generalize project! vely the following theorems: 

(a) The medians of a triangle meet in a point. 

(fj) I’he perpendiculars at the mid-{>oint3 of the sides of a triangle meet 
ill a point. 

(r) The diagonals of a parallelogram bisect each other. 

2. Let A /fj, be the points in which the lines joining the vertices A, B, C, 
resjx'ctively, of a triangle to the orthocenter, O, meet the opposite sides. The 
circle through J j, and contains the mid-points of the pairs A By BC, CA 
and of the pairs (JA, OBy OC. This circle is called the nine point or Feuerbach 
circle of the triangh‘. Cf. Ex. 7, § 41. 

3. A hyjKU'bola whose asymptotes are orthogonal is said to be equilateral 
or rectangular. Ev(Ty hyperbola i>assing through four points of intersection 
of two eipiilateral hyperbolas is an equilateral hy[>erbola. 

4. All equilateral hyp<‘rbolas circumscril>ed to a triangle pass through its 
ortliocenter. 

5. The c(;nt(‘rs of the eciuilateral hyperbolas circumscribed to a triangle 
lie on the nine-point circle. 
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ORDINAL AND METRIC PROPERTIES OF CONICS 

74. One-dimensional projectivities. The general discussion of one- 
dimensional projectivities in Chap. VIII, Vol. I, has a great many 
points of contact with the ordinal and metric theorems of the last 
three chapters. For example, a rotation leaving a point 0 invariant 
transforms into itself any circle with 0 as a center. The transfor- 
mation effected on the circle by the rotation is a one-dimensional 
projectivity liaving the point 0 as center and the line at infinity as 
axis. The defining property of the axis of the projectivity in this case 
is that if a pair of points AB oi the circle be rotated into a pair A' B' 
(i.e. if ^AOB bo congruent to ^A'OB'), then the line AB’ is parallel 
to the line A' B, which is a well-known Euclidean theorem. 

The proposition that any rotation is a product of two line reflec- 
tions corresponds to the proposition that any projectivity is a product 
of two involutions. The point reflection with 0 as center is commut- 
ative with all the other rotations about 0 and hence effects on C* an 
involution which (§ 79, Vol. I) belongs to all the projectivities effected 
on C* by the rotations of this group. This involution is harmonic 
(§ 78, Vol. I) to the involution effected on (7“ by any orthogonal line 
reflection whose axis contains 0, and hence all the involutions of the 
latter sort form a pencil. Thus all the theorems of § 79, Vol. I, can 
be specialized so as to yield theorems about the group of rotations 
with 0 as center. 

There are many other applications of the theorems in Chap. VI, 
Vol. I, to affine and Euclidean geometry (a few of them are indicated 
in the exercises below), but the main application which we are to 
consider at present is to the theory of order relations. Let us first 
recall some of the ordinal theorems which have already been estab- 
lished, and interpret them on the conic sections. Extending the 
definition of § 4, we shall say : 

* In the earlier chapters of this volume we have used only the first seven chap- 
ters of Vol. I. The present chapter may advantageously be read in connection with 
Chaps. VlII-X, Vol. I. Chap. IX is first used in § 77 and Chap. X in § 85. 

170 
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Definition. A projectivity of a one-dimensional form in any 
ordered space is hyperlolicy paraholicy or elliptic according as it 
lias two, one, or no double points. 

With regard to involutions, we have already established the follow- 
ing pro])ositions (§21): If an involution preserves sense , each 
separates every other pair. If an involution alters sense, no pair 
separates any other pair. An invohition v^hicli does not alter sense 
is elliptic ; that is to say, the pairs of a hyperbolic involution do not 
separate each other. The double points of a hyperbolic involution 
separate every pair of the involution. 

Definition. If A, B, C, 7> are four distinct points of a conic, the 
point O of intersection of the lines AB and CD is called an interior 
point in case the pairs AB and CD separate each other* and an 
exterior point in case these })airs do not sej)arate each other. The 
set of all interior points is called the interior or inside of the coni(i, 
and the set of all exterior points is called the exterior or outside of 
the conic. 

The ])airs AB and CD are conjugate in the involution with 0 as 
center. Ilcaic-e, if these two pairs separate each other, this involution 
preservers sense and is such that any two of its pairs separate eacih 
oth(‘r. Hence any two lines through 0 which meet tlie conie*. meet it 
in ])airs of ])oints which separate e<ach other. That is to say, the def- 
inition of an interior })oint is independent of the ])articular choic.e of 
the points A, B, C, D. A like argument applies in case 0 is exterior. 
In ciise the involution with O as center has double points, the lines 
joining 0 to these points are tangent to the conic. Hence the next 
to the last of the propositions about involutions stated above implies 
that tliere are no tangents through an interior point. These results 
may be stated as follows : 

Theorem 1. The points coplanar with a conic fall into three 
mutually exclusive classes: the conic itself, its interior and its 
exterior. Each interior pohit is the center of a7i involution on 
the conic which preserves sense, and each exterior point of om 
which alters sense. All points of a tangent, except the point of 
contact, are exterior points of the conic. 


* Cf . § 20, particularly the footnote. 
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Now let 0 be any interior point. If O' is any point conjugate to 0 
with regard to the conic, there exists (cf. fig. 69) a complete quad- 
rangle ABCD whose vertices are points on the conic such that AB 
and CD meet in 0 and AD and CB meet in O'. But by Theorem 7, 



Chap. II, if AB separates OD, then AD does not separate BC, and 
hence O' is an exterior point. Hence the polar line of any interior 
point consists entirely of exterior points. Hence 

Theorem 2. All points conjugate to an interior point are exterior. 

Suppose, further, that the tangent to the conic at B meets the line 
00' in a point F and the line BD meets 00' in a point P' (fig. 59). 
Then P and P' are conjugate points with regard to the conic. Moreover, 

ABCD-p^OraFK 

Since A and C do not separate B and D, it follows that the pair 00' 
does not separate the ])air FF\ That is, 

Theorem 3. On a line containing an interior point of a conic the 
pairs of conjugate points with regard to the conic do not separate 
one another. 

By elementary propositions about poles and polar there follow 
at once : 

Corollary 1. The pole of a line which contains an interior point 
is an exterior point. 

Corollary 2. The polar of an exterior point contains some in-^ 
terior points. 
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In § 78, VoL I, it was established that any projectivity is a product 
of two involutions one of which is hyperbolic. Since a hyperbolic 
involution is opposite, it follows that if tlie given projectivity is direct, 
it is a product of two opposite involutions ; and if the given projec- 
tivity is opposite, it is a product of a direct and an opposite involution. 
But in the second case the direct involution is, by the argument just 
made, a ])roduct of two o])posite involutions. Hence 

Tueokem 4. A direct projectivity is a product of tvK) opposite 
itivolu lions, and an opposite projectirity is a product of three opposite 
inroluticms. An op'posite projectivity is also edpressihle as a 'product 
of a direct and an opposite involution. 

In tlie case of projectivities on a conic, tlie axis of the product of 
two involutions is the line joining their centers. Hencje we have, as 
consequences of this theorem, 

CoKOLLARY 1. A7iy line in the plane of a conic co7i tains points 
exterior to the conic. 

CoKOLLARY 2. A projectivity whose center is an interior point, and 
whose axis theixforc consists entirely of exterior points, is dircet. 

In the fourth exercise, below, we need the following definition : 

Definition. The line perpendicular to a tangent to a conic and 
])assing through its point of contact is called the normal to the conic 
at this point. 


EXERCISES 

1. Wliat transformations of the Euclidean group effect j)rojectivities on 
/or. to which the absolute involution belongs? How are these distinguished 
from the remaining similarity transformations by their relation to tlie cir- 
cular points? AVhat transformations of the Eu(‘li(h*aii group are harmonic 
on to the absolute involution? 

2. Show that the measure of a line ]>air as defined in § 72 is the logarithm 
of the characteristic cross ratio of a certain projectivity on Obtain an 
analogous formula for the m<»asure of an angle in terms of the charactt'ristic 
cross ratio of a projectivity on a circle. 

3. Any noninvolutoric planar collineation which leaves invariant a conic 
and a liiu' transforms the points of the line by a projectivity to which belongs 
the involution of conjugate points with regard to the conic. 
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4 . If P is any fixed point of a conic and PQ a variable point pair such 
that /IRPQ is a right angle, the lines RQ meet in a fixed point on the 
normal at P. 

5 . The lines joining homologous points in a nonin volutoric projectivity 
on a conic are the tangents of a second conic. 

6 . If P is any fixtid point of a conic and PQ a variable pair of points 
such that 4 RPQ has constant measure, the lim^s RQ are the tangents to a 
second conic. 

7 . If a projectivity F on a line is a product of an involution having double 

points, and followed by another involution, and if -^A^ 

and r(.'li) = .lo, then and are harmonically conjugate with regard to 
A^^ and A^ whenever A^y 7 ^^ A^; and B^ — wdiemwer A^^ = 

8 . If yli and B^ are a pair of an involution I which is left invariant by a 

projectivity F, and if F~^C'Ii) = and F(.‘l^) = A^ 7 ^ then A^ and 

are harmonically conjugate wdth regard to A^ and By 

9 . Let A and yi' be any pair of an involution 1 . If yi 7 ^ yF, any projc'c- 
tivity II wdiich transforms I into itself and leaves yi invariant is either the 
involution, with A and .1' as double points, or the identity. 

10 . Generalize § 80, Vol. I, so as to apply to the grouj) of translations and 
the ecjuiaffinci group, using the fact that the transformations in each of these 
groups are products of pairs of involutoric j)rojectivities. 

75. Interior and exterior of a conic. 

Theorem 5. Ani/ two points of a conic are the ends of two linear 
segments one consisting entirely of interior points and the other entirely 
of exterior points. 

Proof. Let the given points be denoted by A and B, let C and P 
be any two other points of the conic which separate A and P, and let 
a and a represent the segments ACB and ADB on the conic. r)y the 
definition of the order relations on the conic, the lines joining C to 
the points of ^ meet the line AB in the points of a segment a' whose 
ends are A and B, and these points satisfy the definition of intcTior 
points. In like manner tlie lines joining C to points of a mecit the 
line in a segment a-' which is complementary to a' and consists 
entirely of exterior points. 

In a real plane the following theorem is a consequence of wliat 
we have just proved, but in order to have the result for any ordered 
plane we give a proof which is entirely general. 

Theorem 6. Any two interior points of a conic are the ends of a 
segment consisting entirely of interior points. 
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Proof (fig. 60). Let A and C be two interior points. Let be any 
point of the conic not on the line^C. The lines -4^(7 and Afi are not 
tangent to the conic, since (Theorem 1) the involutions at^ and Care 
both elliptic. Let A^ and respectively be the points, distinct from 
A^, in which the lines A^A and A^C meet the conic. The two segments 
of the conic whose ends are A^ and B^ are projected by the lines 
through A^ into the two segments of the line AC which have A and 
C as their ends. We shall prove that the segment a of the hue AC 
whicih is the projection of the segment complementary to A^Afi^ con- 


sists entirely of interior points. 

Let B be any point of a. The 
line A^B then meets the coni(i in 
a point wliich is separated from 
A, by A^ and B. Let BA meet 
the conic in let C^B meet it in 
A^y and let A^C meet it in B^, so 
that AJl>f\AJ^^C^ form a Pascal 
hexagon whose pairs of opposite 
sides meet in A, B, C, Since A is 
an interior point, we have the 



order {C^A^B^A^. Since B was chosen so that i \ and A^ are separated by 
B^^m\A^^, we have From these there follows 

Transforming this by the involution at A we have {CJ\Af . H ence 


we have involution with center at C is 

elliptic, we have {B^B^A^A^^. Hence we have 

C^ and A^ separate A^ and (7^, and hence B is interior to the conic. 


Thkokem 7. Any two exterior points arc ends of a seymcnt consisU 
ing entirely of exterior points. 

Proof, Jjii the two exterior points be and If the line E^E^ 
is tangent, all points on it except the points of contact are exterior, 
since each of these points is the center of a hyperbolic involution 
on the conic. In this case the theorem is obvious. If the line EJii^ 
meets the conic in two points, the theorem reduces to Theorem 5. 
If the line E^E^ does not meet the conic, and both the segments with 
E^ and E^ as ends should contain interior points, and respectively, 
then neither of the segments whose ends are 7^ and 7^ could consist 
entirely of interior points, contrary to Theorem 6. 
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The theorems above are connected with tlie following algebraic considera- 
tions : Any involution can be written in the form 


( 1 ) 


= 


ax -f h 
cx — a 


1 f we regard <?, ?>, c as a set of homogeneous coordinates in a projective plane, 
then for every involution (1) there is one and only one point (o, />, c); and 
inversely for ev(»ry j>oint (u, />, r) tht‘re is a unique involution (1), provided 
that the point does not satisfy the condition 

(2) a- + he = 0. 

By § IS ihe project! vi ties (1) for which 

(3) ^ ic > 0 
are opposite, and those for which 

(4 ) -Y he <0 

are direct. 

The equation (2) represents a voiiic section of y'hich the points satisfifing (3) are 
the exterior and those satisfi/iiu/ (4 ) are the interior. This may h(‘ })rov(‘d as follows: 

The conic is given by the i>arainetric representation (§ S2, Vol. 1) 
a : h : c = X : x“ : — 

and any involution on the conic is given by tlm transformation (1 ) of the 
}>araineter x. The center of the involution is tin* }>oint of int(‘rs(‘etion of the 
lines containing pairs of the involution. The ])oint (0, 0, 1) of the conic is 
given by the value 0 of the jiaranieter x and thus is transformed to the ])oint 
given by the value x = — h/a, namely, the point (— ah, Jr, — «-). The point 
(0, 1, 0) of the conic is given by x — zo and thus is transformed to tln^ 
point given by x = a/c, namely, the point (uc, a^, — c^). The point of inter- 
section of the lines joining (0, 0, 1) to {—ah, — a^) and (0, 1, 0) to 

(f/c, a", — c-) is manifestly { — n, h, r). Hence (—a, h, c) is the center of the 
involution (1), and therefore is interior to the conic if (4) is satisfied and the 
involution direct, and exterior to the conic if (3) is satisfied and the involu- 
ti(m opj)Osite. 


EXERCISES 

1 . Parabolic projectivities are direct. 

2 . Two of the three v€*rtices of any self-polar triangle of a conic are 
exterior points. 

3. The center of a hyperbola is an exterior point. 

4 . The center of a circle is an interior point. 

5. In a Euclidean plane all points interior to a circle and all points on it 
(except the point of contact of the tangent in question) lie entirely on one 
side of any one of its tangents. 
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6. If a segment is contained in a segment A^B^y the circle the enda 

of whose diameter are Ay and By is comi>osed of points interior to the circlt 
the ends of whose diameter are A^ and B^, 

7. In a Euclidean plane all points interior to an ellipse lie entirely on 
one side of any line consisting entirely of exterior points. 

8. Any two j)air8 of conjugate diameters of an ellipse separati* each oilier 
'Fwo pairs of conjugate diameters of a hyperbola nev(‘r sej)arate eacdi other. 

9. If is the cenb^r of a conic th(‘ polar reciprocal of a conic 
with re.s]>ect to will be an ellipse, jiarabola, or hyperbola according as O 
is inlt‘rior to, on, or ext(‘rior to C'^. 

10. Cousid(‘r a conic in a planar net of rationality satisfying Assump- 
tion II. Tlie points of tin* net exterior to the conic fall into two classes [A] 
and [F] such that two tangcmts to the conic can be drawn from any ])oint 
and no tangent can bt‘ drawn to the conic from any point F. On any line in 
which on(‘ E is conjugate to an F with r(‘gard to f every E is conjugate to 
an F. On any line in which one E is conjugab*. to an F, every E is conjugate 
to an E and every F to an F. The interior points fall into two classes [7] 
and [./] sucli i-hat the jiairs of conjugate lin(‘s on a point I (>ither both meet 

or both do not meet wher(*as one member of any j>air of conjugate lines 
on a point./ meets and the other rmunber do(‘s not meet 

11. I ..et the eipiation of a conic be f (x^y Xyy x,^) = 0 and let the determinant 
of the coefficients of 3CyyX,^) be 


«00 

®01 

^02 

^10 


«12 

®20 

Si 

S2 




A point (xQy x{j Xa) is interior or exterior according as A • /(xj, x'y, x^) is 
greab^r or less than zero. 


76. Double points of projectivities. The preceding theorems hold 
ff>r any ordered space. On specializing to a real space we have the 
additional theorem that a projectivity whicli alters sense has two 
double points (§ 4). In the case of involutions tliis result com- 
bined with the theorem that a hyperbolic involution is always 
()pT)osite gives 

Theorem 8. The pairs of an elliptic involution always separate 
one another y and the pairs of a hyperbolic involution never separate 
one another. 

The last half of this theorem, combined with Theorem 3, gives 
the condition for the intersection of a line with a conic, a condition 
which has already been given in a more special form in § 64. 
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Theorem 9. On any line through an interior pomt of a conic the 
involution of conjugate points is hyperbolic , and the line meets the 
conic in the double points of this involution. 

By Cor. 2, Theorem 3, the polar of an exterior point is a line 
through an interior point. The lines joining the exterior point to 
the points of intersection of its polar with the conic are tangents. 
Hence 

Corollary 1. Through any exterior point there two tangents 
to a conic. 

CoROFiLARY 2. Two involutions, one at least of which is elliptic, 
have one and only one common pair. 

Proof. The center of an elliptic involution represented on a conic 
is an interior point. The line joining this point to the cenUu* of any 
other involution meets the conic in two points wliich are j)aii*s of 
both involutions. Since iiny pair of an involution is coll inear with 
the center, the two points so constructed are the only pair c.omiuon 
to the two involutions. 

A special case of this corollary may ))e stated in the following form: 

COROT.LARY 3. In a given one-dimensional form there is one and 
only one pair of elements which are conjugate with respect to a given 
elliptic involution and harmonically separated by a given pair oj 
elements. 

Since a hyperbolic involution is determined by its double points, it 
is evident that any two hyperbedic involutions are equivalent under 
the group of all projectivities of a one-dimensional form. The corre- 
sponding theorem for elliptic involutions is best seen by representing 
the involutions on a conic. The two centers J^, are interior points, 
and the line joining them meets the conic in two points C^, wliich 
do not separate them (Theorem 5). Let and be the double 
points (Theorem 8) of the involution in which and are pairs. 
An involution with either of the points 0^ or 0^ a.s center will 
evidently transform the one with f as center into the one with 
as center. Hence 

Corollary 4. Any tivo elliptic involutions in the same real one- 
dimensional form are conjugate under the projective group of that 
form. 
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EXERCISES 

1. AIJ involutions which are harmonic to (i.e. commutative with and 
distinct from) an elliptic involution are hyperbolic. 

2. If two points A, B of a, line 8ej»arate each point P(P .4, P ^ B) of 
the line from its conjugate point in a given ellii)tic involution, A and B are 
ijonjugate in tliis involution. 

3. A hyperbolic ]»roj(‘ctivity is op]>osite or direct according as a pair of 
homologous points (lo(*s or does not se]>arate the double points. 

4. Kllij)tic ])rojeciivities ar(‘ dir(*ct. 

5. The cent(‘r of an elli])se is an interior point. 

6. The involution d(‘t(‘rniin(Hl on the line at infinity of a Euclidean plane 
by an elli])se is ellijd-ic, by a hyperbola, hy])erbolic. 

7. Any two (dlijises are conjugate under the atfine group.* 

8 . An involution in a flat jumcil is either such that every pair of conju- 
gate lines is orthogonal or thert‘ is one and only one orthogonal pair of 
conjugate line's. 

9. A conic haNing two pairs of })erpendicular conjugate dianu^ters is 
a circle. 

10. If .1^ ami A., ar(‘ the real limiting points of a pencil of circles, each 
circle of the jK-ucil eith<‘r contains and is on the opposite side of the radi- 
cal axis from Ao, or contains A^ and is on the oppOwSite side of the radical 
axis from A 

11. Of two circh's of a pencil, both containing the same limiting point, 
one is entirely interior to the other. 

12. F( )r any angh‘, 4AZ>U, there is one and only one pair /, T of orthog- 
onal lines through Jj wliich separate the lines BA and BC harmonically. One 
line, /, of the })air contains points P interior to /iAB( \ ami ^ABP is con- 
grui'iit to 2i.PB(\ 4’he line I is called the interior hisector, and the line V the 
exterior hisertor^ of tin* angle 21 ABC. 

13. Tlie asym])totes of an e<piilateral hyperbola bis(*ct any j)air of conju- 
gate diameters. 

14. The bis(*(d.ors of tin* angles of a triangle ABC meet in four points, one 
in each of the four regions determined by A according to § 20. These four 
points are th(» c(‘nters of four circles inscribed in ABC and are the vertices of 
a comi)lete quadrihAeral of which ABC is the diagonal triangle. The mid- 
point of th(‘ pair BC is the mid-])oint of the points of contact of either pair 
of inscribed circles whose centers are collinear with A. 

15. Let 1^ and V' be the vanishing points (§ 43) of a projectivity on a 
line, the notation being so assigned that the }>oint at infinity is trans- 
formed to VC I'liere exist two points A, B which are transformed to 
two points A', B' suen that 

AF = VB=^A'V'=V'B\ 


*Cf. §37, Exs. 14 and 16. 
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77. Ruler-and-compass constructions. The discussion in Chap. IX, 
Vol. I, reduces any quadratic problem to the problem of finding the 
points of intersection of an arbitrary line with a fixed conic. Accord- 
ing to Theorems 5 and 9 the necessary and sufficient condition that 
a line coplanar with a conic meet it in two points is that the line 
pass through an interior point of the conic. Hence this condition 
will serve to determine tlie solvability of any problem of the second 
degree in a real space. Thus the discussion of linear and quadratic 
constructions, under the projective meaning of these terms, may be 
regardeil as complete. 

When we adoi)t the Euclidean point of view, the fixed conic may 
be taken as a circle; and therefore every problem of the second 
degree is reduced to the problem of deterinining the j)oints of inter- 
section of an arbitrary line with a fixed circle (cf. § 86, Yol. 1). 

The constructions of elementary Euclidean geometry which are 
known as riiler-and-compass constructions involve the determination 
of the ])oints of intersection (whenever existent) of two arbitrary lines, 
or of an arbitrary line with an arbitrary circle, or of two ailatrary 
circles. The last of tliese })robleins has been shown in § 65 to be 
reducible to the first and second. Hence any ruhu-and-compass con- 
struction may be reduced to tlie ])rob]ein of finding the intersection 
of an arbitrary line with a fixed circl(\ 

On account of the special character of the line at infinity, there is 
not a perfect correspondence between the linear constructions of pro- 
jective geometry and the Euclidean constructions by means of a ruler. 
The operations involved in the linear constructions of projective 
geometry are 

(a) to join two points by a (projective) line ; 

(h) to take the point of intersection of any two lines. 

These are evidently equivalent to the following Eucli<lean operations: 

(1) to join two ordinary points by a line; 

(2) to take the point of intersection of two non])arallel lines ; 

(S') to draw a line through a given point parallel to a given line. 

The first of these operations corresponds to the proposition that 
two points are on a unique line, the second to the proposition that 
two nonparalhd lines determine a unique point. These operations 
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may be thought of as carried out with a straightedge or ruler whose 
length is not limited. 

The operation (3') can be effected by means of (1) and (2), together 
with the following operation : 

(3) to find on any ray through a point A, a point C such that the 
point pair AC is congruent to a preassigned point pair AB* 

For let A be the given point and let BC be the given line. Let O be 
a point on the line AB in the order {ABO} such that BA is congruent 
to BO. Let A be the point of the line OC in the order OCA such that 
CO is congruent to CA. Then A A is evidently parallel to BC. 

Thus (1), (2), and (3) serve as a basis for all linear operations in 
the projective sense. They obviously yield also a certain class of 
quadratic constructions; but they do not suffice for all quadratic 
constructions. The latter may be provided for, as explained above, 
by adjoining the operation of taking the point of intersection with a 
fixed circle of an arbitrary line through an arbitrary interior point. 

For the j^roof that (3') is not a consequence of (1) and (2), and 
that (1), (2), (3) do not provide for all quadratic constructions, the 
reader is referred to Hilbert, Grundlagen der Geometric, Chap. VII 
(4th edition, 1913). 


EXERCISES 

1. Given three collinear })oints Ay By C such that AB is congruent to BC, 
show how to constnu^t a ]>arallel to the line AB through an arbitrary point P 
by means of the oi)erations (1) and (2) alone. 

2. Given two parallel lines, show how to find the mid-point of any pair of 
points on either of the lines by means of (1) and (2) alone. 

3. Given a ])arallelogram and a point P and a line I in its plane. Through 
P draw a line parallel to I, making use of the ruler only. 

* It is important to notice that the pairs AB and AC liave the point A in com- 
mon. Thus (.3) provides merely for drawing a circle through a given point and 
with a given other point as center. The drawing instrument to which this corre- 
sponds is a pair of compasses which snaps together when lifted from the paper, so 
that it cannot be used to transfer a point pair^lii to a point pair unless 
A r= A'. This will be understood by anyone reading the second proposition in 
Euclid’s Elements, which shows how to lay off a point pair congruent to a given 
point pair on a given ray. The operation (3) may be replaced by the operation of 
finding on any mj A B a point C such that the point pair ^ C is congruent to a fixed 
point pair OP. The instrument for this operation may be thought of as a measur- 
ing rod of fixed length (say unit length) without subdivisions. (Cf . the reference 
to Hilbert, below.) 
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4. Given a point pair AC and its mid-point B, using the ruler alone 
construct the point pair AD such that 

AC 

AD 

5. Given four collinear points A, A'j By B', construct the fixed point of 
the j)aral)()lic projectivity carrying A to A' and B to B\ 

6. Given a projectivity on a line, find a juair of oorres])()Tuliiig j)oints A 
and A' such that a given point M is the mid-point of the si‘gnn‘nt A A'. 

7. Inscribe in a given triangle a rectangle of given area. 

8. (liven four tangents of a parabola, construct a tangent paralhd to a 
given line. 

9. Giv(‘n three points of a hy])erbola and a line parallel to (‘ach asymptote, 
find the ])oint of intersection of the hy]>erbola with a lim* parallel to one of 
the asynijitotes. 

10. Construct by rul(‘r and compass any numlx^r of tangents to a conic 
given by fiv(^ of its jiuints; also any number of points of a conic given by 
five of its tangents. 

11 . Construct any number of points of a parabola through four given 
})oints. 

12. Construct any numlxT of points of a ]>arabola touching three given 
lines and passing through a given point. 

13. Tlirough a given ])oint construct an orthogonal pair of lin(‘s conju- 
gate with r<*gard to a conic. (If the jioint is e^xterior to the conic, these 
linos ar(‘ the bisectors of the angles formed by the tangents to the conic 
from this point.) 

78. Conjugate imaginary elements. It has been sliowii in § 6 that 
a real projective space S can be regarded as immersed in a complex 
projective space S' in such a way that every line of S is a subset of 
a unique line of S'. Certain additional definitions and conventions 
have been introduced in § 70. But in both these places little use was 
made of the projierties of imaginary elements beyond their existence 
and the fact that S' satisfies Assumptions A, E, V. We shall now 
prove some of tlie most ehumintary theorems about the relation be- 
tween elements of S and S'. 

Definition". Two imaginary jioints, lines, or planes are said to lie 
conjugate relative to a real one-dimensional form of the first or second 
degree if and only if they are the double elements of an involution 
in the real form. 

As an example consider a real conic C^ and a line I exterior to it. 
The conic and the line have in common the double pKunts of an elli])- 
tic involution on /. But these points arc also the double ])oints of 
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the involution on C* whose axis is 1. Hence the points common to 

and I are conjugate imaginaries both with respect to and to I, 
Since any one-dimensional form of the first or second degree whose 
elements are points is a line or a point conic, and since the double 
points of any involution on a conic are the intersections of the axis 
of the involution with the conic, we have 

Thkoiiem 10. Any two conjugate imaginary points are on a 
real line. 

By duality we have that any two conjugate imaginary planes are 
on a real line. 

Two conjugate imaginary lines are by definition on a real point, 
line conic, cone of lines, or regulus. If tliey are on a real line conic, 
the plane dual of the argument above shows that they are on a real 
point. By dualizing in space we obtain the same result for conjugate 
imaginary lines of a cone of lines. Hence we have 

Theorem 11. Any two conjugate imaginary coplanar lines are on 
a real point and any two coyijugate imaymury concurrent lines are 
on a real plane. 

Conjugate imaginary lines on a regulus will be considered in a 
later chapter. 

Theorem 12. The lines joining a real point to two conjugate 
imaginary points not collinear with it are conjugate imaginary lines. 

Proof. The conjugate imaginary points are double points of an 
eUiptic involution on a real line. From any point not on this line 
this involution is projected into an involution of lines whose double 
lines are tlie projections of the given points. 

Theorem 13. 7/* and are two pairs of conjugate imagi- 
nary points on different lines, the lines A^B^ aiid Aff^^ meet in a real 
point and are conjugate imaginary lines. 

Proof. By hypothesis the lines A^A^ and BfB^ are real and hence 
they meet in a real point C. Let B be the conjugate of C in the elliptic 
involution with A^ and A^ as double points. By Corollary 3, Theorem 9, 
there are two real points P and Q which are paired in this involution 
and separate B and C harmonically. Let A be the conjugate of C in the 
elliptic involution with and B^ as double points, and let R and S be 
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the two real points which are paired in this involution and separate 
A and C harmonically. Since any two harmonic sets are projective, 

CBFQ = CARS and CBFQ == CASE, 

The centers of these two perspectivities are two real points and (7^, 
and since each perspectivity transforms two pairs of the elliptic invo- 
lution on the line A^A^ into two pairs of the elliptic involution on the 
line B^B^, it transforms A^ and A^ to B^ and B,^. Hence one of the 
points and is the intersection of the lines A^B^ and A,^B^ and 
the other that of the lines A^B^ and A^B^. By Theorem 12 each of 
these pairs of lines is a pair of conjugate imaginaries. 



The complete quadrilateral whose pairs of opposite vertices are 
A^A^, B^B^, and is analogous to the quadrilateral considered in 
§71 whose vertices were and the limiting points of two orthog- 
onal pencils of circles (cf. fig. 57). With regard to the existence of 
such quadrilaterals we have 

Theorem 14. Let A^A^, ^ 1^2 pairs of ojyposite vertices 

of a complete quadrilateral. If A^A^ and BfS^ are pairs of confcgate 
imaginary points y then and are real and the diagonal triangle of 
the complete quadrilateral is real. If A^ and A^ are real and B^ and 
B^ are conjugate imaginaries^ then and are conjugate imaginaries 
and the diagonal triangle is real. 

Proof. In the first case and are determined as in the proof 
of the last theorem and hence are real. The diagonal triangle has for 
its sides the three real lines A^A^, ^ 1 ^ 2 * 
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In the second case let a be the line through which is harmon- 
ically conjugate to A^A^ with respect to the pair of lines AJ^^ and 
A^^. Since the latter two lines are conjugate imaginaries and A^A^ 
is real, a is real. The harmonic homology with A^ as center and a as 
axis transforms and to and C^. Hence and are conjugate 
imaginaries and the line is real. 

Relatively to a real frame of reference a real involution is repre- 
sented by a bilinear equation with real coefficients (§ 58, Vol. I), and 
its double points appear as the roots of a quadratic equation with real 
coefficients. Hence the coiirdinates of a pair of conjugate imaginary 
points are expressible in the form 

K + + *>a) 

and (x^ - iy^, - ty,. - iy^, 

where x^, x^, y^, y^, y^ are real. Like remarks can be made 

with regard to the coordinates of a plane or a line, and Theorems 10-14 
can easily be proved analytically on this basis. The following theorem 
appears to be easier to prove analytically than synthetically : 

Theorem 15. A complex line on a real plane contains at least one 
real point. 

Proof. Let the equation of the line be 

0 . 

This may be expressed in the form 

{u[ -h in”) x^ -h {u[ -h m,") x^ -f {u[ -f m'') x^ = 0, 

where i/', u^, etc. are real. This equation is equivalent, if x^, x^, 
are required to be real, to 

u'Xq 4- u[x^ 4- u^x^ == 0, 

two equations which are satisfied by at least one real point. 

EXERCISES 

1. A conic section through three real and two conjugate imaginary points 
is real. 

2. A pair of conjugate imaginary points cannot be harmonically conjugate 
with regard to another pair of conjugate imaginary points. 

3. An iin aginary point is on one and only one real line and has one and 
only OT»e con jugate imaginary point- 
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79. Projective, affine, and Euclidean classification of conics. Let us 

regard a real plane tt as immersed in a complex plane tt', and consider 
all conics in tt' with respect to which the polar of a real point is always 
a real line.* 

Throughout the rest of this chapter the word “conic” shall be used 
in this sense. The involution of conjugate points with regard to such a 
conic is one in which real points are paired with real points. Hence, 
if a conic contains one real point, every real nontangent line througli 
this point contains anotlier point of the conic, and the conic is real. 
The conics under consideration therefore fall into two classes, the real 
conics t and those containing no real point. 

By § 76, Vol. I, any two real conics are equivalent under the group 
of projective coUineations. The same proposition holds also for any two 
conics of the other class, as we shall now prove. Let two such conics 
be denoted by Cl and On an arbitrary real line I they each deter- 
mine an elliptic involution of conjugate points. By Cor. 4, Theorem 9, 
there is a projectivity of the line I carrying the involution determined 
by C'l into that determined by C*. Any projectivity of the real plane 
which effects this transformation on I will carry Cl into a conic C'l 
which has the two conjugate imaginary points A^y on I in common 
with Cl. A collineation leaving I invariant will now carry the pole 
of I with regard to C'l to the pole of I with regard to Cl\ and therefore 
carries Cl to a conic Cl which has A^, A.^ and the tangents at these 
points ill common with Cl. Let L be the pole of I with regard to Cl 
and be any real point of 1. By Cor. 3, Theorem 9, there is a pair of 
points MM^ which are conjugate with respect tt) Cl and harmonically 
separate L and and also a pair M^M[ conjugate with rcispec'-t to 
Cl and harmonically separating L and Ly The homology with I as 
axis, L as center, and carrying iHf' to M carries Cl to Cl. Hence we have 

Theorem 16. Any two real conics or any two imaginary conics 
with real polar systems are conjugate under the group of real pro- 
jective coUineations. 

♦ In § 85 this condition is seen to be equivalent to the condition that the equa- 
tion of the conic relative to a frame of reference in tt shall be expressible with 
real coefficients. For the present discussion, however, we do not need the general 
theory of correlation which is used in § 85. 

t According to some usage any complex locus which has a real equation is called 
real. Cf. Pascal’s Repertorium der Hoheren Matheinatik, Vol. II (1910), Chap. XIII 
(Berzolari). According to this definition both of the above classes of conics would 
be called real. 
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If the line I be taken as the line at infinity of a Euclidean plane 
the argument above shows that any two imaginary conics are also 
conjugate under the aiB&ne group. Since these conics do not meet 
any real line in real points, they are analogous to ellipses no matter 
how the line at infinity is chosen. Hence we make the definition : 

Definition. An imaginary conic with a real polar system is called 
an imaginary ellipse. 

The results just established, together with those stated in Ex. 7, 
§76, and Exs. 14 and 15, § 37, may be summarized as follows: 

Theouem 17. Under the ajfine group the conics with real polar 
systems fall into four classes, parabolas, hyperbolas, real ellipses, 
imaginary ellipses. Any two conics of the same class are equivalent. 

Under the Euclidean group conics must be characterized by their 
relations to the circular points I^, Since a real conic which does 
not meet in real points meets it in conjugate imaginary points, 
any real conic through also contains and is therefore a circle. 
For the same reason the imaginary conic determined by an elliptic 
polar system must contain if it contains 7^. 

Definition. An imaginary ellipse witli respect to which the pairs 
of conjugate points on are pairs of the absolute involution is called 
an imaginary circle. 

Theorem 18. Any two real circles or any two imaginary circles 
are similar. 

Proof, Let the centers, necessarily real, of two circles and 
be Oj and 0^ respectively. The center may be transformed to 0^ by a 
translation T^. This carries to a circle Cl, Any real line I through 
Oj meets Cl in two points and and in two points and K,,. 
Since each of these pairs is harmonically conjugate with respect to 0^ 
and the point at infinity 0* of I, the homology T^ with 0^ as center 
and as axis which carries to also carries to K^, This homol- 
ogy evidently carries all real points to real points if C^, C^, K^, are 
real. If and are pairs of conjugate imaginary points, con- 

sider (§ 77) the real pair of points PP' harmonically conjugate with 
regard to and 00« and the real pair QQ* harmonically conjugate 
with regard to and 00«. The homology must carry P and P' 
to Q and Q' and therefore carries all real points to real points in 
this case. 
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Now the conic Cl is fully determined by its points Z^, 6^, and 
its center 0^ and is fully determined by Z^, Z^, ZT^, and 0^. Hence 
Tg carries Cl to K^, The product carries C^ to K\ 

Theorem 19. Any two parabolas are similar. 

Proof. Let C^ and be two parabolas and let C^ and ZT* be their 
points of contact with Z«. T^et be any rotation carrying (7« to 
and let Tj(C^)= Cl. Let ZT* be the conjugate of A'* in the absolute 
involution and let c be the ordinary line through tangent to Cl 
and C its point of contact ; also let k be the ordinary line through 
tangent to Zi“, and K its point of contact. The translation 



carrying C to K carries c to k and Cl to a conic touching at ZT*. 
Any line I through K, not containing ZT* or meets Cl in a point 
(7' and in a point K\ The homology with K as center, Z* as 
axis, and carrying C to K’ carries Cl to K^. The product is a 

similarity transformation carrying C^ to Zf I 

No theorem analogous to the last two holds for ellipses and hyper- 
bolas. Suppose an ellipse or a hyperbola C^ meets Z* in C^ and C^ and 
another ellipse or hyperbola meets it in and K^. In case a 
similarity transformation carries C^ and C^ into and ZT^, 

(5) B(Z/,,(7,(7,)=B(J/,,Z:,A,). 

Conversely, if C^ and ZT* satisfy the condition (5) there evidently 
exists a rotation carrying C^ and C^ to and K^. This rotation carries 
C* to a conic Cl which passes through and ZT^. By an argument 
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analogous to the proof of Theorem 18 it can be shown that if C® and 
are both real ellipses, or both imaginary ellipses, or both hyper- 
bolas, there is a similarity transformation carrying to Hence 
Theorem 20. Two real ellipses or two imaginary ellipses or two 
hyperbolas which meet l^ in pairs of points and are 

similar if and only if ^' 1 ^ 2 )= B 


EXERCISE 

A hyperbola for which Bs = — 1 is rectangular (Ex. 3, § 73). 

80. Foci of the ellipse and hyperbola. Let be any hyperbola or 
real or imaginary ellipse, and let l^ be the tangents to through 
and Zg, Z^ the tangents to through The circular points 1^ 
are one pair of opposite vertices of the complete quadrilateral If/J^- 
Let the other two pairs of opposite vertices be and F[F^ respec- 
tively (fig. 63), let a be the line F^F^, h the line F[Fly and 0 the point 
of intersection of a and h. Also let and be the points at infinity 
of tlie lines a and b resj)ectively. The triangle OA„Bao is self-polar 
with respect to Cl Hence 0 is the center of C* and is therefore real. 

Let X be any real point not on Z^, Z^, l^y l^ or Cl By the dual of the 
Desargues theorem on conics (§ 46, Vol. I) the tangents to C^ through 
A" are paired in the same involution with AT^, Xl^ and XF^, XF^ and 
XF[, XF^, The double lines x^, of this involution are Iiarmonically 
conjugate with regard to AT/^, XI^ and to the tangents to C^. Hence 
they are paired both in the involution of orthogonal lines at X and 
the involution of lines conjugate with respect to C^ at X. Hence 
by Cor. 2, Theorem 9, x^ and x^ are real, and are the unique pair of 
orthogonal lines on X which are conjugate with regard to Cl 

In particular, if A" = 0 it follows that a and b are real and are the 
only pair of orthogonal and conjugate diameters of C^. Hence and 
B^ are also real. If X is not on a, 6, or Z«, the lines and meet a 
in a pair of real points X^, X^ distinct from A* and 0, Since F^ and F^ 
are harmonically conjugate with respect to the real pairs X^X^ and A* C, 
they are either real or conjugate imaginaries. But since and 7^ are 
conjugate imaginaries, by Theorem 14 if one of the pairs F^F^ and 
F[F[ is a pair of real points, the other is a pair of conjugate imagi- 
naries, and conversely. Hence the notation may be so assigned that 
7\ and are real and F[ and A' are conjugate imaginaries. 
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Let and be the points in which a meets C* and and the 
points in which h meets By construction neither of the lines a 

and 6 can be tangent to so that each of the pairs and BJ^^ is 

either real or a pair of conjugate imaginaries. 

In case C® is an imaginary ellipse, both A^A^ and are neces- 
sarily pairs of conjugate imaginaries. In case is a real ellipse, the 
line does not meet it in any real point, and hence O, the ])ole of 
is an interior point. Hence both a and h meet in real points. 

Hence if is an ellipse, A,^, are all real. Whether is , 

an ellipse or a hyperbola, the tangents to from are conjugate ! 
imaginary lines since they join the real point to the conjugate 

/ \ 



imaginary points and 7^. Hence is interior to C^, as is also 
by a like argument. Hence the line B^B^ meets in real points. 
Hence if is a hyperbola, A^ and A^ are real. But if is a hyper- 
bola, O is an exterior point, and hence which is harmonically 
separated from 0 by and A^, must be an interior point. Hence b, 
the pole of does not meet (7^ in real points, and.consequeiitly B^ 
and B^ are conjugate imaginaries. 

Let the polars of B^, B^, 7\', B^ relative to be denoted by 7^, dg, 
d!, respectively. Then and d^ being the polars of real points are 
real ; and since their point of intersection is polar to a, it is and 
hence they are parallel to b. In like manner d[ and 7' pass through 
and are conjugate imaginaries. 
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Definition. The lines a and h defined above are called the axe% of 
the conic a being called the major, or principal, axis and h the 
minor, or secondary, axis. Each of the points F^, F[, F!^ is called a 

focus, and each of the points A^, B^, a vertex, of the conic C*. 
Each of the lines d^, d.^, d[, d.[ is called a directrix of 



In the course of the discussion of the complete quadrilateral 
we have established the following propositions : 

Ti I FOR KM 21. If is a liyperhola or a real or imaginary ellipse 
which is not a circle, its axes are the unique pair of conjugate diam- 
eters winch are mutually perpendicular. Two of the foci aiid two of the 
directrices are real. The real foci lie on the major axis and the real 
directrices are perpendicular to it The other two foci are conjugate 
imaginaries and He on the minor axis. If (7“ is real, the real foci are 
inferior 'points and the real directrices are exterior lines. If is a 
real ellipse, all four of the vertices are real ; if is a hyperbola, the 
two vertices on the major axis are real and those on the minor axis 
are conjiigate imaginaries. 

The two tangents to through F^ pass also through I^ and I^, 
Pairs of conjugate lines at F^ are separated harmonically by these 
two tangents and hence meet L in pairs of the involution whose 
double points are I^ and I^. If we limit attention to real elements, 
this may be expressed by saying that tlie pairs of conjugate lines with 
respect to which pass through a focus are orthogonal. Conversely, 
if the pairs of orthogonal lines at any point P are conjugate with 
respect to C^, the double lines of the involution of orthogonal lines at 
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P would have to coincide with the double lines of the involution of 
conjugate lines, and hence P would be a focus. Hence 

Theorem 22. The real foci of a hyperbola or a real or imaginary 
ellipse are the unique pair of real points at which all of con- 

jugate lines are orthogonal. 

The set of all conics tangent to the four minimal lines Z^ 

form a range (§ 47, Vol. I). Hence the pairs of tangents to these conics 
through any T tbe sides of the diagonal triangle OA^B^ 

form an involution among the pairs of which are the paii-s of lines 
P/p PPp PPyi and PP/, PPj. Now if P is on 6'^ there is only 
one tangent to at P, and this tangent is therefore a double line of 
the involution. This and the other double line have to be harmon- 
ically conjugate with respect to PI^ and P/^; that is, if and P 
are real, the two double lines liave to be orthogonal. These double 
lines must be harmonically conjugate also with respect to PT\ 
and PF^, Thus we have a result which may be expressed as follows 
(cf.Ex. 12, § 76): 

Theorem 23. The tangent and the Twrmal to a real ellipse or 
hyperbola at any real point are the bisectors of the pair of lines 
jomirig this point to the real foci. 

In the proof of this proposition we have excepted the vertices of 
the conic, but the validity of the proposition for these points is self- 
evident. Another proposition which follovrs directly from the discus- 
sion above is the following, in wdiich we make use of the fact that the 
pair of real foci determines the pair of imaginary ones, and vice versa. 

Theorem 24. Definition. The system of all conics having two 
real or two imaginary foci in common is a range of conics of Type I, 
The two conics of the set tvhich pass through any real point have 
orthogonal tangents at this point. Such a range of conics is called a 
system of confocal conics or of confocals. 

The construction for the foci which has been considered in this section, 
when applied to a circle, reduces to a very simple one. The tangents to the 
circle at f and meet in the center of the circle. The center of the circle 
is therefore sometimes referred to as the focus and the line at infinity as the 
directrix. 

The term “ focus ” is derived from the property stated in Theorem 23, in 
consequence of which, if the conic be regarded as a reflecting surface, all rays 
of light diverging from one focus will be reflected back to the other focus. 
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In the rest of the chapter the foci, center, directrices, and axes of 
an ellipse or a hyperbola will be denoted by the same letters as in this 
section. The notation has been assigned so that for an ellipse the points 
are in the order {d^a^f^oF^A^D,} . 

and for the hyperbola in the order 

{F^A^F^OF^A^F^}, 


where and denote the points of intersection of the principal 
axis with the directrices and respectively. 

81. Focus and axis of a parabola. Let be any parabola. Since 
it is tangent to there are two ordinary tangents to it through 
and respectively ; let these be denoted by and respectively. 
Let their point of intersection be denoted by F, their points of contact 
with by and respectively, and the line by d. Also let 
the point of contact of with L be denoted by the line A^F by 

a, and the point, other than A*, in which a meets (7^ by A. 

Definition. The point F is called the focus, the line d the direc- 
trix, the line a the axis, the point A the vertex, of the parabola 6"^ 



That the focus, directrix, etc. of a parabola are real may be proved 
as follows: The transformation from pole to polar with regard to 
transforms the absolute involution to an involution of the lines 
through and transforms and into A^L^ and A^L^ respectively. 
The involution in the lines at is perspective with an involution 
among the points of (7* which has and as double points. Hence 
Lj and are conjugate imaginary points. Hence by Theorem 10 the 
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line d is real. Hence its pole, F, is real. Hence the line a joining 
F to -4ao is real, and also the point A, 

Since the two tangents to C® through F pass through and 7^, 
any two conjugate lines through F are perpendicular. Conversely, if 
the pairs of conjugate lines at any point are orthogonal, the tangt^nts 
through this point must contain and 1^ respectively. Hence F is 
the only such point. Since the tangents througli 7’ are imaginary, F 
is interior to and hence all real points on d are exterior. 

The tangent at A is parallel to d, and hence by the construction of 
d perpendicular to a. Since the tangent at any other ordinary point ' 
of is not parallel to 7, it follows that the line a is the only diameter ^ 
of which is perpendicular to its conjugate lines. These and other 
obvious consequences of the definition may be summarized as follow^s : 

Theorem 25. The axis of a parabola is real and is the only 
diameter perpendicular to all its conjugate lines. The focus of a 
parabola is real and lies on the axis. The focus is the unique point 
at which all pairs of conjugate lines are orthogonad. It is interior to 
the parabola. The directrix is real, is the polar of the focus, and is 
perpendicular to the axis. All real points of the directrix are exterior 
to the parabola. The vertex is real and is the mid-point of the focus 
and the point in ivhich the directrix meets the axis. 

The system of all conics tangent to l^ and and to l^ dX, A ^ forms a 
range of Type II (§ 47, Vol. I) which consists of all parabolas having 
F as focus and a as axis. The pairs of tangents to these conics 
through any real point F of the plane are by the dual of Theorem 20, 
Chap. V, Vol. I, the pairs of an involution in which Pf is j)aired with 
P/g and f^F with FA^. The tangents to the two conics of the range 
which pass through F are the double lines of this involution and 
hence separate FI^ and FI^ harmonically. Thus we have 

Theorem 26. The parabolas with a fixed focus and axis form a, 
range of Type II. The two parabolas of the range which pass through 
a given point have orthogonal tangents at this point ' 

The tangent to either parabola through F is therefore normal to the 
other. Since these two lines separate PF and FA^ harmonically, we have 
Theorem 27. The tangent and the normal to a parabola at any 
point are the bisectors of the pair of lines through this point of udiich 
one passes through the focus and the other is a diameter. 
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EXERCISES 

1. If P is any point of an ellipse, the normal at P is the interior bisector 
of 4 F^PF^. If P is any point of a hyperbola, the tangent at P is the interior 
bisector of 4 F-^PF^. 

2. At any noiifocal point in the plane of a conic there is a unique pair of 
orthogonal lines which an^ conjugate with regard to the conic. In case of an 
ellii)se or a hyperbola these lines harmonically separate the real foci. In case 
of a jrarabola they meet the axis in a i»air of points of which the focus is 
the mid-point. 

3. For any point P of an axis of a conic there is a unic^ue point J*' on 
the same axis sucdi that any line through P is orthogonal to its conjugate 
line through P\ The pairs of points P and P' are pairs of an involution 
(calh'd li/oral mvoliition) whose double points are the foci of the conic, or, in 
case of a ])arabohi, the focus and the point at infinity of the axis. If and 
P'are on the minor axis, ^PF^P' is a right angle. If the conic is a parabola, 
F is the mid-point of the pair PP'. 

4. Of two confocal ctuitral conics having a real point in common, one is 
an eHii>se and the other a hyperbola. 

5. The tangents at th(‘ {>oints in which a conic is met by a line through 
a focus me(‘t on the corresponding directrix. 

6. Tf two conics have a focus in common, the poles with regard to tlie 
two conics of any line through this focus are collinear with the focus. 

7. L(‘t P b(‘ any point of a conic, and Q th(‘ point in which the tangtmt at 
nie(*ts a directrix. If Pis the corre.sponding focu.s, ^PFQ is a right angle. 

8. If a circle j)asses through the two real foci and a point P of a conic, it 
will liave the two points in which the tangent and normal at P cut the other 
axis as extremities of a diameter. 

9. Tf a variable tangent meets two fixed tangents in points P and Q 
resp<^ctiv(‘ly, and F is a focus, the measure of ^PFQ is constant. 

10. Let and 1^ be tw^o tangents of a central conic meeting in a point 7’; 
the ]>air of lines q, TF^ is congruent to the i)air TF^^ 

11. The line joining the focus to the point of intersection of two tangents 
to a parabola makes with either tangent the same angle that the other tangent 
makes with the axis. 

12. Let p be a variable tangent of a parabola, and P a j>oint of p such that 
the line PF makes a constant angle with p. 1'he locus of P is a tangent to 
the parabola. 

13. The foci of all parabolas inscribed in a triangle lie on a circle. 

14. A circh*. circumscribed to a triangle which is circumscrib(»d to a 
parabola passes through the focus. 

15. The circles circumscribing four triangles whose sides form a complete 
quadrilateral pass through a point which is the focus of the parabola having 
the sides of the quadrilateral as tangents. 
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16. Let P be any point coplanar with, but not on an ai^s of, a conic C*. 
The lines which are at once perpendicular to and conjugate with regard to 

to the lines through 7^ are the tangents of a parabola (the Steiner parabola). 
The axes of are tangents of this parabola. 

17. If P andP" are a i)air of one focal involution of a central conic, and 
Q and Q' a jmir of the oth(ir, P, P', Q, Q' are on an equilateral hyperbola, 
which may degenerate into a pair of orthogonal lines. 

18. (liven five points of a conic, construct by ruler and compass the center, 
the axes, the vertices, the foci, and the directrices. Construct the same 
elements when five tangents are givcm. 

82. Eccentricity of a conic. Let 7^ be a real focus, and d the cor-j 
responding directrix, of a conic which is not a circle. Let a be the\ 
major axis of (7^, and h the line parallel to d such that if a meets d 
in a point i), and h in a point H, D is the mid-point of the pair FH, 
Then d is the vanishing line (§ 43) of the harmonic homology T with 
F as center and h as axis. 



Since jP is a focus, the tangents to through F pass also through 
tlie circular points. Hence the transformation T changes into a 
circle with F as center. Now if P is any point of the circle, 
P' the point of to which F is transformed by T, and i>' the 
l)oint in which the line through P' parallel to FD meets d, it follows 
by Cor. 2, Theorem 21, Chap. Ill, that 

Dist(P'P) Dist(PP) 
bist (P'P') ”” I>ist {FPy 

Since Dist (PP) and Dist (FD) are constants, it follows that 

Theorem 28. Definition. The ratio of the distances of a point 
of a conic to a focus and to the corresponding directrix is a constant 
called the eccentricity. 
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The conic is a parabola if and only if the circle is tangent 
to dy the vanishing line of T. In this case 

Dist (FD) = Dist (FF), 

and hence the eccentricity is unity. The conic is a hyperbola it 
and only if meets d in real points. In this case 

Dist (FD) < Dist (FF), 

and hence the eccentricity is greater than one. Applying a like 
remark to the ellipse we have 

Theorem 29. A conic section is an ellipse, hyperbola, or parabola 
according as its eccentricity is less than, greater than, or equal to 
unity, 

A circle is said to have eccentricity zero, because if P and F be held 
constant, and D be inov(‘d so as to increase FD without limit, the ratio 
Dist (7*/'^)/ Dist (F/)) a}>])roaches zero. 

The eccentricity of a hyperbola or an ellipse is evidently the same 
i*elatively to either of its real foci, because the two foci and the 
corresponding directrices are interchangeable by an orthogonal line 
reflection whose axis is the niiiior axis of the conic. 

As an immediate corollary of the definition of eccentricity we have 

Theorem 30. Tv^o real conics are similar if and only if they have 
the same eccentricity. 

On comparing this theorem with Theorem 20, it is evident that the 
eccentricity is a function of the cross ratio of the double points of 
the absolute involution and the points in which the conic meets 
As an example of this relation we have (by comparison with § 72) 
the theorem that any two hyperbolas whose asymptotes make equal 
angles have the same eccentricity. The formula connecting tlie eccen- 
tricity of a hyperbola with the angular measure of its as3unptotes is 
given in Ex. 7, below, and the formula for the eccentricity in terms 
of the cross ratio referred to in Theorem 20 is given in Ex. 9. 

Since a real focus of any conic is an interior point, the line through 
a real focus (e.g. F^, fig. 64) perpendicular to the principal axis meets 
the conic in two points, The number Dist {Q^Q^ is evidently 

the same for both foci of an ellipse or hyperbola, and hence is a fixed 
number for any conic C\ 
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Definition. The number p = Dist {Q^Q^ is called the parameter y 
or latus rectum y of the conic C*. 

In the following exercises e will denote the eccentricity and p 
the parameter of any conic. For an ellipse or hyperbola a denotes 
Dist (OA^) and c denotes Dist For an ellipse h denotes 

Dist {OB^. For a hyperbola h denotes Vc^ — 

In all cases a radical sign indicates a positive square root. 


EXERCISES 

1. If P is any point of an ellipse, Dist {F^P) + Dist {F^P) = 2 a. 

2. If P is any point of a hyperbola, Dist {F^P) — Dist {F^P) = ± 2 a. 

3. In an ellipse Dist (B^F^) = a and = Ir + 

4 . Dist • Dist = b‘K ^ 

5. In an ellipse or hyperbola e — ~ and p = 

6. In a parabola Dist (AF) = />/4. ^ ^ 

7. The measure $ (§ 67) of the pair of asymptotes of a hyperbola is 

determined by the equation 2 

cos ^ = 1 r • 

€* 

8. For an equilateral hyperbola e = V2. 

9. The cross ratio B (C\C\y Iil^) = referred to in Theorem 20 is con- 
nected with the eccentricity by the relation 

* l+2/fc+i:* 

— 4 it- 

in case of an ellipse, and by ^ — — — — 

in case of a hyperbola. 

10. I jfit yP and be the circles with O as center and passing through the 
vertices and 7^^, respectively, of an ellipse, and let a variable ray making 
an angl(‘ of measure 0 with the ray OA meet these circles in A' and V 
r(»spectively. Th(*n the line through V parallel to OA^ meets the line through 

])arallel to OB^ in a point P of the conic. If a: and y are the coordinates 
of P rtilative to the axes of the conic, 

X = (I cos 9f y — h sin 0. 

0 is called the eccentric anomaly of the point 7^. 

11. Relative to a nonhomogeneous coordinate system in which the prin- 

cipal axis of a conic is the x-axis, and the tangent at a vertex the y-axis, the 
equation of a parabola, ellipse, and hyperbola, respectively, can be put in 
the form f = px, 

y*=px-^x*, 

Q, 
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12. Relative to the asymptotes as axes, the equation of a hyperbola may 
be written 


xy = 




13. Relative to any pair of conjugate diameters as axes, an ellipse has the 
equation ^ ^ 

^*2 

and a hyperbola, ~ 


If A' is a point in which tlie :r-axis meets the conic, Dist (OA') = a'. In 
the cast‘ of an ellipse, if li' is one of the points in which tht‘ y-axis meets the 
conic, Dist {OB') = b'. 

14. The measure of the ordered point triads OA ' B' is a constant. 

15. The numbers a and h' satisfy the conditions a''^ + =r 

of an elli[)se and a '^ — //^ = in case of a hyj)erbola. 

16. Tlie equation of a system of confocal central conics relative to a sys- 
tem of nonhomogeiieous i)oint coordinates in which the axes of the conics 

are a: = 0 and if = 0 is 2 2 

— £ 4 . _J'__ = 1 

where A. is a paramet(;r. In the homogeneous line coordinates such that 
H^x - 1 - u^ij -f = 0 gives the condition that the point (/, ?/) be on the line 
t*quation of a system of confocals is — (cr—k) 

17. Relative to })oint coordinates in which ihe origin is th(‘ focus, y = 0 
tlie axis of the parabolas, and x = 0 j)er])endicular to tlie axis, the equation 
of a system of (confocal parabolas is 

— 2 (71 — X)x 4- A(y/ — X) = 0 . 

In the corresponding homogeneous line coordinates this is (cf. Ex. 16) 
pw.r — 2 — X(wf + t/j) = 0. 


83. Synoptic remarks on conic sections. An insjiection of the 
literature will convince one that it would not be practical to include 
a complete list of the known metric theorems on conic sections in a 
book like this one. The theorems which we have derived, however, 
an, ‘sufficient to indi(iate how the rest may be obtained either directly 
as sj)ecial cases of })r()jective theorems or as consequences of the focal 
and affine theorejiis given in this chapter and Chap. 111. 

The theorems on conic sections have been classified according to 
the geometries to which they belong. The most general and elemen- 
tary which we have considered are those which belong to the proper 
projective geometry (§17), the geometry corresponding to the projec- 
tive group in any space satisfying Assumptions A, E, P. Theorems 
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of this class are given in Vol. I, particularly in Chaps. V, VIII, X, 
A second large class contains those theorems which belong to the 
affine geometry in any proper projective space. These are treated 
somewhat fuUy in Chap. III. 

The theorems of the class considered in §§74, 75 of this chapter 
belong to the projective geometry of an ordered space. The theorems 
of § 7 6 belong to the projective geometry of a real space. Finally, 
in §§ 80-82 we have been considering theorems of the Euclidean 
geometry of a real space. 

It is quite feasible to make a much finer classification of theorems ! 
on conics. This would mean, for example, distinguishing those proper- ' 
ties of foci which hold in a parabolic metric geometry in a general 
space, then those which hold in an ordered space, and then those 
which are peculiar to the real space. 

The theorems which have been under discussion in the remarks 
above refer in general to figun^s coin}>osed of one conic section and e 
finite numl)er of points and lines. Theorems regarding more than 
one conic at a time have not been considered in any considerable 
number, and the theory of families of conics has not been carried 
beyond pencils and ranges. For an outline of this subject the reader 
is referred to the Encyclopadie der Math. Wiss., Ill Cl, §§ 56-90. 

EXERCISES 

1. The diagonals of the rectangle formed by the tangents at the vertices 
of an elli]>se are conjugate diameters for which n' = h'. The angle between 
tliis pair of conjugate diameters is less than that between any other pair of 
conjugate diameters. For this pair of conjugate diameters «'+ ft' is a maxi- 
mum. It is a minimum for a' = a, ft' = ft. 

2. If two orthogonal diameters of a conic meet it in P and Q, 

+ = i + i 

O]^ OQ’‘ I? 

for an ellipse, and ^ ^ / 1 1 \ 

for a hyperbola. 

3. The locus of a point from which the two tangents to a conic C® are 
orthogonal is a real circle in case is an ellipse or a hyperbola for which 
a>h\ is a pair of conjugate imaginary lines through the center and tlie cir- 
cular points in case C® is a hyperbola for which a = ft; is an imaginary circle 
in case (7* is a hyperbola for which a < ft ; is the directrix in case (y is a p)aral> 
ola. The circle thus defined is called the director circle of (y. Construct it 
by ruler and compass. 
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4. A variable tangent to a central conic is met by the lines through a focus 
which make a fixed angle with it in the points of a circle. In particular, the 
locus of the foot of a porptmdicular from a focus to a tangent is a circle. 

5. If / is a variable tangent of a central conic, Dist (F^t) • Dist (Fg/) = 6^. 
If t' is the other tangent parallel to /, Hist (F^t) • Dist (F^t') = 

6. If F is a focus of a conic and /\, I\ the points of intersection of an 
arbitrary line through F with the conic, 

FI\ 

IS a constant. 

7. If the tangent to a conic at a variable point P meets the axes in two 
points 1\ and 'l\y and the normal at P meets them in and iVg, then 

Dist • Dist (PPa) = (^'^ 2 ) 

Dist (P7<\) . Dist (PFa)* 

8 . There is a unique circle which osculates a given conic at a given 
point P. This is called the circle of curvature at P. Its center is called the 
center of curvature for P and li(*s on the normal at P. 

9. Construct by ruler and com])as8 the center of the circle of curvature 
at an arbitrary point of a given conic. 

10. The circle of curvature of a conic ('^ at a point 7^ meets in one and 
only one other point, <1. I'he line PQ is the axis and the point P the center of an 
elation which transforms into The center of curvature is transformed 
by this elation into the center of the involution on in which the pairs of 
orthogonal lines at P me(‘t 

11. The tangent and normal at any point P of a conic are both tangent 
to the Steiner parabola (Ex. 16, § 81) determined by this point. The point 
of contact of the normal with the parabola is the center of the circh* of cur- 
vatun* of at 7*, and the point of contact of the tangent with the parabola 
is the pole of the normal with respect to C^. (For further properties of the 
circle of curvature, cf. Encyclo]iadie der Math. Wiss., Ill Cl, §66.) 

12. The polar reciprocal of a circle with res})ect to a circle having a 
point O as center is a conic having O as a focus. (A set of theorems related 
to this one will be found in Chap. VIII of the book by J. W. Russell referred 
to in § 76.) 

34. Focal properties of collineations. The focal properties of conic 
sections are closely related to a set of theorems on collineations 
some of which are given in the exercises below. A good treat- 
ment of the subject is to be found in the Collected Papers of 
IT. J. S. Smitli, Vol. I, p. 545, and further references in the 
Encyclopadie der Math. Wiss., IIT AB 5, § 9. 


* Cf . § 47, Vol. I. 
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Let n be any real projective colliiieation which does not leave /« 
invariant, and let p and q be its vanisliing lines ; so that 11 (p) = L 
and IT (D = 2- If and are tlie circular points, let 11 ■’'(/^) = ij, 
11-' (4) n (/j) = Qj, n (/,) = Q,. By Uie theorems of § 78 the 
lines /J/j and meet in a real point and and meet 
in a real point A^. If 11 {A^ = and 11 {A^ = it is clear that 
the complete quadrilateral whose pairs of opposite vertices are 
T^/g, A^A^ is transformed into one whose pairs of opi)Osite 
vertices are following propositions are now 

easily verifiable, and are stated as exercises. 

EXERCISES 

1 . ylj is such that any ordered pair of lines meeting at is transformed 
by n into a congruent pair of lines. is such that any two lin(*s meeting in 

are transformed by 11 into a symmetric pair of lines. No other points 
have either of these properties. 

2. Every conic having a focus at A^ or A^ goes to a conic with a focus at 
/ij or /fg resjK'ctively. 

3. The range of conics having and A^ as foci is transformed by 11 into 
the range of conics with Vq and /Ig as foci ; and this is the only system of 
confocals which goes into a system of confocals. 

4. The ])enc,il of circh's with A^^ vlg as limiting points is transformed by 11 

into that having /q, limiting points; and these are tlui only two pencils 

of circles homologous under 11. The radical axes of the two pencils are the 
two vanishing lines. 

5. If P is any point and 11 (P) = /*', then the ordered point triad A^PA^ 
is similar (but not directly similar) to the ordered point triad 

6. At a point of a Euclidean ]»lane there is in general one and only one 
pair of perpendicular lines which is transformed into a pair of p(;rj)endicular 
lines by a given affine collint'.ation. 

7. In any tw^o projective jiencils of lines there is a pair of correspond- 
ing orthogonal pairs of lines. The line ]>airs which are homologous with 
congruent line pairs form an involution. 

8. Any projective collineation which does not leave /» invariant is express- 
ible as a product of a displacement and a homology. 

85. Homogeneous quadratic equations in three variables. Revers- 
ing the process which is common in analytic geometry, it is possible 
to derive certain classes of algebraic theorems from the theory of 
conic sections. We shall illustrate this process in a few important 
cases and leave the development of further algebraic applications to 
the reader. 
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The general homogeneous equation of the second degree can 
be written in the form 

+ ^ 01 ^ 0^1 + ^ 02^2 
(6) + + a^^xf -h a^^x^x^ 

+ « 20 ^ 2^0 + ^ 21 ^ 2^1 + « 22^2 = 0 » 


where Let us first suppose that 


( 7 ) 





00 

01 



a 

10 

11 

a ^ 

a 

a. 

20 

21 


In § 98, Vol. I, it has been shown, from the point of view of general 
projective geometry, that every projective polarity is represented by 
cl bilinear equation of the form 

^oo'^o^o + + ^'02^0^2' 

(8) + a^oX^xl, 4- a^^x^x[ -f- 

-f a20^2‘'^d + ^21'^2‘^1 + = 0, 


where rr, . = aj^ and wliere A ^ 0. 

It was also sliown that every bilinear equation of this form, subject 
to the condition A ^ 0, represents a |>olaiity ; that tlu^ ecpiation in 
}>oint coordinates of the fundamental conic of the polarity is (6), 
wliich is obtained from (8) by setting x[ = ; and that the equation 

of tliis conic in line coordinates is 

(9) = 0, 

where A^j is the cofactor of a.^ in A. 

The coefficients are elements of the geometric number system. 
Tiierefore in the case of the real plane they are real numbers, and 
we have 

Theorem 31. Every equation of the form (G) with real coefficients 
such that cKy = and A ^ 0 represents a conic whose polar system 
transforms real points into real lines. Conversely, every conic with 
regard to ivhich real points have real polars has an equation of the 
form (6) with real coefficients such that and A 0. 
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In § 79 we have seen that any conic having a real polar system is 
in one of two classes, and that any two conics of the same class are 
projectively equivalent. Now it is obvious that 

(10) x^+x^+x^=0 

is the equation of an imaginary conic, and that 

( 11 ) x^-^xf- x,^=0 


is the equation of a real conic. Hence we have 

Theorem 32 . qiLadratic equation in three homogeneous vari- 
ables whose discriminant A does not vanish is reducible by real linear | 
homogeneous transformation of the variables to the form (10) or to \ 
the form (11). 

Algebraic criteria to determine whether a given conic whose 
equation is in the form (6) belongs to one or the other of these classes 
may easily be determined by tlie aid of simple geometric considera- 
tions. In case contains no real points, the line 0 has no real 
point in common with it, and the point (which is on the line 

0) is on no rt.^al tangent to it. On the other hand, if the line — 0 
contained no real j)()int of C^and (7^ were real, this line would consist 
entirely of exterior ])oints, and hence there would be a tangent to 
through the point ^^=0. Hence a pair of necessary and sutticient 
conditions that contain no real points are (1) 0 is on no point 

of Cf and ( 2 ) = 0 is on no tangent of 

Su])stituting x^= 0 and = 0 in (8), we have the equation of an 
involution 

+ = 0 . 


which, by § 4, is elliptic if and only if >0. By a dual argument 
applied to (9), the necessary and sufficient condition that there be no 
real tangents to through the point 14^= 0 is 


(13) 




> 0 . 


By a well-known theorem on determinants (or a simple computation) 

this reduces to ^ a 

a^^ • A> 0. 
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Hence we have 


Theorem 33. Tlie imaginary conics are those for which 
A^> 0 and a^^ - A > 0, 


and the real ones are those for which not both of these conditions 
are satisfied and for which ^ 0. 


In these conditions it is obvious thatu4^ and may be replaced 
by Aii and a^j, where i, j = 0, 1, 2, provided that i 

Let us now investigate the cases where ^ = 0, and first the case in 
wliich not all the cofactors A^, are zero. To fix the notation, 

suppose that A^^ 0. Then the bilinear equation (8) is satisfied 
by x^^A^y Xj =A^^y x^ = A^^^y no matter what values are taken by 
Xq, x^, x.j. Hence in this case (8) determines a transformation, F, of 
all the points ,r') distinct from through 

(^oo» ^ 01 ’ ^ collineation wliich transforms (A^ A^^, AJ to (1, 0, 0) 

must reduce (8) to 


(14) 


+ W! + V'.X==o ““ «■ 


It is to be noted that 


b 

h 


n 

21 


¥= 0 , 


liecause if tliis determinant vanished, F would transform all points 
.x*'„ x[^ into a single line, and hence A^^^ would vanish. Hence F 
transforms any point (,r', x') into the line paired in a certain invo- 

lution with the line joining (.r', x[y x^) to (A^^^ A^^^, A^,J. The double 
lines of tlie involution must satisfy the (piadratic (*([uation (0). 

Comparing with the definitions in § 45, Yol. 1, we have that when 
A = 0 and not all the cofactors A^, A^^, A,^,^ are zero, (d) represents a 
degenerate conic consisting of two distinct lines and that (8) rejiresents 
the polar system of the conic. Since the lines represented ])y (6) are 
the double lines of a real involution, they are either real or a pair of 
conjugate imaginaries. In the first case (6) can evidently be trans- 
formed bv a collineation to 

(15) 

and in the second case to 


— x^ = 0 , 
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The criteria to distinguish the two cases may be found by considering 
the intersection with (6) of a line x~ 0. This yields imaginary points 
(just as in the nondegenerate case) if and only if > 0, and real 
points if and only if A.^ ^ 0. Hence the case where (6) represents a 
pair of real lines occurs if and only if for 0, 1, 2. 

Finally, suppose thsit A^= A^^ = A^^=A= 0. In view of the identity, 

(17) A^^Ajj—A^^ = - A, (i ^ j /r ?) 

this implies that all the cofactors A^ are zero, and hence that (S) 
represents the same line, no matter what values are substituted for 
Xq, x[, a:'. Hence (6) re])resents a single real line (i.e. two coincident 
real lines), and the polar system (8) transforms all points not on this 
line into this line. If this line be transformed to = 0, (6) obviously 
becomes 

(18) 

A degenerate point conic is two distinct or coincident lines. These 
may always be represented by a quadratic equation wliich is a product 
of two linear ones. For such a quadratic A = 0, l)ecause if A ^ 0, th(‘. 
ecpiation lias been seen to represent a nondegenerate conic. Hence 
the theory of degenerate point conic^s is ecjui valent to that of homo- 
geneous quadratic ecpiations for which A — 0. 

The complete projective classification of conics, degenerate or not, 
may now be stated as an algebraic tlie{)r(‘ni in the form : 

Theorem 34. Aut/ liomoffomnffi quadratic equation in three vari- 
aides may he reduced hy a real linear Itomoyencous tramformationy 

(19) x\ = {i = 0, ] , 2), I « J 0 

.7 = 0 

to one of the normal forms (10), (11), (16), (Id), (18). The criteria 
which determine to which one of these forms an equation (6) is reducible 
may he summarized in the following table : 


A A = 0 




— 

_A 


IMAOINAIIY 

Conic 

Real (V)mc 

Im A<;iNAHY 
J.INE PAIJI 

I 

Coincident 
Real Line Pair 

aiiA > 0 

<ii\A ^ 0 


8 

A 

0 

1 

1 

-4oo = 0 



or^ii>0 

or ^11 < 0 

An = 0 

^00 > 0 

or Aoo = 0 

or A 22 > 0 

i 

or .422 < 0 

A 22 ~ ^ 
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Since the algebraic expressions in the above criteria determine conditions 
on the conic which are independent of the choice of coordinates and thus are 
invariant under the ])rojective group, it is natural to incjuire whether they are 
algebraic invariants in the sense of §90, Vol. I. A direct substitution will 
readily verify that A is a relative invariant of (0). 

Suj)pose wo regard the coefficients of (0) as homogeneous coordinates 
(®oo» ^*oi> ^io» ^ 12 ) ^ point in a five-dimensional space. Then ^ = 0 

determines a certain cubic locus in this space the points on which represent 
degenerate conics. Now if there were any other invariant of (0) under the 
projective group, say (< 7 ,^.), the equation = 0 would represent a locus 

in this five-dimensional sj)ace. But since each non degenerate conic is j)rojec- 
tively (*quivah*nt to every other nondegen(;rat{} conic, this locus would have to 
be contained in the locus of ^ = 0. From this it can be proved, by the general 
theory of loci represented by algebraic equations, tliat the locus of <f> (Oy) = 0 
coincid(*s with that of A = 0, and that hence (^(Uy) is rationally expressible 
in terms of y\ . I'hus A is essentially the only invariant of (6) under the 
projf'ctive grouj>. 

Th(* ({uestion, h()W(‘ver, arises whether there are not other rational func- 
tions of th(^ c()(‘ffi(*i(*nts of (0) which are invariant whenever yl = 0. If there 
were such a function, vsay (Uy), the conics for which <t>(a^) = 0 would 
bi^ a subclass of the d(‘generat(i conics which is transformed into itself by 
all com])Iex ])roject.iv(' collineations. The only class of this sort consists 
of th(*. coincident line pairs which are, given by tiro conditions, = 0, 
.^ 11 = 0 . In vi(nv of the theorem that a locus represent(‘d by two inde- 
pcuident algebraic eijuations cannot be the complete locus of a single 
algebraic equation, this shows that there is no other invariant of (0) even 
for the cases in which A = 0. 

Tliis reasoning could be exj>ressed still more briefly by saying that, while 
th(», set of all conics is a five-j)arameter family, and the set of degenerate 
conics a four-parameter family given by one condition, the only invariant 
subset of the degenerate conics is the two-paramet(!r set of coincident line 
pairs which have to be given by two conditions and so cannot correspond to 
a single invariant in addition to A, 


EXERCISES 

1 . In case A = 0, the lines representcjd by (6) intersect in the point 

"^ii» "^ 22 )* the three cofactors A, vanish, in which case (6) 

repn*sents the coincident line pair 

(^ 00=^0 + 

2. In case (0) represents a pair of distinct lines, (9) represents their poinc 
of intt‘rs(‘ction counted twice. In case (0) represents a pair of coincident 
lines, Ay == 0 (/, / -- 0, 1, 2). 
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86. Nonhomogeneous quadratic equations in two variables. The 

affine theory of point conics corresponds to the theory of 

«oo +“oi* 

(20) + + a^xy 

+ + “82^“ = 


where the a^.’s satisfy the same conditions as in the last section. 
The theorem that any nondegenerate conic is an imaginary ellipse, 
real ellipse, hyperbola, or parabola, and that any two conics of the 
same class are equivalent under the affine group, translates into the 
following : Any quadratic equation in two variables, for which 
is transformable by a transformation of the form 


( 21 ) 


a;' = a^x + h^y + c^, 
^ = a^x + \y+c^. 


a, \ 


^ 0 , 


into one of the following four forms : 


(22) 

a^4-/4-l = 0, 

(23) 

x^ + y^-l=0. 

(24) 

a^-f-l=0, 

(25) 

a? + y = 0. 


To know this it is merely necessary to observe that these equations 
represent conics of the four types respectively. 

The criteria to determine in which class a given conic belongs 
may be inferred from the discussion in the last section if we set 
X = and y = xjx^. It is then evident that > 0 for an ellipse, 
A^ = 0 for a parabola, and A^ < 0 for a hyperbola. Hence the 
affine classification of cases where A 0 may be summarized in the 
following table : 

A ^0 


Imaginary Ellipse 

Real Ellit.se 

Hyper no LA 

Parabola 

.^00 ^ ^ 
aiiX > 0 

-^00 ^ 
auA ^ 0 

A.QQ < 0 

o 

11 

§ 


The cases where A = 0 correspond, as in the last section, to degener- 
ate conics. Geometrically the types of figures are obvious, and to 
obtain the algebraic criteria we need only combine with considera- 
tions already adduced, the observation that when A^ = 0 and either 
= 0 or = 0, then = 0. 
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A = 0 


Conjugate 
Imaginary Lines 

Distinot Beal Likes 

Coincident 

Real Lines 

Concurrent 
at ordinary 
point 

Parallel 

pair 

Concurrent 
at ordinary 
point 

Parallel 

pair 

One at 
infinity 

Ordinary 

At infinity 

^00 > 0 

= 0, 

8 

A 

o 

-4 00 

= 0 , 

8 

1! 

= 22 = 0 ; 


-'^11 > 0 


-4 11 

<0 




or 


or 




-^22 > 0 


^22 

<0; 






011 5^ 0 


Oil ^ 0 





or 

Oil — O22 — 

or 

011 = 022 = 0 




022 0 


022 5^ 0 



As normal forms for the first six cases we may take 


(26) 

3 ? + 

(27) 

a:* + 1 =0, 

(28) 

ar* - / = 0, 

(29) 

■j?-\ =0, 

(30) 

35 = 0 , 

(31) 

ar' = 0. 


The case of coincident real lines at infinity does not correspond to 
any equation in nonhomogeneous coordinates. 

Summarizing these results we have tlie following algebraic theorem : 

Theorem 35. Any quadratic equation in two variables may be 
reduced to one and only one of the normal forms (22)-(31) by a 
transformation of the form (21). The normal form to which it is 
reducible is determined by the criteria in the two tables above. 

The question of invariants of (20) under the affine group may be 
investigated in the manner indicated for the corresponding projective 
}>roblem in the fine print at the end of the last section. The results 
of such an investigation are given in the exercises below. 

There are no absolute invariants of conics under the projective 
and affine groups, because two conics would fail to be equivalent 
under the one group or the other if they determined different values 
of an absolute invariant, and this would contradict the fact that 
there are only a finite number of conics distinct under the affine 
group. 
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EXERCISES 


1. A and are invariants of (20) under the afRne group. 

2 . In case A = Aqq = 0, A^j^/a22 and -‘i22A^ii invariants of (20) under 
the affine group. 

3 . The homogeneous coordinates of the cent(?r of ( 20 ) arc (^ioo> ^ ^^02)* 

_ j -I 

4 . If ^00 ^ tran.slatioii jc = x — ^ ^ transforms (20) into 

A 

ii^^x'^ + 2 a^2^i/ + Ugai/- + — = 0. 

00 

5. If .4 9^ 0 and ^ 0, the asymj>totes of ( 20 ) are given hy the equation 

+ 2 rtioJy + Oogp = 0. 

6 . Any diameter of a parabola is ]>arallel to 
^12^ + ^22^ = ^• 


87. Euclidean classification of point conics. With respect to a non- 
homogeneous co()rdiuate system in wliicli the pair of lines = 0 and 
y = 0 is ortliogonal and bisected by the lines x — y and x^ — y, the 
transformations of tlie Eu(dideari group take the form (21) vsubject to 
the conditions 

(32) a'^ -f a.f = h'f 4- Ky (^ihy + 0.21)2 = 0, 


and the displacements are subject to the additional condition 


(33) 




= 1 . 


Since any ellipse or hyi)ei*bola is congruent to one whose ])rincipal 
axes are a? = 0 and y = 0, and since any parabola is congruent to a 
parabola with the oiigin as vertex and y = 0 as its prin(a])al axis, it 
follows that any conic is congruent to a conic having one of the 
following equations : 


(34) 

^ + |-Vl = 0, 

(35) 

2 2 

-.+■^-1=0, 

V 

(36) 

0 

II 

T-l 

1 

1 

(37) 

0 

11 

1 


The normal forms to which degenerate point conics can be reduced 
by displacements are evident when one recalls that two pairs of non- 
parallel lines are congruent when they have the same cross ratio with 
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the circular points and tliat two pairs of parallel lines are congruent 
if the lines of each ])air are tlie same distance apart.* By comparison 
with the second table (A = 0) in § 86 we find 


(38) 


0. 

(39) 

+ = 

0. 

(40) 

0^ 2 

0. 

(41) 

= 

0. 

(42) 

X ~ 

0, 

(43) 


0. 


The gioup of displacements is extended to the group of similarity 
transformations by adjoining tninsf urinations of the form 

(44) k^O. 

Transformations of tliis soiT will rediu^e the equations (34) -(43) to 
noi'inal forms in whidi h, c, and p are all unity. 

I’he criteria for determining to whic^h of these normal forms a 
c.onifi is reducible under tlie grouj) of displacements or that of simi- 
laiity transformations are the same as those already found for the 
alline groii]). Two c.onics wliosc e(|uations can be nnluced to the same 
iKM’iiial form are evidcaiLly e(|ui valent under the group of disjdace- 
iiK'iits if and only if they d(‘termine the same v;dues for a and h or c 
or ]}, and nnd(‘r the FAiclidean grou]) if they determine the same value 
for a. The numbers a, r, p are evidently absolute invariants of the 
eorres})onding conics under the group of disphuamients, and a in (38) 
and (40) also under the Euclidean group. 

The jvroblem of d(‘termining a, h, c, p in terms of the coefficients 
of (20) ])res('nts no s])ecial difficulty, and will be left to the r(*ader to 
be considered in connection with the exercises below and those at the 
(Mnl of the next section. 

AVlum 1), Cy p ai’O all unity, a is a function of the eccentricity given by 
the e(|ualions in Exs. 7 and 9, § 82. Th(i same reference gives the con- 
nection between the eccentricity and the invariant V— -f- 

* The distance apart is the distance of an arbitrary point on one of the parallel 
lines from the other line. The formula foi distance is applied to the case of a pair 
of conjui^atc iiiin<^dnary lines as explained in § 70. 
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1. If ^ 0 and 0, the angular measure of the asymptotes is 6 ^ where 


X /I 

tan 0 ^ • 


Moreover, 


+ a, 


^22 


<?=-ilogB(C\C„V,), 


where Cj and are the points in which the conic meets /«, and and are 
the circular points. If ^ = 0 and 7^ 0, these formulas give the angular 
measure of the lines represented by (20). Derive from this the formula for a 
in (38) and (40) in terms of the coefficients of (20). 

2 . and Uu + are absolute invariants of (20) under the group of 

displacements, and V— under the Euclidean group, li A 0 
and Uji + ^22 ~ (-^0 represents an equilateral hyperbola; if .4 = 0 and 

Oil + 022 “ represents a pair of orthogonal lines or /» and an ordinary line. 

3. li A ^ 0 and Aqq^ 0, the axes of (20) are 

“12 (i* + P“) + («22 - «lt) 


where x and y are defined as in Ex. 4, § 80. 

4. For an ellipse the constants a and h are 
and X 2 ^re the roots of 

(45) X*-(a,i + ajj)X + .4(,o=0i 

and for a hyperbola a and ib are 
(45) is (Oii~ «22)^+ 

5. If A^() and 0, the parabola (20) touches /od at (0, — a^j)^ 

which is the same as (0, Ojg, — 012 )* The axis is 




~d- 

Ao‘ 


The discriminant of 


VTX \t4‘’ ^ 


(46) 




= 0. 

+ ^22 


88. Classification of line conics. The projective classification of line 
conics is entirely dual to that of point conics and so need not be con- 
sidered separately. The affine classification, however, corresponds to 
a new algebraic problem. If the line coordinates are chosen so that 

u^x^= Q 

is the condition that the point {x^y be on the line wj, the 

point coordinates being the same as already used, we have the problem 
of reducing equations of the form (9) to normal forjns by means of 
transformations of the form 


(47) 


U2 - — 


«l \ 

% h 


^0. 
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These are the transformations which leave the line [1, 0, 0] 
invariant. If 



h 


h. c. 

1 

a 

2 

h 

> d = 

1 

1 1 

b c 

2 2 


(47) is the same collineation as (21). 

The affine classification of nondegenerate line conics is of course the 
same as that of nondegenerate point conics. To express the criteria 
in terms of the equation (9) regarded as given primarily,* let us write 

^00 ^01 ^02 

(48) 

20 21 22 

where the are the coefficients of (9), and let denote the 
cofactor of in a. The point conic associated with (9) must have 
the equation 

(49) 2) =0- 

By the criteria already worked out, this is an ellipse, hyperbola, or 

parabola according as the value of 

<x cc j 
n **12 ^ A 

a a 
21 22 

is greater than, less than, or equal to zero; and, in the case of an 
ellipse, real or imaginary according as > 0 or s 0. Thus we have 


Imaginary Elmpse 

Real Ellipse 

Hyperbola 

Parabola 

a -Aqo > 0 

aji > 0 

a • -/loo > 
an ^ 0 

o 

V 

8 

-^loo = 0 


The normal forms for these four classes are respectively 


(50) 

tt* + M? + = 0, 

(51) 

M* — M,’ — M ’ = 0, 

(52) 

K — + “a = 0, 

(53) 

“i - «, = 0. 


The projective classification of degenerate line conics is dual to 
that of degenerate point conics, and therefore yields the following 
three cases: (1) two distinct real points, « = 0, ^ 0, one at least 

of in terms of the coefficients of (6). 
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of ^22 being different from zero ; (2) coincident real points, 

a = = ^ 22 = ^33 = 0 ; (3) conjugate imaginary points, a = 0, a.. > 0 

for at least one value of i 

For the affine classification let us observe that since [1, 0, 0] 
is the line at infinity, the condition that at least one factor of 
(9) represent a point at infinity is 0. The following criteria 

are now evident. 

a = 0 


CONJlHiATE 
llVIAr.INARV I*<>INTH 

Distinct Real Points 

COINI^IDENT 

Real J*oints 

Ordinary 

At in 1)11 1 ty 

H<»lh 

fU'dinary 

One 

ordin.iry 

Doth at 
inlinity 

Ordinary 

At infinity 

£1*11 > 0 

£tot) 0 

O'!! 

< 9 

O(,o < 9 

£roo = arn 

~ ^22 — 9 

or 

a22 > 0 

£tll — 022” 9 

ov 

022 < 9 

^loo ^ 9 1 yloo = 9 

Oil = 9 

£r22 ” 9 

-4 00 9 1 

-4 00 = 9 


The normal forms for these cases are res])ectively 


(54) 

“o + "r = 0, 

(55) 

+ 1,^ = 0, 

(56) 

< - = 0. 

(57) 

o 

II 

o 

(58) 

= 0, 

(59) 

< = o, 

(60) 

< = 0. 


EXERCISES 

1 . The two pairs of foci of (9) art? ilio dcj^onorate conics of the rang© 

(61) + -f 

4 " "4 20 ^ 2 ^^0 " i ” ''^ 21 ^ 2 ^^! 4 " (-422 P ) ^2 “ 9 > 
which are given by the values of p satisfying 

(62) - Ki + ttoo) p + a = 0. 

T\ve> (\\HCTimmaA\t of f\\is (\na(lratic is (a^^— 4- 4af^. 




I’OLAK 8VISTEA1.S :»lo 

2. In case a = 0 aud ^ 0, the distance between the points represented 

3. The normal forms for line conics under the group of displacements are 


(63) 

li* + ahif + /r«| = 0, 

(64) 

«!> - (ihi? - IM = 0. 

(65) 

Mp — = 0, 

(66) 

4 + piq = 0, 

(67) 

u'^ + X-Mj- = 0, 

(68) 

u'( 4- = 0, 

(69) 

— X-2u “ =: 0, 

(70) 

“«“l = 0, 

(71) 

«j — c*u| = 0, 

(72) 

< = 0. 

(73) 

- 0. 


Here a, h, p have the same significance as in (Ji4)-(37); 2 kf is the distance 
between the two })oiiits rei)r(‘seiited by (fi7); 2 k' is the distance between th(' 
two points represented by (fiU); (■ is expr(*ssible in terms of the cross ratio o) 
the circular points and the two points r(*[>resent(‘d by ((>8) or (71). 

* 89. Polar systems. The theorems on the classification of conicis 
(§ 79) may he regarded as completing the discussion of projective polar 
systiiius in a real plane. There is, however, a certain ajnount of inter- 
est in making the discussion of polar systems withont the intervention 
of complex elements, and basing it entirely on the most elementary 
theorems about order relations. This treatment will hold good for a 
])rojective space satisfying Assumptions A, K, S, P. 

Tiikorem 8(). In any jy^ojective polar systnn in an ordered plane 
the involutions of conjugate points on the sides of a self -polar trianyle 
are all direct^ or else one involution is direct and the other two opposite. 

Proof. Let ABC be the self-polar triangle (fig. 68), and let PF^ be 
a pair of points on the side BC and QQ^ a pair on the side CA. Let B 
be the point of intersection of the lines PQ aiulAB, O that of AP^ and 
BQ\ and E' that of CO and AB. Then AP' is the polar of J\ BQ' of (>, 
PQ of 0, and CO of E. Hence E and EJ are })aired in the involution 
of conjugate points on AB. Let E" be the point in which meets 
AB ; El is the harmonic conjugate of jR' with respect to A and B. 
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If the involutions on BC and CA are direct, F and P' separate B 
and (7, and Q and Q' separate C and A, It follows by Theorem 19, 
Chap. II, that R and P" do not separate B and A. Hence by Theorems 
7 and 8, Chap. II, P' is separated from P by -4 and P, and hence the 
involution on the line JP is direct. 

On the other hand, if the involutions on BC and CA are not direct, 
P and P' do not separate P and C, and Q and do not separate C 
and A, Hence P and P" do not, and therefore P and R' do, separate 
A and P. Hence again the third involution is direct. 



We have thus shown tliat at least one of the three involutions is 
direct; and that if two are direct, so is also the third. From this the 
statement in the theorem follows. 

The reasoning above is valid in any ordered projective space. 
Specializing to the real space, we have 

Corollary 1. The involutions on the sides of a self -polar triangle 
of a projective polar system in a real plane are all three elliptic j or 
else two are hyperbolic and the third is elliptic. 

Theorem 37. If the involutions of conjugate points on the sides of 
one self -polar triangle of a projective polar system in an ordered plane 
are direct^ the involution of conjugate points on any line is direct. 

Proof Let the given self-polar triangle on the sides of which the 
involutions of conjugate points are direct be ABC. The theorem will 
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follow if we can prove that the involution of conjugate points on any 
line through a vertex of such a triangle is direct. For any line I meets 
RC in a point M which has a conjugate point N on BC, By the prop- 
osition which we are supposing proved, the involutions on the sides of 
the self-polar triangle, AMN^ are direct ; and by a second application 
of the same proposition, the involution of conjugate points on Z is 
direct. Thus the proof of the theorem reduces to the proof that the 
involution of conjugate points on any line through A is direct. 

Let such a line meet BC in a point F\ and let P be the conjugate 
of P' in the involution on BC, Let Q and be a conjugate pair 
distinct from A and C on the line AC, and let 0, E, E\ E" have the 
same meaning as in the proof of the last theorem (fig. 68). Also let 
O' be the conjugate of 0 on the line AP', i.e. let O' be the intersec- 
tion of AP' with PQ, Applying Theorem 19, Chap. II, to the triangle 
ABP' and the lines O'E and OP', it follows that, since C and P do 
not separate B and P', and E and P' do separate A and P, 0 and O' 
are separated by A and P'. Hence the involution of conjugate points 
on the line AP' is direct. 

Corollary 1. If the involutions on two sides of a self -polar triangle 
of a polar system in an ordered plane are opposite, then two of the 
involutions on the sides of any self-polar triangle are opposite and 
the third is direct. 

Proof, If there were any self-polar triangle not satisfying the con- 
clusion of the theorem, this would, by Theorem 36, be one for which 
all three involutions were direct. By Theorem 37 it would follow 
that the involutions on all lines were direct, contrary to hypothesis. 

The propositions stated in tlie last two theorems and in the last 
corollary may evidently be condensed into the following : 

Corollary 2. Any projective polar system in an ordered plane is 
either such that the involution of conjugate points on any line is direct, 
or such that on the sides of any self-polar triangle two of the involu- 
tions are opposite and the third direct. 

Applying this result in a real plane, we have that every projective 
polar system is either such that all involutions of conjugate points 
are elliptic, or such that on the sides of any self-polar triangle two 
involutions are hyperbolic and the third elliptic. In the latter case 
let ABC be a self-polar triangle, AB and AC being the sides upon 
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which the involutions are hyperbolic. Let the double points of the 
involution on be and and those of the involution on C be 
and B^. The polar of is then the line C^C, The conic section 
through (7^, B^, B^ and tangent to the line C^C at has a 

polar system in which ABC is a self-polar triangle, and in which the 
given involutions are involutions of conjugate points. By § 93, Vol. I, 
these conditions are sufficient to determine a polarity. Hence the 
given polarity is the polar system of Thus we have 

Theorem 38. Definition. A projective polar system in a real plane 
is either the polar sy stein of a real conic y or such that the involution of 
conjugate points on any line is elliptic. A polar system of the latter 
type is said to he elliptic. 

The existence of ellij)tic polar systems is easily seen as follows : 
Let ABC be any triangle, O any point not on a side of this triangle, 
B' the point of intersection of OA with BCy Q' the point of intersec- 
tion of OB with CAy and P and Q any two points separated from jP' 
and Q' by the pairs BC and CA respectively. By the theorems in 
§ 93, Vol. I, there exists a polar system in which the triangle ABC 
is self-polar and the point O is the pole of the line PQ, and by the 
theorems in the present section this polar system is elliptic. 
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INVERSION GEOMETRY AND RELATED TOPICS* 


90. Vectors and complex numbers. The properties of ihe addition 
of vectors have been derived in § 42 from those of the group of 
translations. If the operation of multiplication is to satisfy the dis- 
tributive law, ,7 , . 7 . 

a (b 4- <‘) = (to 4- ac, 


multiplication by a vector, (i, must (effect a transformation on the 
vector field such that h + c in carried into the vector which is the 
sum of those to which h and c are carried. Since the group of trans- 
lations is a self-conjugate subgroup of the Euclidean group, any 
similarity transformation of the vector field satisfies this condition. 

I^et us then consider the transformations (dfeeted on a vector field 
b} the Euclidean group. Any similarity transformation is a product 
of a translation by a similarity transformation leaving an arbitrary 
point 0 invariant. Ihit a translation carries every vector into itself. 
If (‘lice any similarity transformation has tlie same effect on the field 
of vectors as a similarity transformation leaving 0 invariant. Hence 
tlie totality of transformations effected on the vector field by tlie 
Euclidean group is identical with the totality of transformations 
effected on it by the similarity transformations leaving 0 invariant. 
Since no such transformation changes every vt'ctor into itself, any 
two of them effect different transformations of the field of vectors. 
Hence we have 

Theorem 1 . The group of transformations effected hy the Euclidean 
group in a plaue upon the field of vectors is isomorphic with the group 
of similarity transformations leaving an arbitrary point invariant. 

To obtain a definition of multiplication we restrict attention to the 
group of direct similarity transformations and make use of the fact 
that if OA and OB are any two nonzero vectors, there is one and but 


* The main part of Chap. VII is independent of this chapter. The two chapters 
may therefore be taken up in reverse order if the reader so desires. 
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one transformation of this group carrying the points O and -4 to 0 
and B respectively. 

Definition. Eelative to an arbitrary vector OA^ which is called 
the unit vector y the product of two vectors OX (where X ^ 0) and OY 
is the vector OZ to wliich 0 Y is carried by the direct similarity trans- 
formation carrying OA to OXy and is denoted by OX • OY, In case 
X = 0, OX • 0 Y denotes the zero vector. 

As obvious corollaries of this definition 
we have the following two theorems ; 

Theorem 2. The triad of points OA Y 
is directly similar to the triad OXZ if 
and only if 

OZ^OX-OY, 

Theorem 3. The equation 

OZ^OX OY Fig. 69 

is satisfied if and only if A A OX AOY = ^ AOZ and Dist (OZ)=: 

Dist (OX) • JJist {Oy)y the unit of distance being OA, 

Since the direct similarity transformations leaving a point O invari- 
ant form a group, the operation of multiplication must be associative, i.e. 

OX • (O y . OZ) = (OX • O Y) . OZ, 

and also such that there is a unique inverse for every vector OB for 
which O ^ By i.e. there must be a vector OY such that 

OB OY^ OA. 

The group of direct similarity transformations leaving O invariant is 
commutative because it consists of the rotations about O (which form 
a commutative group by § 58) combined with dilations with 0 as 
center. Hence the operation of multiplication is commutative, i.e. 

OXOY=OY.OX. 

The fact that the group of translations is self-conjugate under the 
group of displacements translates into the distributive law, 

OX-{OY+ OZ)= OX-OY+ OX-OZ. 

Eecalling the definition of a number system given in Chap. VI, 
VoL I, we may summarize these results by saying. 
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Theorem 4. respect to the operation of addition described in 

§ 42 and of multiplication defined in this section, a planar vector 
field is a commutative nuw!ber system. 

In proving this theorem we have made use of no properties of the Euclidean 
group except such as hold for any parabolic metric geometry for which the 
absolute involution is elliptic. In case the absolute involution were hy])er- 
bolic, exceptions would have to be made corresponding to properties of the 
minimal lines. 

The definition of multiplication of vectors as given here does not 
conflict with the notion ofjihe ratio of collinear vectors as developed 
in Chap. III. For the quotient of two collinear vectors is a vector 
collinear with the unit vector OA, and the system of vectors collin- 
ear with OA constitutes a number system isomorphic with the real 
number system. Thus, if we denote the unit vector by 1, any vector 
OX collinear with it may be denoted by 

xl, 

where, according to the definition of § 43, ic is a real number and 
where, according to our present definition, x denotes OX itself. 

I^^^t us denote a vector OB such that the line OB is perpendicular 
to the line OA and such that Dist {OB) = Dist ( OA), by i Then by 
the definition of multiplication. 

Any vector collinear with i is expressible in the form xi, where a? is a 
vector parallel to 1, and by Theorem 8, Chap. Ill, any vector whatever 
is expressible uniquely in the form 

-f- bi. 

The product of two vectors may be reduced by the associative, 
distributive, and commutative laws as follows: 

(al + bi) (cl -f di) = (al -f bi) cl -f (al 4- bi) di 
= (ac — hd) 1 + (be + ad) i 

By comparison with §§ 3 and 14 this shows that 

Theorem 5. A planar field of vectors is a number system isomor- 
phic with the complex number system, i.e. the geometric number system 
of a complex line. 
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The isomorphism in question is that by which the complex number 
at f corresponds to the vector al -h hi Sui)posing that the funda- 
mental points of the scale on the complex line are 7^, this 

means that there is a correspondence between the complex line and 
the Euclidean plane in which corresponds to 0, 1\ to A, and every 
point whose coordinate relative to the scale ij, JFJ, is 

corresponds to the point Q of the Euclidean plane such that 

= al + hi 

One obvious property of this correspondence which we shall have 
to use later is that the points of the complex line which have real 
coordinates relative to the scale 7*, 1\, i* correspond to the points of 
the line OA, or, in other words, that the points of the chain * C 
other than 7i, correspond to the points on the real line OA. 

Theorem 5 may be made the* busis of a irad-hod ft)r the investigation of 
theorems of Enclidt^an g(‘om(‘trv, partieularly those relating to vi-Iines and 
eircl(\s. The complex nuud)er8 may be regarded as the coordinates of the 
jK)iQts of the Euclidean })lane and many interesting theorems obtained by 
inter])reting simple algebraic ecpiations. (Compare the articles by F. Morhy, 
'I'ransactions of the American Mathematical Society, Vol. I, p. 97; Vol. IV, 
p. 1; Vol. V, p. 407; Vol. AHIT, p. Ih 

'Idle whole subject is (dosidy relat(*d to certain elementary j)arts of the 
theory of functions of a (!oinplex variable. Cf. an article by F. N. Cole, 
Annals of Matliematics, 1st Series, Vol. V (1890), p. 121. 

91 . Correspondence between the complex line and the real Euclidean 
plane. The operation of addition of v(*,ctors has been so defined that 

o.Y' - or, 

where 0 and P are fixed and X and variable points, may be taken 
as representing a translation carrying to X\ The operation of 
multiplication has been defined so tliat 

OX’ = OP . OX 

may be taken to represent a direct similarity transformation carrying 
0 into itself and X to X\ Thus the general direct similarity trans- 
formation may be written 

OX' = OP • OX+ OQ, 

* Cf. § 11. The reader who has omitted the starred sections in Chap. I may 
take a chain C (P^P^Pm) as by definition consisting of those points of a complex 
line which have real coordinates relative to the scale P^, Pj, P*. 
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The last theorem may therefore be stated in the following form : 

Theorem 6. Let Q^, Q^y ()„ he three arbitrary points of a complex 
projective line ly and let and he two arbitrary points of a Euclid- 
ean plane tt in whose line at infinity /« an elliptic absolute involution 
is given. There exists a one-to-one and reciprocal correspondence F in 
which correspo7uls to 7^ to Q^, to and every ordinary point 
of IT to a point of I distinct from (?«.. This correspondence is such that 
to every projective transformation of I leaving invariant ^ i.e, to 
every transforination of the form 

(1) .r' = ax -\-by rt 0, 


there corresponds a direct similarity transformation of ir, and 
conversely. 

Tlui question iiiiiiiediately arises, Wliat group of transformations 
of TT corresponds to the general projective group on /, i.e. to the set 
of transformations 




<tx -f b 
ex d 


a 

c 


h 

d 




The transformation of tt corresponding to 
(.S) w!^\/x 

must change any point 7^ to a point P' such that 

P^F PJ^=^P,F,, 

lTenc(*,, ])y Theorem 3, 4.PJIII is congruent to Therefore 

the orthogonal line reflection with as axis must carry P to a 
point of the line P^^P'. If P be re- 
garded as a variable point of a line 
tlirougli it follows that tlie correspoud- 
en(‘e lietwcen P' and 7^" is projective. In 
tins corresj)ond(mce 7," coiTCspunds to the 
j)oint at infinity of tlie line IqF, and each 
of the points in which this line meets the 
circle through 7J with as center corre- 
sponds to itself. Hence the correspond- 
ence between P' and P" on a given line 
through TJ is an involution, and P' and P" are conjugate points with 
respect to the circle. Hence (§ 71), if P be a variable point of the 
plane, the correspondence between P' and P" is an inversion. Hence 




224 


INVEKSION GEOMETBY 


[Chai*, VI 


the transformation of tt corresponding to a:' = l/o; is the product 
of the orthogonal line reflection with ijij as axis and the inversion 
with respect to the circle through ij with ij as center. 

Now any transformation (2) is evidently (cf. § 54, VoL I) a product 
of transformations of the forms (1) and (3). But the transformation 
(1) has been seen to correspond to a direct similarity transformation, 
i.e. to a product of a dilation and a displacement. A displacement has 
been proved in Chap. IV to be a product of two orthogonal line 
reflections ; and a dilation will now be shown to be a product of two 
or four inversions and orthogonal line reflections. 

For consider a dilation A with a point O as center and carrying 
a i)oint A to a point B. If 0 is not between A and B, there exists 
(Theorem 8, Chap. V) a pair of points which separate A and B 
harmonically and have 0 as mid-point. Let I^ be the inversion with 
respect to the circle with O as center and passing through The 
transformation I^A leaves invariant all points of the circle through A 
with O as center, and effects a projectivity on each line through 0 
which interchanges 0 and the point at infinity. The projectivity on 
eacli line through O is therefore the involution carrying each point 
to a conjugate point with regard to the circle through A with O as 
center. Hence I^A is an inversion, with respect to this circle. 
From IjA = follows A = I If O is between A and B, let A be 
the point reflection with O as center. The product AA is a dilation 
such that O is not between A and AA {A). Hence AA is a product of 
two inversions and A = AI^I^. Since A is a jjroduct of two 

orthogonal line reflections, A is a product of four inversions and 
orthogonal line n^flections. 

Hence any lyrojective transformation of a complex line I corresponds 
under T to a transformation of a real Euclidean plane tt which is a 
product of an even number of inversions and orthogonal line reflections. 

The converse of this proposition is also valid. In order to prove it 
we need only verify {a) that the product of two orthogonal line reflec- 
tions in TT corresponds to a projectivity of I, (13) that the product of an 
orthogonal line reflection A and an inversion P of tt corresponds to a 
projectivity of Z, and (7) that the product of two inversions of tt 
corresponds to a projectivity of 1. The first of these statements is a 
corollary of Theorem C. 
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To prove (^) let us first consider the case where the axis of A 
passes through the center 0 of P. Let be one of the points in which 
the axis of A meets the invariant circle of P, X be any point of tt, and 
X' == AP (X). The considerations given above in connection with the 
transformation ( 3 ) show that 


OX'-^ 

-ox’ 


and hence that AP corresponds to a transformation of I of the same 
type as (3), i.e. to an involution. Moreover, AP is obviously the same 
as PA. In case the axis of A does not pass through the center of P, 
let A' be an orthogonal line reflection whose axis passes through the 
center of P. Then 

AP = AA' • A'P and PA = PA' • A' A. 


Tlie products AA' and A'A correspond to projectivities by Theorem 6 , 
and PA' = A'P corresponds to an involution by what has just been 
proved. Hence AP and PA correspond to projectivities. 

To prove ( 7 ) let A be an orthogonal line reflection whose axis 
contains the centers of P^ and P^. Then 

P,P, = P.A.AP,. 

The products P^A and AP.^ correspond to projectivities by (/3). Hence 
PjP^ corresponds to a projectivity. Thus we have the important result : 

Theorem 7. A projective transformation on a complex line corre- 
sponds under T to a transformation of the real Euclidean plane 
irhich is a product of an even number of inversions and orthogonal 
line reflections, and, conversely, any transformation of the real 
Euclidean plane of this type corresponds to a. projectivity of the 
complex line, 

92. The inversion group in the real Euclidean plane. 

Definition. The transformations of a Euclidean plane and its 
line at infinity which are products of orthogonal line reflections 
and inversions are called circular transformations, and any circular 
transformation which is a product of an even number of inversions 
and orthogonal line reflections is said to be direct. 

Theorem 8. Definition. The set of all circular transformations 

a Euclidean plane and its line at infinity in which an ahsoh/fr 
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involution is given constitute a group which is called the inversion 
group. The set of direct circular transformations form a subgroup 
of the inversion group, which, if the Euclidean plane is real, is 
isomorphic with the projective group of a complex line. 

The first part of this theorem is an obvious consequence of the 
definition, and the second is equivalent to TlKiorem 7. That not all 
circular transformations are direct is shown by the special case of 
an inversion. An inversion is not a direct circular transformation, 
because it leaves invariant all points of a circle and hence cannot 
correspond under F to a pro jectivil y. ('orn billing Theorems 8 and 6 
we have 

Corollary. In a real Euclidean plane the group of circular 
transformations leaving /« imut riant is the Euclidean group, and the 
direct circular transformations leaving invariant are the direct 
s i m ilarity transformations. 

The isomorphism between the group of direct circular transforma- 
tions and the projective group on the line may be used as a source 
of theorems about the former. Thus the fundamental theorem of 
[)rojective geometry (Assumption P) translates into the following 
theorem about tlie real Euclidean j)lane: 

Theorem 9. A direct circidar transformation ivh ich lea res three 
ordinary or two ordinary points and L, invariant is the 

identity. There exists a direct circular transformation carrying any 
three distinct ordinary points A, B, C respectively into three distinct 
points A\ B\ Cd respectively, or into A\ B\ and l^ rcspecfivel y. 

Now consider a circular transformation 11 which is not direct and 
which leaves three distinct points A, B, C invariant. By definition 

n = 1 * * ’ * -^2 * 

where A,. = 1, 2, • • •, 2n-\- 1) is an inversion or an orthogonal line 

reflection. Let A be an orthogonal line reflection whose axis contains 
A, B, C, if these points are collinear, or an inversion with respect to 
the circle containing them in case they are not collinear. Then AH 
is a direct circular transformation leaving A, B, C invariant. Hence 

All = 1. 

Since A is of period two, this implies 

n = A. 
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The same argument applies in case one of the points -4, i?, C is 
replaced by L. Hence we have 

Thkorem 10. A circular transformation which is not direct and 
leaves invariant three distinct ordinary points A, B, C, or two ordinary 
points Ay By and is an orthogonal line reflection or an inversion 
according as the invariant points are collinear or not. 

Tiieorkm 11. If 11 is a circular transformation and A an inver- 
sion or orthogonal line reflectiony IT All is an inversion or orthogonal 
line reflection. 

Proof. Let A, B, C be three of the invariant points of A; then 
IIAII'^ leaves IT (A), II (71), IT (C) invariant. If 

1I = A^A^...A,, 

where A^, • • A^ are orthogonal line reflections or inversions, then 

nAll-^ = A^A^ ..A„AA„...A^A^, 

and is thus a product of an odd number of orthogonal line reflections 
or inversions. Hence by the last theorem it is an orthogonal line 
reflection or an inversion. 

The invariant elements of HAH"^ are those to which the invariant 
elements of A are carried by II. Since HAH"^ is an inversion or an 
orthogonal line reflection, we have 

Corollary 1. Any circular transformation carries any circle into 
a. circle or into the set of points on an ordinary line and on /«. It 
carries the set of points on l^ and an ordinary line into a set of this 
sort or into a circle. 

Corollary 2. If and are any two circles and I any linCy 
there exists a direct circular transformation carrying to and 
one carrying to the set of all points on I and 

Proof. Let Ay By C hQ any three points of let A\ R', C’ be any 
three points of A^, and let A\ B' be any two points of 1. By Theorem 9, 
there exist direct circular transformations 11 and II' such that 

n {ABC)^A'B^C' and H' {ABq^A'B'L. 

Since A, A', C' are not collinear, the set of points into which 11 carries 

must be a circle ; and since there is only one circle containing 
Ay B', C'y this circle is Since there is no circle containing A, B\ 
and the set of points into which H' carries must be the set of 
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points on h and an ordinary line. Since the ordinary line contains 

and it must be L 

An inversion (§71) transforms all lines through its center into 
themselves and interchanges the center with l^. Hence, by the last 
two corollaries, we have at once 

Coroll AKY 3. An inversion carries a circle through its center into 
the set of joints on and a line not passing through the center, 

(^oiiOLLARY 4. A pair of circles which touch each other is carried 
hy an inversion into a pair of circles which touch each other, or into 
a circle and a tangent line together with /«, or into two parallel lines 
and 

Proof. Let and be two circles which touch each other 
Since an inversion is a one-to-one reciprocal correspondence except 
for the origin and Z*, if neither nor passes through the origin, 
they must be carried into two circles having only one point in 
common and which therefore touch each other. If passes through 
the origin and does not, is carried into /« and an ordinary 
line /, while is carried into a circle which has one and only one 
point in common with the line pair IJ. Since /« cannot meet Ky in 
a real point, I meets it in a single point and therefore is tangent. If 
and both pass through the center of inversion, they are transformed 
into Z« and a pair of ordinary lines Z, m. Since (7® and have only 
the center of inversion in common and this is transformed into Z«, 
the lines I and m can have no ordinary point in common. Hence Z 
and m are parallel. 

It was remarked in § 90 (just before the fine print at the end) 
that the correspondence T between the complex line and the real 
Euclidean plane is such that the points of a certain chain C (i^/Ji^), 
with the exception of 11, correspond to the j)oiuts of a certain Euclid- 
ean line Z. Since corresponds to Z«, the chain C corresponds 

to the line pair ZZ*. Under the projective group on a line any two 
chains are equivalent ; and under the group of direct circular trans- 
formations any circle is equivalent to any circle or any line pair ZZ« 
(Cor. 2). Hence we have 

Theorem 1 2. Th^e correspondence F is such that chains in the com- 
plex line correspond to real circles or to line pairs ll^, where I is 
ordinary and Z« the line at infinity of the Euclidean plane. 
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The theory of chains on a complex line is therefore equivalent to 
the theory of the real circles and lines of a Euclidean plane. In view 
of this equivalence we shall freely transform the terminology of the 
complex line to the Euclidean plane, and vice versa. Thus we shall 
speak of the cross ratio of four points in the Euclidean plane and of 
I)encils of chains in the complex line. The exercises below contain a 
number of important theorems some of which can be obtained directly 
from the definitions in § 71 and some of which can be proved most 
simply by translating projective theorems on the complex line into 
the terminology of tlie Euclidean jfiane. 

Definition. An ima<jmary circle is an imaginary conic through 
tlie circular points such that its polar system transforms real points 
into real lines. 

The definition of an inversion given in § 71 applies without change 
to the case of imaginary circles. 

On the geometry of circles in general the reader is referred to the 
papers by Mobius in Vol. II of his collected works; to those by Steiner 
in Vol. I (especially pp. 16-83, 461-527) of his collected works; to 
Vol. II, Chaps. II, III, of the textbook by Doehlemann referred to in 
Ex. 4 ; and to the forthcoming book by J. L. Coolidge, A Treatise on 
the Circle and the Sphere, Oxford, 1916. 

EXERCISES 

1. An inversion with respect to an imaginary circle is a product of an 
’nversion with respect to a n^al circle and a point reflection having the 
same center as the circle. 

2. The inverse points on any line through the center O of a circle are 
the pairs of an involution having O as center. It A ^ and are any two 
inverse points, OA^ • OA^ is a constant, which in case of a real circle is e([ual 
to (0C)2, C being a point of C^. 

3. Two pairs of points A A' and BB' are inverse with respect to a circle 
with O as center if and only if (1) 0 is collinear with the pairs A A' and 
BB\ and (2) the ordered triads OAB and OB' A' are similar, but not 
directly similar. 

4 . A linkage which consists of a set of six bars OA^ OC, AB, BC, CD, 
DA, jointed movably at the points 0, A, B, C, D, and such that Dist {OA) ~ 
Dist (OC) and A BCD is a rhombus, is called a “Peaucellier inversor.** If 
O is held fixed and B varies, the locus of D is inverse to that of B with 
respect to a circle with 0 as center. If be constrained, say by an additional 
link, to move on a circle through O, D describes a line. On the general 
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subject of linkages, cf. K. Doehlemann, Geometrische Transformationen, 
Vol. II, p. 90, Leipzig, 1908, and A. Emch, Projective Geometry, §§ 62-67, 
New York, 1905. 

5. If A, By Cy D are four points of a Euclidean plane, 


where 


B {ABy CD) = ke^»y 

Di8t(^C) . Di8t(RC) 

Di8t (A D) Dist (BD) 


e = a 


where a and are the measures of 4 CAD and 4 CBD respectively. The 
number k is invariant under the inversion group, and 0 under the group of 
ilirect circidar transformations. The four points are on a circle or collinear 
if 0 = 0. 

6. Construct a point having with three given points a given cross ratio. 

7. If n is any circular transformation, the points O = II“^(/oo) and O' =11 (/oo) 
are called its vanishing points. The lines through O are transformed by II into 
the lines through O'. If X is any point of the plane, and X' — 11 (A'), then 
Dist (OA") • Dist (O'X') is a constant, called the power of the transformation 
(cf. § 43). 

8. Let A and B be two points not collinear with O and let II (.1 ) = A'y 
n (R) = B'. The ordered point triads OAB and O'B'A' are directly similar if 
n is direct, and similar, but not directly so, if 11 is not direct. 

9. The ecpiations of an inversion relative to rectangular nonhomogeneous 
'\!o6rdinates, having the center of inversion as origin, are 


kx 




The circle of inversion is real or imaginary according as I: > 0 or I: < 0. 

10. The coordinate system for the r(*,al Euclidean plane obtained by means 
of tile isomorphism of the Euclidean group with the projective group leaving 
a point invariant on a (;oinplex line is such that the coordinate z of any jKiint 
is X 4- ly, where x and y are the coordinates in a system of rectangular non- 
homogeneous coordinates and = — 1. The points 2 of a circle satisfy the 
condition 

nr ^ n 1 ^ a 1 

^ 0 , 


at h 


ct + d 


a h 
c d 


where t is real and variable and a, ft, c, d are complex and fixed. If c = 0, this 
circle reduces to a line. ^ ^ 

11. The circles orthogonal to 2 = are 

cr + d 

2 = 4" -f ^ + qg 

(c + dP) + d + ca ’ 

where a and P are real. 

12. The circles through two points z^, are given by 


z 


atZi 4- Za 
a/ 4- 1 
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13. A circle with 2 ^ as center is given by 

2 — 

wrhere 0 ^ 0 < 2 tt and k is a real constant. 

14. The centers of the circles circumscribing the four triangles formed by 
the sides of a complete quadrilateral are on a circle. This circle is called the 
center circle of the complete quadrilateral. The centers of the center circles 
of the live com])lete quadrilaterals formed by the sides of a complete five-line 
are on a circle called the center circle of the five-line. Generalize this result. 

93. Generalization by inversion. By the corollary of Theorem 8 
the set of direct circular transformations leaving L invariant is the 
group of direct similarity transformations, and the set of all circular 
transformations leaving invariant is the Euclidean group. This is 
the basis of a method of generalization hy inversion entirely analo- 
gous to the generalization hy projection employed in § 73. 

In case a figure which is under investigation can be trans- 
formed by one or more inversions into a known figure then sucJi 
of the relations among the elements of F^ as are invariant under 
circular transformations must hold good among the corresponding 
elements of F^, 

In order to ai)ply this method it is necessary to know relations 
which are left in''^ariant by the circular transformations. The most 
elementary of these are given in the last section, but perhaps the 
most important property of an inversion for this purpose is that of 
isogonalityy or preservation of angles.” 

Definition. If Cl and Cl are two circles having a point Q in com- 
mon, and 7/^1 and are the tangents to Cl and Cl respectively at (>, 
the measure (according to § 72) of the ordered line pair is 

called the angular measure of the ordered pair of circles at Q, or 
sim])ly the angle between the two circles at Q, If Cl is any circle, 
a line meeting it in a point Q, and the tangent to Cl at 
the measure of the ordered line pair m^m^ is called the angle between 
and and the measure of mgn^ is called the angle between Cl 
and The measure of a line pair m^i^ is called the angle* between 
and m^. 

Theorem 13. An angle a between two circles or a circle and a 
line or between two lines is changed into ir-- a by an inversion or 

♦111 accordance with common usage, we are here using the term “angle” to 
denote a number, in spite of the fact that we use it in § 28 to denote a geometrical 
figure. 
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an orthogonal line reflection and is left unaltered hy any direct 
circular transformation. 

Proof. The statement with regard to direct circular transforma- 
tions is an obvious consequence of the one with regard to inversions 
and orthogonal line reflections. What we have to prove is, therefore, 
the following: 

Let n be an inversion or an orthogonal line reflection, and let l^ 
and /g be two lines meeting in a point P such that 11 {P) = Q is an 
ordinary point. If l^ is carried by 11 into a line, let tliis line be denoted 
by and if (together with /«) is carried to a circle let denote 
the tangent to at Q\ likewise, if is carried by 11 into a line, let 
this line be denoted by and if l^ (together with l^) is carried to a 
circle Cl, let denote the tangent to at Q. The two ordered pairs 
of lines If^ and are symmetric. 

In case 11 is an orthogonal line reflection, = IT (Z^) and 77^^= TI (Z,^)^ 
and the proposition is a direct consequence of the definition of the 
term “symmetric’* (§ 57). Suppose, then, that 11 is an inversion hav- 
ing a point O as center. 

One of the lines Z^, Z^, say 
Zj, can be transformed into 
itself if and only if Z^ is on O. 

By hypothesis O^P; hence 
if n (Z^) = Z^, the line l^ goes 
into the set of points dif- 
ferent from O on a circle 
through 0 and Q. Then 7n^ 
is the tangent to Cl at Q. 

Any line through O which 
meets Z^ in an ordinary 
point X meets Cl in the 
point which corresponds to 
A" under the inversion. Hence the line through 0 and tangent 
to Cl cannot meet in an ordinary point, and is therefore parallel to Z^. 
Hence the line pair If, is congruent to the pair l^n^. The line is 
the tangent to Cl at Q. Since l^n^ is carried to by the orthogonal 
line reflection whose axis is the perpendicular bisector of OQ, the pair 
l^n^ is symmetric with Ifa^. Hence If is symmetric with Z^m„. 
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If neither of the lines Z^ is transformed into itself, neither passes 
through 0, Let Z denote the line OF. Then by the last paragraph ZZ^ 
is symmetric with Zm^, and ZZ^ with Zm^. But by Theorem 13, Chap. IV, 
the symmetry which carries ZZ^ to must be identical with that 
which carries to Im^. Hence Z^Z^ is symmetric with 


As an exercise in generalization by inversion let ns prove the following : 
Theorem 1-1. Tf three circles meet in a point 0 in such a way that 


each pair of them makes an anyle — » and also meet hy pairs in three other pomts 


Py Qf Rf the circle (or line) through P, Q and R makes with each of the other 
circles an angle ^ • 


Proof Tlui pair of circles which meet at O obviously make the angle ~ at 

3 


each of tlui jxjints /*, ily R. An inversion 11 with respect to a circle having () 
as center must thercifore change them into the sides of an ecpiilateral triangle. 

'J'he circle circumscribing this triangle makes the angle; ~ with each of the 

3 


sides. But sinc;e this circle is the transform of the circle PQR by U, the 
conclusion of the theorem follows. 

As a st'.cond application of the theory of inversion, in combination with 
])rojective methods, w’o may consider the theorem of Feuerbach on the nine 
j)oint circle (cf. Ex. 2, § 73). 


Th KOREM lo. The nine-point circle of a triangle touches the four inscribed circles. 
Proof. Let the given triangle be ABCy and let the mid-points of the pairs 
H(\ CAy AB be ^4^, B^y Cy^ respectively. The nine-point circle is the circle 
containing A^yB^y C^. 



Let Kl and be the two inscribed circles whose centers are on one of the 
bisectors oi fLC A B. In case and touch the line BC at the same point, 
this is the mid-point Ay^ of the pair BCy the triangle ABC is isosceles, and the 
nine-point circle obviously touches and at In every other case there 
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is one line, I, besides AB^BCy CA^ which touches both and Let A'B'C' 
be the points in which I meets the sides BC, C^l, AB respectively. Then AA\ 
BB\ CC' are the pairs of opposite vertices of a complete quadrilateral circum- 
scribing both A'f and K'l, and the diagonal triangle of this quadrilateral is a 
self-polar triangle both for /if and A"! (§ 44, Vol. I). Since the side A A' of 
this triangle is the line of centers of /if and A'|, the other two sides, BB' and 
CC', are parallel to each other and j)erpendicular to A A', Let their points of 
intersection with ^1.4' be and respectively. These two points ar(‘ con- 
jugate with resptict to both circles, and hence must be the limiting points of 
the pencil of circles containing A'f and /if. The radical axis of the pencil of 
circles is the p(;r])endicular bisector of the pair B^^(\, and hence (§ 40) j)asses 
through the mid-})oints of all the pairs BC, B'C', BC', B'C, B^C^. In partic- 
ular the radical axis of /if and /i| passes through .4j, the mid-point of BC. 
Hence there is a circle (P with A^ as center and passing through B^ and 

Let r be the inv(;rsion with respect to Since this circle pas.ses through 
Bq and it is orthogonal both to A'f and A'| (Theorem 34, § 71), and Iniiice 
r transforms (iach of these circles into its(df. We shall now prove that T 
transforms I into the nine-point circle. 

Let B^ be the point in which A^B^ meets L Since is parallel to AB, 
it is not parallcd to /, and lienee B^ is an ordinary point. Since A^B.^ contains 
the mid-point of the pair and is parallel to BC', it contains the mid- 
point f of tin* jiair CC'. 7'he involution which T effects on the line dj/fj 
inuvst have as one of its double points and as its center; hence the otlier 
double point must be the point B.^ in which A^B^ meets BB', because A^ is the 
mid-j)oint of the pair C^B^. Thus passes through B^ as well as through Cq. 
But since jrj' 

B,A'C,A 

Rj and B^ are harmonically conjugate with respect to (7^, and B^. Hence F 
transforms B^ to B^, 

In like manner it can be shown that if C^ is the ])oint in which A^C^ meets 
I, r transforms C^ to Cy Since any line whatevi^r is transformed by F to a 
circle through .1 it follows that / is transformed to the circle through A j, By 
and Cy i.e. to the nine-point circle. By Theorem 11, Cor. 4, since I is tangent 
to A'f and A'f, the nine-point circle touches A'f and A'f. Since it has not bt*(*n 
specified which of the bisectors of 4 CAB contains the centers of A'f and K\, 
this argument shows that the nine-point circle touches all four inscribed circles. 

EXERCISES 

1. Any three points can be carried by an inversion into three coUinear 
points. 

2. Two nonintersecting circles can be carried by an inversion into 
concentric circles. 

3. Any direct circular transformation is a product of an inversion and 
an orthogonal line reflection. 
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4. A product of two inversions is an involution if and only if the circles 
are orthogonal. 

5. Of four circles mutually perpendicular by pairs, three can be real. 

6. The nine-point circle meets the circle through having as cent(*r 
in points of the line A'B'. 

7. I’he nine-point circle of a triangle touches the sixteen circles inscribed 
to th(? triangle or to any of the triangles formed by pairs of its vertices with the 
orthocenter. 

8. Let three circles Cfy C‘^ meet in a point O, and let Pj, be tht? 

other points of intersection of the})airs '2 respectively. If 

be any point of the point of collinear with and distinct from and 

and (^3 the point of collinear with and distinct from and P^, then 
7*2, and are collinear. 

9. The problem of A pollonm^. Construct the circles touching three given 
circh's. Cf. Pascal, Re])ortorium der lloheren Mathematik, II 1, Chaj). 11, on 
this and th(‘. bellowing exercise. 

10. The py'ohlcm (ff MalfottL (Jiven a triangle, determine three circles each 
of which is tangent to the other two and also to two sides of the triangle. 

94. Inversions in the complex Euclidean plane. Thus far we have 
dealt only with a real Euclidean plane. The definition of an inver- 
sion given in §71, however, api>lies without change in the complex 
Euclidean plane; i.e. two points are inverse with respect 

to a circle provided they are conjugate with respect to and 
(‘ollinear with its center. The transformation thus defined is obviously 
one to one and reciprocal for all points of the complex projective 
plane exce])t those on the sides of the triangle Ol^I^y wluu-e O is the 
center of T", and and 1^ are the circular points at infinity. Any 
point of is carried to O by the inversion, and 0 is carried to every 
])oint of /*,. The circular j)oint is transformed to every point of tlie 
line 0/j, and every j)oiut of the hue OJ^ is transformed to 1^, In like 
maniHU* is transformed to every point of tlie line 07^, and every 
point of this line is carried to /„. 

Dkftnttion. Tlie sides of the triangle are called the singular 
lines of the inversion with respect to and the points on these lines 
are called its singular points. 

The principal j)roperties of an inversion may he inferred from 
the following construction: If A^ is any pioint not on a side of the 
triangle OlJ^^y let and be the pioints distinct from 7^ and 
(fig. 73) in which the lines A^l^ and AJ^ respectively meet C^. Let 
A^ be the point of intersection of I^B^ and The points A^ and 
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are mutually inverse because, by familiar theorems on conics, they 
are conjugate with regard to and collinear with 0. 

From this const imction it is evident in the first place that all 
points, except of the line are transformed into points of the 
line and vice versa. Hence an inversion transforms the minimal 
lines through into the A 

minimal lines through 7^, 
and vice versa. More- 
over, the correspondence 
between tlie two pencils 
of minimal lines is such 
that if is a variable 
point of 7'", the line 
always corresponds to 
JJi, In other words, the 
correspondence effected ^ 
by an inversion between 
the two x)encils of mini- 

mal lines is a projectivity generating the invaiinnt circle C^. 

The definitions of circular and of direct circular transformations, 
given in § 92, ap^fiy without change in the compl(‘.x Euclidean plane. 
The result just obtained therefore implies that atii/ direct circular 
tratisfonnatiou tramfonus each pencil of minimal linen projectively 
into itself, and any nondirect circidar iransfonnation transforms 
each pencil of minimal lines projectively into the other. 

Now suppose that is a variable ])oint on any line I not contain- 
ing 7j or 7^. 

( 4 ) 

Since and are always on the conic 

(5) 



(5) 

and 

( 6 ) 
Hence 

(7) 




But corresponding lines of these two pencils intersect in the vari- 
able point whi(di is therefore always on a conic through 7, ami 7„ 
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or on a line. In the projectivity (5) the line 1^0 corresponds to ; 
in (4) corresponds to itself; and in (6) corresponds to 1^0, 
Hence in (7) the line 1^0 corresponds to /^O, and so the circle or line 
generated by (7) passes through 0. 

This result may be stated in a form which takes account of the 
singular elements, as follows : Any degenerate conic consisting of L 
and a nonniiriiinal line is carried hy an inversion with respect to 
into a conic {degenerate or not) which pn^sses throngli 7^, and 0, 

Next suppose to be a variable point on any nondegenerate conic 
through f and In this case 

( 8 ) 

and hence by the projectivities (5) and (6) we have 

( 9 ) 

Hence is again on a conic through and which can degenerate 
only if L corresponds to itself under (9). The latter case implies, by 
(5) and (6), that Jf) and JJ.) correspond under (8) or, in otlier words, 
that the locus of passes through O. Hence ajiy nondegenerate conic 
K‘^ through f and 7^ corresponds hy the inversiori with res2)ect to 
to a conic through and 'which degenerates into a pair of Imes, 
one of which is only in case passes through 0. 

This result, togetlier with the otlier statement italicized above, 
amount to an extension of Cors. 1 and 3 of Theorem 1 1 to the com- 
plex Euclidean plane. From our present point of view we can also 
establish the following theorem, which did not come out of the 
reasoning in § 92. 

Theorem 1 6. The correspondence between two circles which are 
homologous under an inversion is projective. 

Proof, If is a variable point of one circle and of the other, 
then, in the notation above, = l^A^, and hence by (5) 

which is a necessary and sufficient condition that the correspondence 
between the two circles be projective (cf. the corollary and dehnitions 
following Theorem 10, Chap. VIII, Vol. I). 
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The same reasoning also applies in case one or both of the conics 
which are the loci of and A^ degenerate. We thus have 

Corollary. A projective correspondence is established by an in- 
version between any two homologous lines or between a lint and 
its homologous set of points on a circle. 

The proof of Theorem 13 on the preservation of angles under a cir- 
cular transformation applies without change in the complex Euclidean 
plane. This theorem can also be proved by the use of considerations 
with regard to the circular points. We shall give the argument for 
the case of orthogonal circles, leaving it as an exercise for the reader 
to derive the proof along these lines for the general case. 

It has been proved in § 71 that the circles through two points A^, 
A^^ are orthogonal to the circles through two points if and only 

if the pairs A^A^, pairs of opposite vertices of a 

complete quadrilateral (cf. fig. 73). The sides Ifi^y 
such a quadrilateral are transformed by an inversion relative to any 
circle into four lines tlirough and 7^. Hence the points A^y A^, B^y 
/?2 are transformed into four points Al^y B[y B^ such that 
A[A.jy and BlB,^ are pairs of opposite vertices of a complete quadri- 
lateral. Jlence the pencils of circles througli A^y A^ and B^y 
respectively are transformed into two pencils such tliat the circles 
of one pencil are orthogonal to those of the other. 

With this result it is easy to prove that Theorems 8-11, 13, and 
their corollaries hold in the complex Euclidean plane, proper excep- 
tions being made so as to exclude minimal lines and pairs of points 
on minimal lines. This is left as an exercise. 

95. Correspondence between the real Euclidean plane and a complex 
pencil of lines. The correspondence betw^een a complex one-dimen- 
sional form and the points of a real Euclidean plane, together with 
Ly can be established in a particularly interesting way if the one- 
dimensional form be taken as the pencil of lines on one of the circular 
points of the line at infinity of the Euclidean plane. 

Let L be the line at infinity, and 7^ be one of the circular points. 
By Theorem 15, Chap. V, each line through 7^ contains at least one 
real point. No line through 7^, except can contain more than one 
real point ; for otherwise it would be a real line, and hence would meet 

in a real point contrary to the fact that 7^ is imaginary. Then each 
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line through 1^, except contains one and only one real point of the 
Euclidean plane. Let us denote by the correspondence by which 
/oD coiTesponds to itself and the other lines through correspond each 
to the real point which it contains. 

By § 94 a direct circular transformation transforms the pencil of 
lines on 7^ projectively into itself. Hence every direct circular trans- 
formation corresponds under F' to a projectivity of the lines on 

By Theorem 9 there is one and only one direct circular trans- 
formation carrying an ordered triad of distinct points to an ordered 
triad of distinct jjoints ; and by Assumption P there is one and only 
one projectivity carrying an ordered triad of lines of a pencil to any 
ordered triad of the pencil. Hence a given projectivity of the pencil 
of lines on 7^ can correspond under F' to only one direct circular trans- 
formation. In other words, F' sets up a simple isomorphism between 
the projective group of a complex one-<limensional form and the 
group of direct circular transformations. 

The correspondence between the points of a real line and the lines 
joining them to 7^ is evidently projective. Since the cross ratio ot 
four points of a real line is real, so is the cross ratio of the lines join- 
‘ng them to 7^. Hence any real line together with L corresponds 
under F' to a chain. Since any two chains of a one-dimensional form 
are j)rojectively equivalent, and any circle of the Euclidean plane is 
e([uivalent under the inversion group to an ordinary line and L, it 
follows that under F' any chain corresponds to a circle and any circle 
to a (’bain. 

Tlie correspondence F' may be used to transfer the theory of invo- 
lution from the complex pencil of lines to the Euclidean plane. Let 
BB\ CC' be pairs of opposite vertices of a complete quadrilateral 
of the Euclidean plane. The pairs of lines joining these pomt pairs 
to 7^ are pairs of an involution. Hence 

Tiikorem 17. The pairs of opjmsite vertices of a complete quadrir 
lateral are pairs of an involntion, i.c, they are pairs of homologous 
points in a direct circular transformation of period two. 

In other words, the pairs of opposite vertices of a complete quad- 
rilateral constitute the image under F' (and hence under F) of a 
quadrangular set. While the converse of this proposition is not 
true, the proposition can be generalized by inversion so as to give 
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a construction for the most genenil quadrangular set in wliich no 
four of the six points are on the same circle or line (cf. Ex. 1, below). 
We shall state the construction in terms of chains.* 

Theorem 18. Given two pairs of points A A! and BB' and a point 
C snch that no four of the five points are on the same chain. The 
chains C {ABU') and C {A' BC) either meet in a poind 1) other than C 
or totfch each other at C. In the latter case let I) denote C. The chains 
C{I)AB) and C{DAUI) meet in a point C' such that A A', BB\ CC' 
are pairs of an involution. 

Proof. Consider the figure in the Euclidean plane (together with /„) 
corresponding under F' to the figure described in tlie theorem. If 
F' (/>) F'(7>) can be transformed to by an inversion I. 

Under IF' the four chains C(vf/>''C), C{J>AB), and C(l)A'B') 

correspond to Euclidean lines (with /«), and luiiu*.e AA', BBf CO' corre- 
spond to the vertices of a complete quadrilateral ; so that the theorem 
reduces to Theorem 17. If F' (/>)=/,, the theorem reduces directly 
to Theorem 1 7. 

Corollary. Three pairs of points on a complex line AA'y BB\ 
CC\ such that the chains C {A’B'C^)^ C (.1'7/C'), C (AliU^), C (ABC') 
are distinct, are pfdrs of an inrolation if and only if the four 
chains have a point in common. 


EXERCISES 

1 . Three pairs of {)oiiits of the same chain A A \ P>]i\ CC' are in involution 
if for any point 1) not in the chain tlui chains C ( DA A), C ( DIUV). C {DCC') 
are in the same* pi*ncil. 

2 . Derive Ex. 15, § 81, from the theory of involutions in a i>lan(‘. 

3. If .4/1', /1/j', CC' are pairs of opposite*, vertices of a complete quadri- 
lateral, the tliree circles havin. 1 ? .4.4', BB', CC' resj)ectively as ends of tlitdr 
diameters }>elonjiT to tlie same pencil, and the radical axis of this pencil ])asses 
through the c(*nter of the circle circumscribing the diagonal trianghi of the 
quadrilateral. 

4 . Construct the double points of an involution in a Euclidean plane with 
ruler and compass. 

* This puts in evidence the fact that while the geometry of real one-dimensional 
forms depends essentially on constructions implying the existence of two-dimen- 
sional forms, the gt‘ometry of the complex projective line could be developed 
without siq^posing the existence of points outside the line. 
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96, The real inversion plane. In a real Euclidean plane an inver- 
sion has been seen to be a one-to-one and reciprocal transformation 
except in that it transforms Z* to the center of inversion, and the center 
to /*. An inversion, therefore, is strictly one to one if we regard it as 
a transformation of the set of objects composed of the points of the 
leal Euclidean plane together with regarded as a single object. 

Dkfinition. The set of points in a real Euclidean plane, together 
with tlie line at infinity regarded as a single object, is called a real 
inversion phme ; /«, is called the at injl7iity of the inversion 

plane. The set of i)oints on a real circle, or on a real line / together 
with is called a circle of the inversion plane. An inversion is either 
an inversion in the sense of § 71 with res])e(’t to a real or imaginary 
circle or an orthogonal line reflection. Circular transformations, etc. 
are defined as in § 92. The set of theorems about the inversion plane, 
wliich remain vahd when the figures to which they refer are sub- 
jected to every transformation of the inversion group, is called the 
real inversion geometry. 

Although the point at infinity receives sj)ecial mention in this 
definition, from the point of view of the inversion geometry it is not 
to be distinguished from any other point of the inversion plane. E or 
any point of the inversion plane can be carried to any other point of 
it by an inversion. In a set of assumptions for the inversion geometry 
as a se})arate science, there would be no mention of a point at infinity ; 
just as there is no mention of a line or a plane at infinity in our 
assumptions for projective geometry. 

The inversion geometry has a relation to the Euclidean geometry 
which is entirely analogous to the relation of the projective geometry 
to the Euclidean; namely, the set of transformations of the inversion 
group which leaves one point of the inversion plane invariant is a 
parabolic metric group in the Euclidean plane obtained by omitting 
tliis point from the inversion plane. 

A large class of theorems about circles can be stated with the 
utmost simplicity in terms of the geometry of inversion. For exam- 
ple, the propositions that three noncollinear ordinary points determine 
a circle and that two ordinary points determine a line combine into 
the single proposition : 

Theorem 19. In the inversion plane any three distinct points are 
on one and hut one circle. 
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The theorem that there is one and only one circle touching a given 
circle at a given point and passing through a given point B not 
on may be put in the following form, which also includes the 
proposition that through a given j)oint not on a given line I there is 
one and but one line parallel to L 

Theorem 20. There is one and hut one circle through a point A on 
a circle 0^ and a point B not on and having no point except A in 
common with 6'^ 

The theory of pencils of circles makes no special mention of 
the radical axis (§ 71), for the radical axis (with /*) is merely one 
circle of the ])encil and is indistinguishable from the other circles. 
In like manner the center of a circle is not to be distinguislied 
from any other point; for tlie center is merely tlie inverse of hy 
with respect to the circle, and the inversion group does not leave 
L invariant. 

Thus the theory of pencils of circles in the inversion geometry 
involves no referencij to the radical axis or to the line of centers. 
A pencil of circles may be defined as follows : 

Definition. A pencil of circles is either (a) the set of all circles 
through two distinct points, or (b) the set of all circles orthogonal 
to the circles of a pencil of Type (a), or (c) the set of all circles 
through a point of a given circle and meeting in no other point. 
A pencil of circles is said to be hyperholiCy elliptiCy or paraholicy 
according as it is of Types (a), (b), or (c). Any point common to all 
circles of a pencil is called a hase point of the ]:>encil. 

By comparison with the theorems in the preceding sections it is 
evident that the pencils of circles of these three types include all the 
pencils referred to in § 71 and also certain ])encils of circles which 
are regarded as degenerate, from the Euclidean point of view. Thus, 
consider a pencil of lines through an ordinary point of a Euclidean 
plane. Each of these lines, with L, constitutes a degenerate cirede, and 
the set of degenerate circles is a pencil according to the definition 
above. Again, a pencil of parallel lines in the Euclidean plane deter- 
mines a set of circles in the inversion plane which have in 

common only the one point By Theorem 11, Cor. 3, any inver- 
sion r with a center 0 transforms [A"^] into a set of circles [A^ ] 
through O which liave in common no other real points tlian O. 
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Since there is one and only one circle of the set [jS^®] through 
every point of the Euclidean plane, [Kf] must be a pencil of 
circles of Type (c). 

The fundamental theorems about circular transformations may be 
stated as follows : 

Theorem 21. A circular transformation is a one-to-one transfor- 
mation of the inversion plane which carries circles into circles. There 
is a unique direct circular transformation carrying three distinct 
points Ay 11 y C to three distinct poirits A', B', O' respectively. A circular 
transformation leaving three points invariant is either an inversion 
relative to the circle through these three points or the identity. 

The theorems on orthogonal circles in § 71, together with the 
corresponding propositions on circles, lines, and orthogonal line 
reflections, become : 

Theorem 22. Two circles are orthogonal if and only if one of them 
passes through two points which are inverse with respect to the other. 

Corollary 1. Two circles are orthogoitnl if arid only if they belong 
respectively to two pencils of circles such that the limiting points of 
one 2 >encil are the common points of the circles of the other lycncil. 

Corollary 2. If A^and A^are inirrse with respect to a circle C*, 
all circles through A^ and orthogonal to pass through A^. 

The correspondence F, which was established in §§ 90, 91, between 
the Euclidean plane and the complex projective line, is one to one 
and reciprocal between tlie inversion plane and the complex line. 
Since circles and chains correspond under F, the inversion geometry 
is identical with the geometry of chains on a complex line. The direct 
circular transformations of the inversion plane correspond to the 
projectivities of the complex line. 

It follows from § 90 that the inversion with respect to the chain 
transforms every point z — x-\-iy into the conjugate imagi- 
nary point z = X — iy. Hence an inversion with regard to any chain 
is a transformation projectively equivalent to that by which each 
point goes to its conjugate imaginary point (cf. § 78). For this reason 
we make tlie definition : 

Definition. Two points are said to be conjugate with respect to 
a chain if they are inverse with respect to it. 
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It is easily seen that any nondirect circular transformation is a 
product of a particular inversion and a direct circular transformation 
Hence any nondirect transformation may be written in the form 

, _ ai -h 6 
cz-\-d 

We shall return to this subject in § 99. 

EXERCISES 

1 . Construct a sot of assumptions for the inversion geometry as a separate 
science.* 

2. Work out the thooronis analogous to those of §§ 71, 90-96 for the 
parabolic metric group in a modular space. Thus obtain a modular inversion 
geometry. The number of points in a Unite inversion plane is 4* 1 if the 
number of points on a circle is /> + 1. 

3. The double points of an involution leaving a chain invariant are inverse 
with respect to the chain. 

07. Order relations in the real inversion plane. The more elemen- 
tary theorems on order relations in the inversion plane follow readily 
from the corresi)onding theorems for the Euclidean aiul projective 
planes. Suppose we start with a jn-ojective plane tt'. By leaving out 
a line /« of tt', a Euclidean plane tt is determined; and by regarding 

as a point, an inversion plane ^ is determined. Any line I of it' 
which is distinct from determines a circle of the inversion plane it \ 
and we now define the order relations on this circle as identical with 
the projective order relations of /, the point taking the place of the 
point in which I meets l^. The order relations on any circle which 
does not contain are determined by § 20. 

Since the correspondence effected between any two circles by an 
inversion is projective (Theorem 16), it follows that the order relations 
among the points on any circle are unaltered by inversion. Hence 
order relations on circles are unaltered by circular transformations. 

On a complex line the order relations in a chain are identical with 
the order relations on a real line as developed in §§ 18, 19, 21-24. 
The correspondence r(§§ 90, 91) is such that the order relations of 
corresponding sets of points on a chain C {Q^Q^Q^) and the circle 
are identical. Since order relations on circles are unaltered by 

♦ This question has been treated for the three-dimensional case by M. Fieri, 
Giomale di Matematiche, Vol. XLIX (1911), p. 49, and Vol L, p. 106. 
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circular transformations, and order relations on chains are unaltered 
by projectivities, it follows that T is such that the order relations 
of corresponding sets of points on any chain and the corresponding 
circle are identical. Therefore the theory of order in the inversion 
plane applies also to the complex line. 

Returning to the Euclidean plane tt', we know by § 28 that the 
points not on an ordinary line I fall into two classes such that any 
two points of the same class are joined by a segment not meeting /, 
whereas a line joining two points of different classes always meets 1. 
By § 64 any circle containing two points of different classes meets 
I in two points. We thus have 

Theorem 23. Definition. The points of an inversion plane not 
on a circle fall into two classes, called the two sides of C®, such 
that two points on the same side of are joined hy a segment of a 
circle which does not contain any point of C^, and such that any circle 
containing two points on different sides of contains two points of C^. 

Since order relations on circles are not altered by inversion, there 
follows ; 

Corollary 1. If two points are on opposite sides of a circle C®, 
tiie points to which they are transformed hy an inversion H are on 
opposite sides of U (C). 

On a complex line the points on one side of the chain C{Q^Q^Q^) 
are evidently those whose coordinates relative to the scale Q^, Q^, 
are x + iy, where x is real and y real and positive, and those on the 
other side are those whose coordinates are x — iy. Hence, in general. 

Corollary 2. The points D and D' are on opposite sides of a circle 
through A, B, C if and only if y and are of opposite sign in the 
following two equations : 

E {AB, CD)^x + iy, B {AB, CD') = a;' + iff, 
where x, y, x' , ff are all real. 

Definition. A throw T {AB, CD) is said to be neutral if B {AB, CD) 
is real. Two throws T {AB, CD) and T {A'B', C'D') are similarly or 
oppositely sensed according as y and ff are of the same or of opposite 
signs in the equations 

B {AB, CD)^x + iy and B (A'E', C'D') = a/ + iff, 

P, ff being real. 
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From this definition it is obvious that a direct circular transforma- 
tion transforms any non-neutral throw into a similarly sensed throw. 
It is also obvious that an inversion which reduces in the Euclidean 
j>lane tt to an orthogonal line reflection changes non-neutral throws 
into oppositely sensed throws. Hence we have 

Theorem 24. A direct circular tranfiformation carries non-neutral 
throws into similarly sciised throws^ and a nondirect circular trans- 
formation carries them into oppositely sensed ihrov>s. 

EXERCISES 

1. Two circles intersecting in two distinct ])C)ints separate the inver- 

sion })lano into four classes of ])oint8 such that two points of the same class are 
joined by a segment of a circle containing no ])oints of and A"-*, whereas 
any circle containing points of different classes contains i)oints of 

2. Two i)oints which are inverse with respect to a circle are on oj)posite 
sides of it. 

3. What is th(i relation betwt^en the sense of throws as d(‘fin(‘d above and 
the s(*use of noncollim'ar point triads in a Euclidean j)lane as defined in § .30? 

4. In a Eiiclid(‘an ])lane if a triangle 4 AC is carried to a triangle ^V>'C' 
by an inversion, the sense S (.-1 !>( ’) is the same as or different from S 
according as tin; (!enter of the inversion is or is not int{*rior to the circle J7>C. 

5. In the notation of ICx. 7, § 02, if O is interior to a circle C^, then (Y 
is int(Tior to II (C^), and every j)oint interior to C^ is transformed by II to 
a point exterior to O'. 

98. Types of circular transformations. By § 5 every projectivity 
on a complex line has one or two double points. On account of 
the correspondence T tlie same result holds for the direct circular 
transformations of the real inversion plane. 

Let us consider first a transformation H having but one double 
point. In the theory of projectivities such a transformation has been 
called parabolic; and it has been proved that there is one and but 
one parabolic projectivity leaving a point 3f invariant and carrying 
a point to a point A^ We have also seen that if A_i is the point 
which goes to R {3L4q, A^A_^) = — 1. Hence A_^, A^ are on the 
same chain through 31. Since A^^^, A^, M are transformed into A^y A^, 
3f respectively, this chain is left invariant by H. 

In like manner any other point not on the chain C (A^Af4f) 
determines a chain which is left invariant by H. These two cliains 
cannot have another point than 31 in common, because this point 
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would have to be left invariant by 11. Thus 11 leaves invariant a 
set of chains through M no two of which have a point in common, 
and such that there is one and only one chain of the set tlirough 
any point except ilf. 

If n he regarded as a transformation of the inversion plane, this 
means that 11 leaves invariant each circle of a pencil of circles of 
tlie parabolic ty])e. In the Euclidean plane e, obtained by leaving M 
out of the invei'sion plane, this pencil of circJes is a system of parallel 
lines and 11 is a diiect similarity transformation. Now let us regard 
€ from the projective point of view. The transformation 11 leav(\s all 
points of the line at intinity of e invariant, because it leaves each of 
the circular ])oinls invariant as well as the point at intinity of the 
system of parallel lines. IL*nce II is a translation in the Euclidean 
plane €. 

This result may be expressed in terms of the inversion plane as 
follows : 

Theorem 25. Any direct circular transformation with only one 
iararicint 2^oint transforms into itself cirry pencil of circles of the 
paralxdic type having this point as ha sc point. One and only one of 
these pencils is such that each circle of the pencil is invariant. 

Returning to the Euclidean plane we have 

Theorem 2G. Any direct similarity transformation v'hich is not 
a, translation or the identity leaves invariant one and only one 
ordinary point. 

Proof. Regard the Euclidean plane as obtained by omitting one 
point from an inversion plane. A direct similarity transformation 
eflects a transformation of the direct inversion group and leaves this 
point invariant. In case it leaves only this point invariant, it has 
just b(ien seen to be a translation in the Pmclidean plane. If not, by 
the first paragraph of this section it has one and only one other 
invariant point unless it reduces to the identity. 

A similarity transformation leaving an ordinary point O invariant 
must transform into itself the pencil of lines through this point and 
the pencil of circles having this point as center. 

Two important special cases arise, namely, a rotation about 0 and 
a dilation with O as center. Moreover, since there is one and only 
one direct similarity transformation leaving O invariant and carrying 
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a point P, distinct from 0, to a point P', distinct from O, any non- 
parabolic direct similarity transformation is expressible as a product 
of a rotation and a dilation. 

, A rotation which is not a point reflection leaves all circles with O 
as center invariant, and changes every line through 0 into another 
line through O. A dilation which is not a point reflection leaves 
every line through O invariant, and changes every circle with O as 
center into another such circle. Hence a product of a dilation and a 
rotation, neither of which is of period two, leaves invariant no line 
through O and no circle with O as center. Since either a rotation 
or a dilation of period two is a point reflection, any direct cinndar 
transformation falls under one of the three cases just mentioned or 
else is a point reflection. Stated in terms of the inversion plane these 
results become (cf. fig. 56, p. 158): 

Theorem 27. A direct circular transformation havinfj tmo fixed 
'points transforms into itself the pencil of circles throiujh the fixed 
points and also the pencils of circles about these points. The trails- 
formation either leaves invariant every circle of one pencil and no 
circle of the other pencil y or it leaves invariant no circle of either 
pencil y or it leaves invariant every circle of both pemrils and is of 
period two. 

Definition. A direct circular transformation is said to be parabolic 
if it leaves invariant only one point ; to be hyperbolic if it leaves in- 
variant two points and all circles through these points; to be elliptic 
if it leaves invariant two points and all circles about these ])oints ; 
to be lo'xodromic if it leaves invariant two points and no circle thi’ougli 
the invariant points or about them. 

The theorems above are all valid for the complex line if circles 
be replaced by chains and direct circular transformations by projec- 
tivities. The definition is to be understood to apply in the same 
fashion. Since every nonidentical projectivity on the complex line 
has one or two double points, the discussion above gives the theorem : 

Theorem 28. A direct circular transformation {or a projectivity on 
a complex line) is either parabolic y hyperbolic y elliptic y or loxodromic. 

Corollary. An involution on a complex line is both hyperbolic and 
elliptic ; and any projectivity which is both hyperbolic and elliptic is 
an involution. 
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EXERCISES 

1 . A projectivity whose double points and x^ are distinct from each 

other and from the point of a scale Pod, and whose characteristic 

cross ratio (§ 73, Vol. I) is A*, may be written 

(l») 

X — X^ X — x^ 

If one of the double points is Poo and the other is Xj, the projectivity may 
be written 

( 11 ) x' -- x^ — k (x — x^). 

The projectivity is hyperbolic if k is real, elliptic if k = e’®, where $ is real, and 
loxodromic if neither of these conditions is satisfied. 

2. The parabolic projectivities with x^ as double point may be written 
in the form 

X — X^ X — x^ 

or, in case th(^ doubh* point is Poo, in the form 

x' — X (If, 

In eitluT case a subgroup is obtained by recjuiririg t to be real. The locus of 
tlu‘ points to which an arbitrary jioint is transformed by the transformation 
of this subgroup is a chain, and the set of such chains constitutes a parabolic 
]u‘ncil of chains. 

3 . The projectivities (10) and (11) for which 

k = a\ 

wlier(‘ a is constant and f a real variable, form a group (a continuous group of 
one real parameter, in fact). The locus of the points to which a given point 
is carrii'd by the transformations of this grou]) or the group considered in 
Kx. 2 is called a jxith curve. In the nonj^arabolic cases, if n is real the path 
curves are chains through the double points. If a is complex and | « j — 1, 
they are chains about the double points. If a satisfies neither of these con- 
ditions, and the doubh* j>()ints are P^ and P<», the path curves are the loci of 
X - re'^ satisfying the condition 

(13) ^ = 

where a and j3 are real constants ; if the double points are not specialized, the 
path curves are projectively equivalent to the system (13). Diagrams illus« 
trating the three types of path curves will be found in Klein and Fricke’s 
Elliptische Modulfunktionen, VoL I, Abschnitt II. 

4 . From the Euclidean point of view the r and 0 in Ex. 3 are polar coordi- 
nates, and the loci (13) are logarithmic spirals meeting the lines through the 
origin at the augh' tan- ' (1/^3). (A generalization of the notion of angle 
analogous to that in ^ 03 is here taken for granted.) The path curves of a 
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one-parameter group of Euclidean transformations may be a pencil of par- 
allel lines or a pencil of concentric circles or a set of logarithmic spirals 
congruent to (13). 

5. A projectivity having a finite period must be elliptic. A direct similarity 
transformation having a finite j)eriod must be a rotation. 

6. A loxodromic projectivity is a product of an elliptic and a hyperbolic 
l)rojectivity. 

7. A projectivity leaving a chain invariant is either hyperbolic or elliptic. 


99. Chains and antiprojectivities. The theory of chains on a com- 
plex line has been developed in the sections above by combining the 
general theory of one-dimensional projectivities with the Euclidean 
theory of circles. It is of course possible, and from some points of 
view desirable, to develop the theory of chains entirely independently 
of the Euclidean geometry. The reader is referred for the outlines of 
such a theory to an article by J. W. Young in the Annals of Mathe- 
matics, 2d Series, Yol. XI (1909), p. 33. Many of the properties of 
chains may be generalized to ?i dimensions, an n-dimemional chain 
or an n-ehain being defined as a real 7i-dimensional space contained 
in an 7i-diinensi()nal complex space in such a way that any three 
points on a line of the real space are on a line of the complex space. 
(Tliis is the relation between S and S' in §§ 6 and 70.) A discussion 
of the theory of these generalized chains will be found in the articles 
by G. Segre and C. Juel referred to below, and also in those by 
J. W. Young, Transactions of the American Mathematical Society, 
Vol. XI (1910), p. 280, and H. H. MacGregor, Annals of Mathematics, 
2d Series, Vol. XIV (1912), p. 1. 

The transformations, 


(14) 


, az-{-b 

Z = 

CZ + a 


a h 
c d 


= 0 , 


of the complex line which were mentioned at the end of § 96 are 
analogous to the following class of transformations of the complex 
projective plane : 


»0 = ® 00^0 + « 01^1 + 

(15) x[ = 

X'i = ajoio + ®8J^l + “82^2* 


a 


a « 

00 

01 

02 

a 

a.. 

a. 

10 

11 

12 




20 

21 

22 


where a:, denotes the complex number conjugate to Xf. These trans- 
formations are coUineations. because they transform collinear points 
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to collinear points,* but they are not projective collineations. If 
x[, be replaced by u[, (15) gives the equation of a non- 

projective correlation. The analogous formulas in four homogeneous 
variables will define nonprojective collineations and correlations in 
space. 

Definition. A nonprojective collineation or correlation or a 
one-dimensional transformation of the type (14) is called an anti- 
projectivity. 

The theory of antiprojectivities lias been studied by C. Juel, Acta 
Mathematica, Vol. XIV (1890), }». 1, and more fully by C. Segre, 
Torino Atti, Vol. XXV (1890), pp. 276, 430 and Vol. XXVI, pp. 35, 
592. Their role in projective geometry may he regarded as defined 
by the following theorem due to G. Darboux, Mathematische Annalen, 
Vol. XVII (1880), p. 55. In this paper Darboux also points out the 
connection of the geometrical result with the functional equation, 

/(« + y)=/(.<0 +/(»/)• 

Theorem 29. Any one-to-one rccij>rocal tram^f ormation of a real 
jyrojectire line which carries harmonic sets into harmonic sets is 
projective A 

Proof, Let 11 be any transformation satisfying the hypotheses of the 
theorem. A, /?, C any three points of the line, 11 {ABC)= A ! and 
rr the projectivity such that W {A^ B' CA) ^ABC. Then Il'Il {ABC) = 
ABC. If we can prove that 11 'TI is the identity, it will follow that 
11 = n'”\ and hence that 11 is a projectivity. 

If Il'n were not the identity, it would transform a point P to a 
point Q distinct from P, while it left invariant all points of the net of 
rationality R {ABC). Let be points of this net in the order 

{PL^L^QL^}. 

By Theorem 8, Chap. V, there would exist two real points Sy T which 
harmonically separate the pairs PL^ and PgPj. The transformation 
n'ri must carry S and T into two points harmonically separating 
the paiis QL^ and But since the latter two pairs separate each 

*Cf. §28, Vol. I. 

t Von Stand t, Geornetrie der La^e (Ntirnbergc, 1847), § 9, defined a projectirity 
of a real line as a transformation having this property. We are using Cremona’s 
definition of a proiectivitj as a resultant of perspectivitJes (cf. Vol. I, § 22). 
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other, by Theorem 8, Chap. V, there is no pair separating them both 
harmonically. Hence the assumption that 11 '11 is not the identity 
leads to a contradiction. 

Corollary 1. Any collineation or correlation in a real projective 
space is projective. 

Proof. Since a collineation transforms collinear points into col- 
linear points, it transforins nets of rationality into nets of rationality 
in such a way that the correspondence between any two homologous 
nets is projective (cf. .‘lo^Vol. I). Hence, according to the theo- 

rem above, the correspondeiu'c eltecied by the collineation between 
any two lines is })rojective. Heiute the collineation is projective. 

A like argument proves that a correlation is projective. The reason- 
ing holds witliout change in a real projective space of n dimensions. 

Corollary 2. Any one-to-one reciprocal transformation of the 
real inversion plane which carries points into points and circles into 
circles is a transformation of the inversion group. 

Proof. liCgard the inversion plane tt, minus a point Ji, as a Euclid- 
ean plane tt'; let H be any transformation satisfying the hypotheses 
of the corollary, l(‘t II (/i) = 7^', and let H' be an inversion carrying 
7^' to 7i. Then Xl'II is a transformation satisfying the hypotheses of 
the corollary and leaving invariant. 

Since II'll carries circles through 7i into circles, it effects a collin- 
eation in TT. By the first corollary this collineation is projective. Since 
it carries circles into circh^s, it is a similarity transformation. Hence 
n'n is a transformation, say II", of the inversion group in tt'. Since 
n = n'“^II", n is also in the inversion group. 

Translated into the geometry of the complex projective line the 
last corollary states : 

('orollary 3. Any transformation which carries chains into chains 
is eithc) a projectivity or an antiprojectivity. 

In the light of Corollary 2 it is clear that the whole theory of the 
inversion group can be developed from the definition of a circular 
transformation as one which carries points into points and circles 
into circles. This is the point of view adopted by Mobius in his 
Theorie der Kreisverwandtschaft, where, however, he used also the 
unnecessary assumption that the transformation is continuous. 
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1 . Derive the formulas for antiprojectivities in a modular geometry 
Cf. O. Veblen, Transactions of the American Mathematical Society, Vol. VIII 
(1907), p. 306. 

2 . Which if any of the following propositions are true? Any one-to-one 
and reciprocal transformation of a complex projective line which carries 
harmonic sets of points into harmonic sets of ]H)ints is either projective or 
antiprojective. Any (ju(*-to-on<i and recii)rocal transformation of a conii)lex 
projective line which carries (piadrangiilar sets of points into cpiadrangular 
sets is either }>roj<'ctivo or antiprojecjtive. Any coHineation or correlation of 
a complex })rojective si)ac(i is either projective or aritiprojective. 

3. An antiprojectivity carries four collinear points having an imaginary 
cross ratio into four points whose cioss ratio is the conjugate imaginary. 

100. Tetracyclic coordinates. The general equation of a circle in 
a Euclidean plane tt with respect to the coordinate system employed 
in Chap. IV is 

( 16 ) + 2 a^x +2a^y + a^= 0 . 

Definition. A degenerate circle is either a pair of lines joining an 
ordinary point to the circular ])oints at infinity or a pair of lines 
where /« is the line at infinity. 

Thus (16) represents a iiondegenerate circle, provided that the 
following condition is not satisfied : 


(17) 


0 = 


0 

0 




The condition = 0 clearly means that (16) represents a degenerate 
circle consisting of /« and an ordinary line, unless 0 :^,= 0 also, in 
which case (16) reduces to 0. The condition 

(18) - al = 

means in case ^ that (16) represents a pair of ordinary lines 
through the circular points. In case are real, these two 

lines must be conjugate imaginaries. In the rest of this section the 
<r’s are supposed real. 

Let us now interpret the ordered set of numbers (a^, as 

homogeneous coordinates of a point in a projective space of three 
dimensions, S^. For every point of Sg, except those satisfying (18), 
there is a uni(|ue circle or line pair where I is ordinary, and vice 
versa. Hence there is a one-to-one and reciprocal correspondence 
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between the points of Sg not on the locus (18) and the circles of the 
inversion plane Ir obtained by adjoining L (regarded as a point) to tt. 

The points of Sg which are on the locus (18) and not on 0 
represent pairs of conjugate imaginary lines joining ordinary points 
of TT to and respectively. There is one such pair of conjugate 
imaginary lines of tt through each ordinary point of tt. The points of 
Sg on the locus (18) and not on 0 may therefore be regarded as 
corresponding to the points of ir, with the exception of The only 
point of Sg common to 0 and (18) is (0, 0, 0, 1), and this point 
may be taken to correspond to /«. Thus the points of Sg not on (18) 
represent circles of the inversion plane and the points of Sg on (18) 
represent the points of tt. 

Stated without the intervention of Sg, tliis means that the ordenxl 
set of numbers («^, taken homogeneously and subject to tlu; 

relation (18) may be regarded as coordinates of the points of When 
not subject to the relation (18) they may be regarded as coordinates 
of the circles and points in 

Definition. The ordered sets of four numbers subject 

to (18) are called tetracyclic coordinates of the points in tt. The same 
term is applied to any set of coiirdinates (/8^, /3^, ^^y /3g) such that 

A- = ^ I I 0. (^■ = 0, 1, 2, ?,) 

The circles (real or imaginary or degenerate) represented by (1, 0, 0, 0), 
(0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1) are called the base or fundamental 
circles of the coordinate system. 

A second particular choice of tetracyclic coordinates is given below. 

The points of Sg on (IS) evidently constitute the set of all real 
points on the lines of intersection of corresponding planes of the two 
projective pencils 

(19) a^= (r(aj + V— laj and a^ — ^—la^=aa^, 

where the planes determined by the same value of a are homologous. 
For (18) is obtmned by eliminating a betvreen these two equations. 
The lines of intersection of homologous planes are all imaginary, but 
each contains one real point This system of lines is, by § 103, Vol. I, 
a regulus, and the set oi points on the lines, by § 104, Vol. I, a quad- 
ric surface. The locus (18) is therefore a real quadric surface all of 
whose rulers are imaginary (cf. also § 105, Vol. 1). 
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The correspondence between the points of S, and the circles and 
points of the inversion plane tF is such that a range of points corre- 
sponds to a pencil of circles. For the points of the line joining 
(^o> ^s) (^o> ^ 2 > ^s) correspond to the circles given by 

the equation 

-f /x/3^^) (x^ + y^) -h (Xa^ + /a/ 9 J -f (Xa^ -f y + (Xa^ + = 0, 

which represents a pencil of circles, together with its limiting points 
in case the latter are real. 

Any collineation F of which carries the quadric (18) into itself 
must correspond to a transformation F of ir which carries points into 
points, circles into circlets, and pencils of circles into pencils of circles. 
F therefore has the property that if a point P of tF is on a circle 
of TTy tlien F(F) is on F (6'‘^). By Theorem 29, Cor. 2, F is a circular 
transformation. Conversely, any circular transformation of FF carries 
points to points, circles to circles, and pencils of circles to pencils of 
circles, and therefore corresponds to a collineation of Sg which carries 
the quadric into itself. By Theorem 29, Cor. 1, this collineation is 
projective. In other words, 

Theorem 30. The real inrersion geometry is equivalent to the 
projective geometry of the quadric (18). 

CoKorjiARY. The projective geometry of the read quadric (18) is 
equivalent to the complex q^vojeefive geometry of a one~dimensional 
form, 

A one-to-one correspondence between a complex line and the real 
quadric (18) may also ])e set up as follows: Let I be any complex 
line in the regulus conjugate to that composed of the lines (19). 
Ea(ih of these lines contains one real point, /", of the quadric (18) 
and one point, Q, of /. The correspondence required is that in which 
Q corresponds to P. 

By properly choosing the constants which enter in the equation of 
a circle, we may set up the correspondence between the circles of the 
inversion plane and the points of an Sg in such a way that the equa- 
tion of the quadric surface corresponding to the points of the inversion 
plane has a particularly simple form. The equation of a circle in tt 
may be written 

(20) + 1 ) + f ^ (ic» -h y* li -h 2 t a: + 2 i/ = 0. 
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The points 1 ^, which correspond to points of the inversion 

plane now satisfy the equation 

( 21 ) = 

and the circles corresponding to the four points (1, 0, 0, 0), (0, 1, 0, 0), 
(0, 0, 1, 0), and (0, 0, 0, 1) are mutually orthogonal, one of them being 
imaginary. The coordinates (fo* ^a) connected with 
^ 2 , a,^) by the equations 

which represent a collirieation carrying the quadric ( 18 ) into the 
quadric (21). 

If ^ 2 /^ 0 ’ regarded as iioiihomogeiieous coordinates with 

n*sp(;(jt to a properly chosen frame of reference in a Euclidean s[)ace of three 
dimensions ((;f. Chap. VII), (21) is the equation of a s])here. Hence the real 
inversion geometry is equivalent to the projective geometry of a sjdiere. 

The latter eipiivaleuce may ho established very neatly, with the aid of 
theonmis of Euclidean three-dimensional geometry, by the method of stereo- 
graphic j)rojection. This discussion would naturally come as an exercise in 
the next chapter. It is to be found in books on function theory. On the 
wlioh* subject of inv(Tsion geometry from this point of view, compare Hocher, 
Iieiheneritwickelung(‘n der Potentialtheorie (Leipzig, 1804), Chap. II. 

Deftxition. a circle is linearly dependent on two circles Cl 
and C'l if and only if it is in the pencil determined by Cl and C^. 
A circle C'^ is linearly dependent on n circles C^ if and only 

if it is a member of some finite set of circles C^^^, • • •, Cl^j^ such that 
Cl^i is linearly dependent on two of Cf, • • •, Cl^f_^{i= 1, 2, • • *,k). 
A set of n circles is linearly independent if no one of them is linearly 
dependent on the rest. The set of all circles linearly dependent on 
three linearly independent circles is called a bundle. 

EXERCISES 

1 . The tetracyclic coordinates of a point are proportional to the powers of 
the point with respect to four fixed circles. If the four circles are mutually 
orthogonal, the identity which they satisfy reduces to (21). 

2. A homogeneous equation of the first degree in tetracyclic coordinates 
represents a circle. 

3. What kind of coordinates are obtained by taking as the base (a) two 
orthogonal circles and the two points in which they meet? (b) four points? 

4 . Two points of $3 correspond to orthogonal circles if and only if they are 
conjugates with regard to the quadric (21). 
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5. What set of circles corresponds to the conics in which the quadric (21) 
is met by the planes of a self-polar tetrahedron ? 

6 . The direct circular transformations of tF correspond to collineations of 
Sg which leave each imaginary regulus of (21) invariant, while the others 
correspond to collineations interchanging the two reguli. The direct circular 
transformations of ir correspond to direct collineations of Sg in the sense of 
§ 31, Chap. II. 

7. The circles of a bundle correspond to the points of a plane of Sg. 

8 . The circles common to two bundles constitute a pencil and hence corre- 
spond to a line of Sg. Determine the projectively distinct types of pencils of 
circles on this basis. 

9. All circles are linearly dependent on four linearly indt‘pendent circles. 

10. For any bundle of circles there is a point O which lias the same power, 
c\ with respect to every circle of the bundle. The radical axes of all pairs 
of circles in the bundle pass through O. In case there is more than one point 
Oy the radical axes of all pairs of circles of the bundle coincide. 

11. A bundle of circles may consist of all circles through a point (the set 
of all lines in a Euclidean plane is a special case of this). In (‘very other case 
there is a nondegenerate circle orthogonal to all circhis of the bundle. This 
circle has the point O (Ex. 10) as center and consists of the points C such tliat 
Dist (OC) =c. It is real if and only if c is real. In case c is imaginary let 
T'^be the real circle consisting of points ("' such that Dist (f>C’') = c; any 
circle of the bundle meets in the ends of a diameter. 

101 . Involutoric collineations. In view of the isomorphism between 
the real inversion group and the projective group of the real quadric 
(21), a further consideration of the group of a general quadric will be 
found apropos. In this connection we need to define certain particular 
types of involutoric collineations in any projective space. The theorems 
are all based on Assumptions A, E, P, 11^^. 

It is proved in § 29, Yol. I, that if a> is any plane and O any point 
not on o), there exists a homology carrying any point P to a point P', 
provided that O, P' are distinct and collinear and P and P' are not 
on o). It folh^ws by the constructions given in that place that if one 
]:)oint r is transformed into its harmonic conjugate with regard to 0 
and the point in which the line OP meets o), every point is transformed 
in this way. It is also obvious tha^ a homology is of period two if and 
only if it is of this type. Hence we make the following definition : 

Definition. A homology of a three-space is said to he harmonic 
if and only if it is of period two. A harmonic homology is also called 
a foint-'plane reflection and is denoted by {0®} or {cdO}. where 0 is 
the center and to the plane of fixed pointa 
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Definition, If I and V are two nonintersectiog lines of a projective 
space Sgj the transformation of S 3 leaving each point of I and inva- 
riant, and carrying any other point P to the point P' such that the line 
PP' meets I and in two points harmonically conjugate witli regard 
to P and P', is called a skew involution or a line reflection in I and V, 
It is denoted by {W'},and I and V are called its axes or directrices. 

Theorem 31. A line reflection {IV) is a product of two point-plane 
reflections (Oo)} • {Ptt}, where O ami P are any tivo distinct j)oints of /, 
ft) is the plane on P and l\ and tt is the plane on O and V. 

Proof, Consider any plane through I, and let L be the point in which 
it meets V, In this plane {Oca} and {Ptt} effect harmonic homologies 
whose centers are 0 and P respectively and whose axes are PL and 
OL respectively. The product is therefore the harmonic homology 
whose center is L and axis 1. Hence the product {Oca} • {Ptt} satisfies 
the definition of a line reflection whose axes are I and V, 

CJoROLLARY, A line reflection is a projective collmeation of 'period 
tioo, and' any projective coUineation of period two leaving invariant 
the pioints of two sheio lines is a line reflection. 

EXERCISES 

1. A projective coUineation of j)eriod two in a ])lane is a harmonic homology. 

2. A projective coUineation of period two in a three-space is a point-plane 
reflection or a line reflection. 

3. Let .1, 71, C, I) he the vertices of a tetrahedron and a, y, 8 the resj)ec- 

tively o])posite faces. transformations obtainable as ju'odiicts of the tliree 
harmonic liomologies [/la), {Py} constitute a commutative group of 

or<I<'r 8 consisting of four point-plane reflections, three line reflections, and the 
idemtity. If the transformations other than the identity be denoted by 0, 1, 2, 
3 , 4 , 5 , (), the multiplication table may be indicated b}^ the modular ])lane 
given by the table (1) on p. 3, Vol. T, the rule being that tin* product of any 
two transformations corresponding to j)oints i, j of the modular j)lane is the 
one which corresponds to the third point on the line joining i and /. 

4. Generalize the last exercise to n dimensions. The group of involute ric 
transformations carrying n + 1 independent points into themselves is commu- 
tative, and such that its multiplication table may he represented by means of 
a finite ])rojective space of n — 1 dimensions in which there are three points 
on each line. 

5. A projectivity F of a complex line such that for one point P which is 
not invariant, r"(/^) = 7^ is such that F” is the identity. If n is the least 
positive integer for which F" = 1, F is said to be cyclic of degree n\ the 
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characteristic cross ratio of F is an nth root of unity ; in case n = 3, this 
cross ratio is said to be equianharmonic, and a set of four points having this 
cross ratio is said to be equianharynonlc. Asa transformation of the inversion 
group, r is equivalent to a rotation of period n. 

6. A planar projective collineation of period n(n >2) is of Type I and the 
set of transforms of any point is on a conic, or else the collineation is a 
homology. In the first case, it is project! vely equivalent to a rotation ; in the 
second case, to a dilation (in general, imaginary). Consider the analogous 
problem in three dimensions. (For references on this and the last exercise 
cf. Encyclo])6die des Sc. Math. Ill 8, § 14. The statements in the Eneyclop^die 
on the ])lanar case are not strictly correct, since they do not sufficiently take 
the existence of homologies of finite period into account.) 

102. The projective group of a quadric. According to the definition 
in § 104, Vol. 1, a quadric may be regarded as the set of points of 
intersection of the lines of two conjugate reguli. These two regiili 
may be improper in the sense of Chap. IX, Vol. I, and in the following 
theorems improper elements are supposed adjoined when needed for 
the (*,onstructions employed. 

Dkfinition. If there are proper lines on a quadric, the quadric is 
said to be ruled^ otherwise it is said to be 'iinrided, 

TiiKOEEM r)2. A harmonic homology whose center is the •pole of its 
plane of j\. red points vnih regard to a quadric surface (f transforms 
if into itself in suck a way that the two lines of through any fixed 
point are interchanged. 

Proof. Let 0 be a ])oint not on and w its polar plane. Any line 
I of (f meets oo in a unique point K. The plane 01 contains one other 
line r of (/\ and (cf. § 1 04, Vol. I) V passes through K. Any line join- 
ing O to a point Z of / other than K must meet I' in a point L' such 
that L and Z' are harmonically conjugate (§ 104, Vol. I) with regard 
to 0 and the point in wliich OZ meets eo. Hence {Om} interchanges 
I and V. E'roin this result the theorem follows at once. 

Comparing Theorems 31 and 32, we have 

CoKOLLAKY. A Uiic reflection {afy} such that a ayid h are polar with 
respect to a quadric (f transforms into itself in such a way that 
each regulus on is transformed into itself. 

Theorem S3. A projective collineation of a quadric which leaves 
three points of the quadric invariant^ no two of the three points being 
on the same ruler , is either the identity or a harmonic homology whose 
center and plane of fixed points are polar with respect to the quadric. 
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Proof, Denote the three points by A, B, C, the plane containing 
them by cd, and the pole of a) by 0. Since no two of A, B, C are on a 
line of Q^, co contains no line of ^ and hence is not on 0. Since three 
points of the conic in which o) meets the quadric are invariant, all 
such points are invariant, as is also O. Hence the given collineation 
is either the identity or a homology. In the latter case it must be a 
harmonic homology, since any two points of the quadric collinear with 
O are harmonically conjugate with respect to O and the point in which 
the line joining them meets cw. 

Theokkm 34. There exists one and only one projective collineation 
transforming each line of a regulus into itself and effecting a given 
projeciivity on one of these lines. Such a collineation is a product of 
two line reflections tvhose axes are lines of the conjugate regulus. 

Proof, Let 111 ^ regulus and 111 tlie conjugate regulus. A projec- 

tivity on a line, Z, of Rl is by § 78, Vol. I, a product of two involutions, 
say I and I'. Let {m^n^ be a line reflection such that and are 
lines of Rl through the double points of I, and let {m^m^} be a line 
reflection such that m' and m' are lines of Bl through the double 
points of I'. The product of and effects the given 

projectivity on I and transforms each line of 111 itself. 

Conversely, any projectivity F leaving all lines of 111 invariant 
effects a projectivity on I which is a product of two involutions I 
and V, The line reflections and being defined as before, 

leaves all points of I invariant and hence leaves all lines of Rl as well 
as all lines of El invariant. Hence 

• F-^ == 1, 

= F. 

Corollary. The group of permutations of the lines of a regulus 
effected hy the projective coUineations transforming the regulus into 
itself is simply isomorphic with the projective group of a line. 

Definition. A collineation of a quadric which carries each regulus 
on the quadric into itself is said to be direct. 

Theorem 35. There is one and hut one direct collineation of a 
quadric surface Qf carrying an ordered triad of points of no two 
of which are on a line of to an ordered triad of points of no two 
of which are on a line of Q\ 
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Proof, Let ABC and PQR be the given ordered triads of points, let 
a, j, r be the lines of one regulus through the points A, B, C, 

P, Qy R respectively, and let a', V, d, p\ q\ r' respectively be the 
lines of the conjugate regulus through the same points. By the last 
theorem there is a projective collineation T carrying a, b, c to p, q, r 
respectively while leaving all lines of the conjugate legulus invariant, 
and also a projective collineation F' carrying to p^fd respec- 
tively while leaving all of the lines a, h, c, p, q^ r invariant. The product 
of r and F' carries Ay By C to P, Qy R respectively. That there is only 
one direct collineation having this effect is a corollary of Theorem 33. 

Let Rl be the regulus containing the lines a, 6, c, and the regulus 
containing a\ V, d. The two collineations F and F' which have been 
used in the proof above are commutative as transformations of Rf 
because F' leaves all lines of Pf invariant, and are commutative as 
transformations of R^ because F leaves all lines of R^ invariant. Hence 

FF'= FT. 

By Theorem 34, Fr^ = {/7M} • {rd} • {ZW} • (rV), 

where Z, m, r, s are lines of Pf, and Vy m', d, d are lines of R!j. The 
collineations {rs} and {I'm'} are commutative for the same reason that 
F and F' are commutative. Hence 

rF'= {Zm} • {I'm'} . {rs} • {dd}. 

The pairs Im and I'm' are two pairs of opposite edges of a tetra- 
hedron the other two edges of which may be denoted by a and h. The 
product {Zm] • [I'm'} leaves each point of a and h invariant and is 
involutoric on each of the lines Z, I', m, m' . Hence 

{Zm} • {I'm'} = {ah}. 

The lines a and h are polar with respect to R^ because one of them is 
the line joining the point IV to the point mm', and the other the line 
of intersection of the plane IV with the plane mm' (ci. § 104, Vol. I). 

In Uke manner ^ ^ 

where c and d are polar with respect to R^. Hence we have 

Theorem 36. Any direct projective collineation T of a quadric 
surface is expressible in the form 

T={a6}. {cef}, 

where the line a is polar to the line by and the line c is polar to the line d. 
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Since any line reflection whose axes are polar with respect to a 
quadric is a product of two harmonic homologies whose centers 
are polar to their planes of fixed points (cf. Theorem 31), the last 
theorem implies 

Corollary 1. Any direct ^Tojective colUneation of a quadric is a 
product of four harmonic homologies ivhose centers are polar to their 
respective planes of fixed qioints. 

Corollary 2. Any nondirect p>Tojectice colUneation of a quadric 
is a product of an odd numher of harmonic homologies whose centers 
are polar to their respective planes of fixed points. 

Proof. If a projective collineation F interchanges the two reguli, 
and A is a harmonic homology of the sort described in the statement 
of the corollary, then rA= A is a projective collineation leaving each 
regulus invariant. By Cor. 1, A is a product of an even number of 
harmonic homologies of the required sort, and hence r = AA is a 
product of an odd number. 

103. Real quadrics. The isomorphism between the real inversion 
group and the projective collineation group of the rend quadric (or 
sphere) (21) may now be studied more in detail. Since a circular 
transformation leaving three given points of tlie inversion ])lane ^ 
invariant is the identity or an inversion (Theorem 21), and siiuie a 
collineation of Sy leaving three points of the quadric (21) invariant 
is the identity or a harmonic homology whose center is j)olar to its 
plane of fix(Kl points, it follows that inversions in ^ correspond to 
homologies of Sg. Hence the direct circular transformations of ir cor- 
respond to the direct collineations of Sg transforming (21) into itself. 

An involution in ^ is a product of two inversions whose invariant 
circles intersect and are perpendicular. To say that the invariant 
circles intersect and are perpendicular is to say that they intersect in 
such a way that one of the circles is transformed into itself by the 
inversion with respect to the other. Now suppose that {Oa>} and 
{Pit} are the harmonic homologies corresponding to the two inver- 
sions. If the points of the quadric on the plane o) are to be trans- 
formed among themselves by {Ftt} , (o must pass through P. In like 
manner tt must pass through 0. Hence 

{0®}.{P,r} = {«'}, 
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where I is the line OP, V the line cdtt, and the lines I and V are 
polar with respect to the quadric. Hence the involutions in the grou]) 
of direct circular transfoniiations correspond to the line reflections 
whose axes are polar with respect to (21). 

Thus the theorem that any direct circular transformation of tt is 
a prodiuit of two involutions is ecj^uivalent to Theorem 36 applied to 
the quadric (21). Since an involution in ir alwa}'S has two double 
points, wc have the additional information, not contained in § 102, 
tliat every lino reflection transforming the quadric (21) into itself has 
two and only two fixed points on the quadric. The line joining these 
two ])oints is obviously one of the axes of the line reflection. Hence 
the line reflection has two real axes one of which meets the quadric 
(21) and the other of which does not. 

These remarks are enough to show how the real inversion geometry 
can be made effective in obtaining the theory of the real (piadi’ic (21). 
We shall now show that any real nonruled quadric is ])rojectively 
equivalent to the quadric (21), from which it follows that the real 
inversion geometry is equivalent to the projective geometry of any 
real nonruled quadric. 

A nonruled (juadric is obviously nondegenerate. In the complex 
space any two nond(*generate quadrics ai-e projectively ecpiivalent, 
because any two reguU are ])rojectively e<]ui valent. Since. (18) repre- 
sents a quadric., it tlu'refore follows that every nondegenerate quadric 
may be represented by an equation of the second degri^e. 

Now let be any (piadric whose polar system transforms real 
points into real planes, and let the frame of reference be cliosen so 
that (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), and (0, 0, 0, 1) are vertices of a 
real self-polar tetrahedron. The plane section by the plane 
must be a conic whose e(juation is of the form 

and similar nmiarks can be made about tbe sections by the jdanes 
a-j— 0, 0, and — 0. From this it follows that (it has tlie equation 

( 22 ) + a^x\ + a^xl + = 0 , 

wliere a,,, a^, a„, are real. The projective collineation 

(23) .r' = VHsv = = 

transforms if into a quadric having one of the following equations 
x't ± x't ± x't ± x't = 0. 
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Any one of the eight quadrics thus represented is obviously equiva- 
lent projectively to one of the following three: 


(24) 

Xa + a:,® + *1 + xl = 0, 

(25) 

— £c® + + xl + xl = 0, 

(26) 

- xl - xl + xl + xl = 0. 


It is also obvious that (24) is imaginary, that (26) has real rulers, 
and that (25) is equivalent to (21). 

EXERCISES 

1 . Determine the types of collineations transforming into itself (1) a real 
unruled quadric, (2) a real ruled quadric, (3) an imaginary quadric having a 
real polar system. 

2 . Discuss the projective grou})s of the three types of quadrics enumerated 
in the last exercise. 

104 . The complex inversion plane. A projective plane may be 
obtained from a Euclidean plane (cf. Introduction, Vol. I) l)y adjoinhig 
ideal points and an ideal line in such a way as to make it possible to 
regard every collinealiou as a one-to-one reciprocal transformation of 
all points in the plaiui. In like manner the real inversion plane has 
been obtained from the real Euclidean })laiie by adjoining a single 
ideal point which serves as the corres]:)(>ndent of the center of each 
inversion. Similar considerations will now be adduced showing that 
an inversion in the coin])lex jdane may be rendered one to one and 
reciprocal by introducing two i filer secMng ideal lines. 

In the complex projective plane an inversion has been seen (§ 941 
to be a one-to-one reciprocal transformation of all points not on the 
sides of the singular triangle and to effect a projective transfor- 

mation interchanging the pencil of lines on with the pencil of lines 
on In this projectivity the line is homologous both with 01^ 
and with 01^. 

In the Euclidean plane obtained by omitting the line from the 
projective plane, it follows that the inversion is one to one and recip- 
rocal except for points on the two minimal lines, and through 0. 
Moreover, it effects a projective correspondence between the set of 
minimal lines [jo] parallel with and distinct from p^ and the set of 
minimal lines [m] parallel with and distinct from 
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The correspondence between any line ‘p and the homologous line 
m is incomplete because there is no point on p corresponding to the 
intersection of m with p^ and no point on m corresponding to the 
intersection of p with This correspondence, however, may be made 
completely one to one and reciprocal by introducing an ideal point 
on m as the correspondent of the point pm^ and an ideal point 

on p as tlie correspondent of the point mp^. In order to treat 
all the minimal lines symmetrically, ideal points and Mi must 
be introduced on p^ and respectively, as mutually correspond- 
ing points. Also one other ideal point is introduced as the 
correspondent of 0. 

According to these conventions the line p^ together with its ideal 
point Pi is transformed into a set of points consisting of ML, and 
all tlie points M^. This set 
of points is therefore called 
an ideal line In like 

manner the line together 
with its ideal point is 
transformed into a set of 
points consisting of 0«, Fi, 
and all the points 7i ; and 
this set of points is called an no. 74 

ideal line p^. The Euclidean 

plane with the lines p^ and adjoined is called an inversion plane, 
(h’ to state the definition formally and without reference to a partic- 
ular inversion : 

Definition. Given a complex Euclidean plane tt and in it two 
j)eneils of minimal lines [^] and [m]. By a complex inversion plane 
TT is meant the set of all points of tt (referred to as ordinary pomts) 
together with a set of elements called ideal points of whicli there is 
one, denoted by ii, for each;?, and one, denoted by for each m, 
distinct ^s and m’s determining distinct ideal points, and also one 
other ideal point which shall be denoted by 0^, By a minimal line 
of TT is meant (1) the set of points on a together with the corres- 
ponding ii, or (2) the set of points on an m together wdth the cor- 
responding Jfoo, or (3) the set of aU ii’s together with O*, or (4) the 
set of all Afoo’s together with O*. The minimal lines of Types (1) 
and (2) are called ordinary, and the lines (3) and (4) are called ideal 
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A minimal line of Type (1) or (4) will be denoted by p, of Type (2) 
or (3) by m ; the minimal lines of Types (3) and (4) are denoted by 
m« and p^, respectively. 

This definition is evidently such that each point of is on a irnique 
p and on a unique m. 

Definition. By an inversion T of ^ is meant a transformation 
defined as follows by an inversion I of tt : p^^ and are tlie singu- 

lar lines of I, I interchanges p^ with m*, with p^, and eacli p con- 
taining 2 Lp witli the m containing the m to wliic^h p is transformed by 1. 
A point of TT which is the intersection of a p and an m is transformed 
to the point which is the intersection of 1 {;p) and I (m). The set of 
points of ^ left invariant by an inversion is called a nondegenerate 
circle of A pair of minimal lines, one a p and the other an m, is 
called a degenerate circle of 

By refereiKie to § 94 it is evident that every circle of tt is a subset 
of the points on a cir(*le of 

Tlie complex inversion plane is perhaps best understood by setting 
it in correspondence with a ([uadric surface, tlie lines of one regulus 
on the quadric being homologous with [^] and those of the other with 
[m]. This correspondence may be studied hy means of tetracyclic 
coordinates as in § 100, but it can also be set up by means of a 
geometric construction as follows: 

Regard the complex Euclidean jdane tt with which we started as 
immersed in a complex Euclidean space. Let (/ be a quadric surface 
such that Or^ is a line of one ruling and 01^ of the other (fig. 74). 
Through and there are two other lines of the two rulings which 
intei'sect in a point Any point P of the Euclidean plane is joined 
to Oa^ by a line which meets the quadric in a unique point Q other 
tlian and, conversely, any point of whicli is not on eitlier of 
the lin(‘s 0^1^ or is joined to O* by a line which meets the 

Euclidean plane in a point P. Thus there is a correspondence T 
between the Euclidean plane and the points of (/ not on 0*/^ or 
This correspondence is such that every minimal line in tt of 
the ])encil on corres])onds to a line of the quadric which is in the 
same ruling wdth 07^, and every line of tt of the pencil on 7^ corre- 
sponds to a line of the quadric which is in the same ruling with 07^. 
From this it is evident that if ideal elements are adjoined to tt as 
explained above, the ideal points can be regarded as corresponding to 
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the points of the lines 0*/^ and 0^1^ so that there is a one-to-one 
reciprocal correspondence between tt and 

Now any nondegenerate circle of tt is a conic through and 
This is projected from O* by a cone of lines having in common with 
the two lines and 0^1^. It follows that the cone and hai e 
also a conic section in common. For let be three of the 

common points which are not on the lines 0^1^ and ; the plaiu* 
meets the cone in a conic K‘l and in a conic These two 
conie-s have also in common tlie points in which they meet the lines 
Ooo/j and (if these points coincide, and iv.f have a common tan- 
gent at this ])oint), and hence K'^ = K“. The conic K'l is nondegenerate, 
because a nondegenerate cone through 0« can have no other line than 
0^1^ and 0^1^ in common with Hence every non degenerate circle 
of TT corres])onds under T to a section of (f by a nontangent plane. 

Conversely, if is any nondegenerate conic section which is a 
])lane section of it is projected from by a cone two of whose 
lines are and O*/^. Hence 7i^ corresponds under T to a non- 
degenerate circle of tt. 

An iiu ersion in tt with respect to a circle transforms ever}' 
minimal line oi the peiudl [})] into that one of [7/1] whicli meets it on 
Let be the conic section on corresponding under T to V\ 
The inversion corresponds under T to a transformation of by which 
every line of one regulus is transformed into the line of the other 
regulus which meets it in a point of 7v This is the transformation 
(Tlieorem 32) effected by a harmonic homology whose plane of fixed 
l)oints contains and whose center is the polar to tliis plane with 
respect to f/. Ilencci every inversion in tt corresponds under T to a 
collineation of (f effected by a harmonic homology whose center and 
plane of fixed points are polar with regard to Conversely, every 
such collineation of evidently corresponds under T to an inversion 
in TT. Hence (Theorem 36, Cors. 1 and 2) the inversion group in tt is 
is()nu)r])hic under T with the group of projecbive collineations of 
and the direct circular transformations of tt correspond to the projec- 
tive collineations of which carry each regulus into itself. 

EXERCISE 

Develop the theory of the modular inversion ]»lane, using improper elements 
in the sense of Chap. IX, Vol. I. 
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105. Function plane, inversion plane, and projective plane. In the 

theory of functions of two complex variables 

F{xy) 

the two variables x and y are thought of as completely independent 
of each other. The domain of each is the set of all complex numbers, 
including co. This domain is therefore equivalent to the complex line 
or to the real inversion plane. Thus the domain of x may be taken 
to be a real unruled quadric (in particular, a sphere) and the domain 
of y aiiotlier real unruhid (juadric. Or the pair of values {x, y) may be 
regarded as an ordered pair of points on the same real unruled quadric. 

Now consider a regulus in the complex ])rojective s])ace and, adopt- 
ing the notation of the last section (tig. 74), let a scale be established 
on the lines p^^ and so that O is the zero in each scale. Let x be 
tlie coordinate of any point on p^ and y of any point on Then a 
pair of values {x, y) delennines a uni([ue point on tlie quadric, i.e. the 
point of intersection of the line vi through the j)oint with x as its 
coordinate, and the line p through the point with y as its co()rdinate. 
Conversely, the same construction determines a pair of numbers (.r, y) 
for eacli point of the quadric. 

Definition. The set of all ordered pairs y) where x and y are 
complex numbers, including ao, is called a complex function plane ^ or 
the plane of the theory of functions of complex variables, or the com- 
plex plane of analysis. The ordered pairs (x*, y) are called points. Any 
j)oint for which a: = oo or3/ = oois said to be ideal or at infinity y and 
all other points are called ordinary. 

The points at infinity of the function plane can be represented 
(’conveniently by replacing x by a pair of homogeneous cocirdinates 
such that x, and y by a pair (y^, y^) such that y,/yo= y- 

Thus the points of the function plane are represented by 

and the ideal points are those satisfying the condition 

aj„y„=0. 

The set of ordinary points of the function plane obviously forms a 
Euclidean plane in which a line is the locus of an equation of the form 

ax -I- % -f f =- 0. 
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This is equivalent in homogeneous coordinates to 

(27) axjf^ 4- hy^x^ + cx^y^ = 0, 

an equation which is linear both in the pair of variables 
and in the pair y^. The most general equation which is linear 
iu both pairs is 

(2 8 ) ax^y^ + ^x^y^ + + hx^y^ = 0 . 


I'his reduces to (27) if tlie condition be imposed that the locus 
shall contain the point (cc, oc) which in homogeneous coordinates is 
(0, 1; 0, 1). 

Definition. The set of points of the function plane satisfying (28) 
is (ialled a circle (or a hilinear curve) ^ and any circle of the form (27) 
is called a line. 

The group of transformations which is indicated as most important 
by problems of elementary function theory has the equations 


(29) 


.t' 

y' 


r^x -f 


r, s. 


^ 0 , 



0 , 


or, in homogeneous coordinates, 


(:>,()) 


A + ?A’ 

.7!' = r,.x,+.Vv 


y[^p^yi + %yo> 

yi = r^y, + 


This group of transformations clearly transforms circles into circles. 
The subgroup obtained by imposing the conditions, 


=0’ ^2 = 

traiusforms lines into lines because it leaves (oo, oo) invariant. 

Returning to the interpretation of the coordinates x and y on a 
quadric*, it is clear (ci. § 102) that every transformation (29) represents 
a direct collineation of the quadric, the formula in x determining the 
transformation of one regulus and the formula in y the transforma- 
tion of the conjugate regulus. Hence the fundamental group of the 
function plane is isomorphic with the group of direct projective 
(‘ollineations of a quadric surface. 
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The parameters x and y which determine the points of a regains 
may he connected with the three-dimensional coordinates 
by means of the following equations ; 

where i^ = — 1. For the set of ail points fg) given by these 

e(juations are the points on the quadric, 

(21) = + + 

Any })lane section of this quadric is gi\ (‘.n by a linear equation in 
^ 2 ’ fgj which by (31) reduces to a relntion of the form (28) 
among tlie ])arameters x^; ?/^. Hence the cindes of the func- 

tion })lane corres])ond to tlie plane sections of the quadric (21). 
In view of the relation already established between the groups it 
follows that the geometry of a (juadric in a complex projective 
s])ace is identic.al with that of a complex function ])lane. Tn view 
of § 104 both these geometries are identical with the complex 
inversion goonn'try.* 

The coni] ilex juojective ])lane may be contrasted with the complex 
inversion plane or function plane in an interesting manner as follows ^ 
The homogeneous c.odrdinates (^r^, aj may be regarded as the 
coefficients of a quadratic ecpiation 

(32) a^z- + = 0. 

Every such equation determines two and only two values of 
which may coincide or beciome infinite (if a'.^= 0); and, moreover, two 
distinct points of the projeutive plane determine distinct quadratic 
equations and hence distinct pairs of values of 

*Ji one were to confine attention to real values, the definition of the plane of 
analysis given above would determine a set of elements abstractly equivalent to a 
real ruled (piadric. This is distinct from the real inversion plane, because the latter 
is equivalent to a real nonruled quadric. For the purposes of the theory of func- 
tions of a real variable, however, it is usually desirable to distinguish between -h co 
and — Qo. If this be done, the function plane is easily seen to be a figure analogous 
t(» n rectanghi in a Euclidean plane. The group of transformations of such a func- 
tion plane does not seem to be of great interest from tlie projective point of view. 
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I'lie numbers z^) may be taken as homogeneous coordinates on 
a ja-ojective line. Thus there is a one-to-one and reciprocal corre- 
spondence between the points of a complex projective plane and the 
pairs of points on a complex projective line. It is imjxatant to notice 
that the pairs of points on the line are not ordered because a 

pair of values of zjz^ taken in either order would be the })air of roots 
of the same quadratic. 

Now representing the points of a complex line on a real unruled 
quadric (e.g. a S])here), we have that the projective plane is in one- 
to-one reciprocal corresponden(*e with the nmrdered pairs of }K)ints of 
the ([iiadric. On the other hand, we have already seen that the com- 
]>lex projective ])lane is in one-to-one reciprocal correspondence with 
the ordered pairs of points of the ([uadric. In either case the points 
of a pair may coiiu'ide. 

For further disenssion of the subje<*X of this section see “ The 
lnfini(('. Legions of Various (fconietries” by M. Locher, Bulletin of the 
AiiKU’ican Mathematic.al Soc.iety, Vol. XX (1914), p. 185. 

106. Projectivities of one-dimensional forms in general. The 
theonuiis of the last four se(*-tions have established and made use of 
the fact that the jKuanutations elfected among the lines of a regulus by 
proje<*tive collineations form a grouj) isoTnor]>hic wdth the projective 
grouj) of a line. Now a regulus is a one-dimensional form of the 
second (U‘gree,* and the notion of one-dimensional pr(.)jective trans- 
formation has b('en (‘xtended to all the other one-dimensional forms 
((Muq). YTII, Vol. I, particularly § 7b). It is therefore to be expected 
tliat an analogous extension can be made to the regulus. This w^e 
shall now make, but instead of dealing with the regulus in ])nrticular, 
we shall restate the ohl definition in a form which includes the cases 
wliere the regulus is in (juestion. 

Definition. A correspondence between any two one-dimensional 
forms whose elements are of diirerent kinds and not such that all 
elements of one form are on every element of the other form is 
said to b(^ 'i^era'iwetire if it is one-to-one and reci])rocal and such 
that eacdi element of either form is on the corresponding element 
of the other form. 

*Tho (UH‘-(liinensional forms of the first and second degrees in three-space are 
ti»e pencil of points, tin* fiat pencil of lines, the pencil of planes, the point conic, 
the line conic, the c(nu‘ of lines, the cone of planes, and the regnlns. 
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This covers the notion of perspectivity as defined in VoL I between 
a pencil of points and a pencil of lines or between a pencil of lines and 
a point conic, etc. It also defines perspectivities between (1) the lines 
of a regains and the points on a line of the conjugate regains, (2) the 
lines of a regains and the planes on a line of the conjugate regains, 
(3) the lines of a regains and the points of a conic which is a plane 
section of the regains, (4) the lines of a regains and the planes of a 
cone tangent to the regains. 

Definition. A correspondence between two one-dimensional forms 
or among the elements of a single one-dimensional form is projective 
if and only if it is the resultant of a sequence of perspectivities. 

This definition comprehends that made in § 22, Vol. I, for forms of 
the first degree, and extended in § 76, Vol. I, so as to include those of 
the second degree equivalent under duality to a point conic. In order 
to justify the new definition, it is necessary to prove that it does not 
lead to any modification of the relation of perspectivity between one- 
dimensional forms of the first d(^gree. In other words, we must prove 
that any correspondence hetweeji tiro one-dimensional forms of the 
first degree is projective according to the new definition only if it is 
projective according to the definition of § 22, Vol, /. 

To prove this theoieiu it is sufficient to show that a sequence of 
perspectivities beginning and ending with forms of the first degree 
and involving forms of the second degree can be replaced by one 
involving only forms of tlie first degree. This follows directly from 
the fact that each one-dimensional form of the second degree is 
generated by projective one-dimensional forms of the first degree. 
For example, if a pencil of points [P] is perspective with a regulus 
[Z] and the regulus with a point conic and the point conic with some- 
thing else, it follows by the theorems of § 103, Vol. I, that [P] is 
j)erspective with the pencil of planes [mZ], where m is a line of the 
conjugate regulus and [mZ] is perspective with the point conic. Thus 
the regains [Z] in this sequence of perspectivities is replaced by the 
pencil of planes [mZ]. In similar fashion it can be shown by a con- 
sideration of the finite number of possible cases that however a form 
of the second degree may intervene in a sequence of perspectivities, 
it can be replaced by a form or forms of the first degree. The 
enumeration of the possible cases is left to the reader, the argument 
required in each case being obvious. 
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From this theorem it follows that the group of projective corre- 
spondences of any one-dimensional form with itself is isomorphic unth 
the projective group of a line. For let F be any projectivity of a om*- 
dimensional form-F^ of the second degree (e.g. a regains), and let II 
represent a perspectivity between and a one-dimensional form 
of the first degree (e.g. a line of the conjugate regulus). Then 
is a projectivity of In like manner, if F' is a projectivity of F\ 
n~^F'n is a projectivity of F^. Hence 11 establishes an isomorphism 
between the two groups. 

*107. Projectivities of a quadric. An involution on a regulus is 
the transformation of the lines of the regulus effected by a line 
reflection whose axes are tlie double lines of the involution. Since 
any projectivity of a regulus is a product of two involutions, it may 
be regarded as effected by a three-dimensional projective collineation 
which transforms the regulus into itself. Conversely, any direct pro- 
jective collineation transforming a quadric into itself is a })rodiict of 
two line reflections (Theorem 36) each of which efiects an involution 
on each of the reguli on the quadric. 

This relation between the theory of one-dimensional projectivities 
and the projective group of a quadric may be used to obtain prop- 
erties of the quadric analogous to the properties of conic sections 
studied in Chap. VIII, Vol. I. The discussion is based on Assump- 
tions A, E, P, Hq, improper points being adjoined to the space 
whenever this is required for quadratic constructions. 

In Chap. VIII, Vol. I, we have seen that any projectivity on a 
conic determines a unique point, the center of tlie projectivity, and 
that the axes of any two involutions into which the projectivity 
may be resolved pass through its center. If, now, a projectivity 
F be given on a regulus, any plane tt meets the regulus in a conic 
on which is determined a projectivity F' having a point P as 
center. This determines a correspondence between the ])lanes tt 
and points P of space which is a null system (§ 108, Vol. I), and 
hence the axes of the involutions into which the projectivity F' 
can be resolved form a linear complex. The formal proof of this 
statement follows. 

Theorem 37. For any nonidentical projectivity of a regulus there 
exists a linear complex of lines [/] having the property that if l^ is any 
line of the complex not tangent to the regulus, there are three lines 
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/g, such that Zjj is polar to and to with respect to the reguluSy and 
such that the collineation 

xhh^ * ^ 4 ^ 

effects the given projectivity on the regnlus. Moreover^ every line l^ 
having this properly belongs to the complex, and so do l^, Z^. 

Proof. Let JP be a regnlus and F a projectivity of IP, If Z^Z^ and 
ZgZ^ are pairs of jxdar lines such that {Z^/^} • \l.JPi effects the given 
projecdivity on R^, l(*t tt be any ])lane containing f and not tangent 
to The projectivity F on JP is perspective with a projectivity F' 
on the conic CP in which tt meets IP. Moreover, {Z^Z^} and (Z,jZ^} edecit 
involutions on IP which are perspecitive with involutions F and I" 
on CP. Thus on 

But (cf. § 77, Vol. I) Z^ is the axis of 1' and hence passes through the 
center of F'. A similar argument sliows that Z^(Z=2, 3, 4) passes 
til rough the center of tlie projectivity perspective with F on the conic 
in which IP is met by any plane containing Z^ and not tangent to R'\ 

lienee all lines Z^, Z.„ Z.^, Z^ dehned as above are contained in the 
set [Z] of all lines Z such that if tt is any plane on Z and not tangent 
to7Z“, Z is also on a point P dedned as follows : Let (P be the coni(5 in 
which TT meets IP and F' the jirojectivity on (P^ persjiective with the 
projectivity F on then P is the center of F'. 

The set [Z] obviously contains all lines tangent to IP at points of the 
double lines (if existent) of F. If Z^ is any other line of [Z] let tt be a 
plane on and not tangent to let (P^ be the conic in which tt meets 
IP, and h^t F' be the projectivity on CP pcu’spective with F. By § 79, 
Vol. I, and the definition of [Z], F' is a product of two involutions 
having Z^ and another line, l.^, as axes. Let Z.^ and Z^ be the juJars of Z^ 
and Zg respectivel}\ Then fZ^Z^J • {Z.^Z^} effecXs the perspectivity F' on F 
and hence effects F on R\ By the first paragrajih of the proof Z.^, Z.,, Z^ 
are all lines of [Z]. Hence all lines of [Z] have the property enunci- 
ated in the theorem. It remains to prove that [Z] is a linear coni])lex. 

By definition, if tt is a plane not tangent to R^ the lines of [Z] in 
TT form a flat pencil. If tt is tangent to R^ let p be the line of R" 
on TT and q the line of the conjugate regulus on tt. In case ^ is a 
fixed line of F, the lines Z on tt are the tangents to R^, i.e. the 
pencil of lines on nr and the point pq. In case p is not a fixed line 
of F, q is a tang(mt to which meets a fixed line of F and hence is 
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a line of [Z]. Any other line of [Z] in tt must have a polar line Z^ 
passing through tlie point Let F" be the projectivity on q perspec- 
tive with r. If r is effected by {Z^Z^) • {Z^Z,}, then F'' is the product 
of two involutions, F and F', wliich are perspective with the involu- 
tions effected on by {Z^^ZJ and {Z^^ZJ respectively. Since Z^ must 
pass through the point latter is a double point of F. But 

when F'' is expressed as a product of two involutions, one of these 
involutions is fully determined by one of its double points in ease 
the latter is nut a double point of F" (cf. § 78, Vol. 1). lienee the 
other double point, /*, is llxed ; and since Z^ must pass through it, it 
follows that all lines of [Z] on tt pass through F. Moreover, it is 
evident that if Z^ is any line (except q) on tt and P, its polar line, 
and {ZgZJ any liiuj reflection effecting an involution on 11^ which is 
perspective with F', the projectivity F is effected by {Z^Z^} • {Z^ZJ. 
Ibnce [Z] contains all lines on tt and P. Hence [Z] is a linear 
complex by Theorem 24, Chap. XT, Vol. 1. 

Theorem 38. A direct q^rojectivity F of a quadric surface (f which 
docs not leave all lines of either reyvlus invariant determines a linear 
conrfrucncG of lines having the property that if a^ is any line of the 
congruence not tangent to there exist lines of the congruence 

sach that 

{ 33 ) r = {vg-{iA}. 

Moreover, each line a^ having this proqwrty belongs to the congruence, 
and so do 

Proof. F effects a projectivity on each regulus of and each of 
til esc T’eguli by the last theorems determines a linear complex of lines. 
Tlie two complexes are obviously not identical and hence have a 
linear congruence in common. Any line of this congruence is either 
tangent to (f, or such that there exist lines a,^^, which are in both 
coni] ilexes and such that {a^a^* effects the same projectivity 

as on both reguli. Hence F. Moreover, any for 

wliich Z >2 exist satisfying this condition must, by the last theorem, 
belong to both complexes and hence belong to this congruence. 

Corollary 1. Tlic congruence referred to in the theorem may be 
degenerate and consist of all lines on a point of (f and on a plane 
Unigent to at this point ; or it may be parabolic and have a line 
of the quadric as directrix ; or it may he hyperbolic and hare a, 
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of polar lines as directrices ; or it may he elliptic and have a pair of 
improper polar lines as directrices. 

Proof, Let C denote the congruence referred to in the theorem 
and let TI be the polarity by which every point is transformed into 
its polar plane with respect to if. This polarity transforms any line 
a^ of C into its polar line, and the latter, by the theorem, is in C. 
Hence 11 transforms C into itself. 

According to § 107, Vol. I, any congruence is either degenerate, 
parabolic, hyperbolic, or elliptic. If degenerate, it consists of all lines 
on a point R or a plane p, R being on p. If H transforms such a con- 
gruence into itself, it must interchange /iJ and p, and hence 7^ must be 
on if and p tangent to (f at R, The congruence C will be of this type 
if meets a^ in a point of (f and does not meet a^. 

If C is parabolic, its one directrix must be transformed into itself 
byH, and hence must be a line of This case arises if a^, a,, h^ 
all meet the same line of and do not meet any other line of Q^, 

If C is hyperbolic, 11 must either leave the two directrices fixed 
individually or interchange tliem. In the first case each directrix 
must be a line of (f, which implies that a^, all meet two 

lines of and hence that all lines of one regulus are left invariant 
by r, contrary to hypothesis. Hence the second case is the only 
possible one. It occurs when h^y do not all meet any line of 

(f, but are met by a pair of real lines. 

If C is elliptic, it has two improper directrices * and the reasoning 
is the same as for the hyperbolic case. 

Definition. A line I is said to meet or to he met hy a pair of lines 
pq if and only if it meets both of them. A pair of lines Im is said to 
meet or cross a pair pq if both I and m meet pq, 

EXERCISES 

1. The lines which cross the distinct pairs of an involution on a regulus 
together with the lines tangent to the regulus at points of the double lines 
(if existent) of the involution form a nondegenerate lin(*ar complex. 

2. If two pairs of ]K)lar lines, ap/g ^^•d of a regulus meet each other, 

the involutions effected by [a^a^] and are harmonic (commutative) and 

their double lines form a harmonic set. 

* This may be proved as follows : Let 1^, ig, be lines of C not on the same 
regulus. Any plane on meets the regulus containing ^ conic, and 

meets tliis conic in two improper points P^. The two lines of the regulus conjn- 
gate to whii'li pass through P,^, P^ meet 1.,, Zg, and hence meet all lines of C, 
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3. Let r be a projectivity on a regulus A variable plane meets in a 
conic C* on which there is a projectivity P perspective with T. The axes of 
the projectivities U are lines of a linear congruence. 

4. Enumerate the types of collineations leaving invariant a quadric (1) in 
the complex space, (2) in a real space, (3) in various modular spaces. 

* 108 . Products of pairs of involutoric projectivities. 

Theorem 39. A direct projectire collineation of a quadric surface 
is a Hue refleciiou whose axes are polar ^ if it interchanges two points 
of the quadric which are not joined hy a line of the quadric. 

Proof. Denote the collineation by F, the quadric by the two 
reguli on it by and and the two points which F interchanges by 
A and B. Let a and h be the lines of El on A and B respectively, and 
rt' and V tliose of El on A and B respectively. Since F interchanges a 
and }) it effects an involution on and since it interchanges a' and 
V it effects an involution on El. Let /, m be the double lines of the 
involution on E^y and p, q those of the involution on El. F is evidentl}' 
the product of {Im} by {pq\ and hence is a line reflection whose axes 
are the line joining the points Ip and mq and the line joining the 
planes Ip and mq. These two lines are polar with regard to (f. 

Theorem 40. Two lines which are not on a quadric (f and do 
not meet the same I me of are met hy one and hut one polar pair 
of lines. 

Proof. Let one of the given lines meet the quadric in A and A! 
and the other meet it in y>*and B\ By Theorem 35 there is a unique 
direct proj(^ctive collineation of the quadric which carries A to A\ A' 
to Ay and B to B\ By Theorem 39 this is a line reflection {Im} and 
f and m are polar with respect to Since {Im} transforms A to A \ 
I and m both meet the line AA\ and since {Im} transforms B to B\ I 
and m both meet the line BB\ 

If there were another pair of polar lines Vy m' meeting AA* and 
BB\ {Vm^} would interchange A and A' and B and By Theorem 35 
{hn} = {Vm^}. 

Corollary. Two lines which are not on a quadric and do not 
meet the same line of are met hy two and only two lines which are 
conjugate to them both with regard to 

Proof. This follow s directly from the theorem, because two mutu- 
ally polar lines a, h meeting two lines I and m are both conjugate to 
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I and m and, moreover, if a line a meets and is conjugate to both I 
and m its polar line also meets and is conjugate to both I and m. 

Theorem 41. If a simple hexagon is inscribed in a quadric sur- 
face in such a ^vay that no two of its vertices are on a line of the 
(juadric, the three pairs of opposite edges are met each by a polar pair 
of lines, and these three qtolar 2 >ffirs of lines arc in the same linear 
congruence. 

Proof. Let simple hexagon. V>j tlie last 

theorem the pair of o]>posite edges of 

lines c^ ^vhieh are })olar witli respect to the quadric. In like 
manner />./', />/' are ]net bv a ])olar pair a. a. and (\A, 

by a polar ])air b^^. Consider the j)rudue-t of line reflections, 




The line reflection carries to and 

carries to A,. Takenvise carries to C^, {bf^} carries 

Cj to J.,, and carries A^, to 7q. Tlemie T interchanges /q and y>.,, 

and by Theorcmi .*19 it is a line n^fleetion. Denoting V by ^ve have 

= V>,K\ ■ 

lly Theorem 38 the axes of the four line reflections in tliis e([iialion 
are all lines of the same congruence. 

In view of the coi'ollaries of Theorems *hS and 40 tins theorem 
may be restated in iha following forms: 

Coroll \ II Y 1. If a. sinqde hexagon is inscribed, in a quadric in. 
such a w<f tj that no two of its vertices are on a line of the quadric, the 
three polar pairs of lines which meet the pairs of opposite edges arc 
met by a polar pair of lines {which may coincide). 

Corollary U. If a simple hexagon is inscribed in a quadric sur- 
face in such a way that no two of its vertices are on a line of the 
quadric, each, ptrir of opposite edges is met by a unique 'judr of lines 
conjugate to hi>th edges, and the latter three 'pairs of lines a. re 'met by 
a pair of li)ics conjugate to each of them. The lines of the last qmir 
may coincide.* 


♦Bulletin of the American Mathematical Society, Vol. XVI (1909), pp. 66 
and 62. A theorem of non-Euclidean f^eometry from which this may be obtained 
by generalization has been given by P’. Klein, Mathematisclie Annalen, Vol. XXII 
/1 88.3), n. 248. 
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This theorem is closely analogous to Pascal’s theorem on conic sections 
(Chap. V, Vol. I). In the Pascal hexagon the pairs of opposite sides deter- 
mine three points A, B, C which are collinear. In the hexagon inscribed in 
a quadric they determine three pairs of lines which are in a 

linear congruence. In cavSe the vertices of the hexagon are coplanar, the 
theorem on the quadric reduces dir(‘ctly to Pascal’s. 

The Pascal th(*orem may be j^roved by precisely the method used above. 
For let yl 2 hexagon inscribed in a conic and let ^ be the 

])oint Cj/ig), B b(‘ and C be {A Jh, ^lAo)- L(‘t {d«], 

[Bh}, and {CV} be the hjinnoiii<* liomologies cfTecting the involutions having d, 
B, as cenUirs. l>y c.onstruction the, projectivity ellected by (CV) • {Bb} • {Aa} 
(ui th(^ conic carries B^ to Ro, and />., to B^y and lumce is an involution. Denoting 
its center and axis by D and d, we have 

{Cc} • {Bb\ . [Aa] = {Dd}. 

This implies {LV>J • {Aa} — {Cc} * {Dd}. 

lly the theorems of Chap. VI IT, Vol. I, the liiu‘ A B is the axis of the projeo- 
tivity effected by {Bb} • {da} and must contain C and D. Hence d, B^ C are 
collinear. 

Pascal’s tlieorcrn is thus based on the proposition that the product of tliree 
involutions on a conic is itself an involution if and only if the centers of tlu^ 
three involutions are colliu(‘ar, i.e. if and only if their ax(‘s are concurrent. 
Let us demote an involution wliose double ])oints are L and x1/ by |Ad/}, as 
in Ex. 11, § f)2. Jf the involution is rej)re 8 ented on a conic, the double ])oints 
are joined by the axis of the involution. The ])ro])osition abov<‘ then takes 
the form : The i^roduct {Agil/.,} • {L,^Af^} • is an involution if and only 

if tin* lines ^> 3^/3 concur. The concurrence of the three* lines 

means either that the thrc<* point pairs have a point in common or that they 
art* t-hems<*lves pairs of an involution. Thus the theorem on involutions may 
be stat(*d as follows: 

TnKOUKM 42. In ani/ one-dimensional form a product of three mrolutions 
is an involution in case the pairs of pohits 
L^iM^ hare a point in common or are pairs of an involution ; and tin 
product is not an involution in any other case. 

The double points of the involutions may be either j)ropc*r or improper 
(real or imaginary). In order to state the result entirely in terms of proper 
elements, the involutions may be represented on a conic and the condition 
stat(*d in terms of the concurrence of their axes, as above; or it may be 
ex] pressed by saying that they all belong to the same pencil of involutions, or 
by saying that they are all harmonic to the same projectivity. 

This theorem on involutions in a one-dimensional form is fundamental 
in the theory of those groups of projectivities, in a space of any numb(*r of 
dimensions, which are products of involutoric projectivities. For example, 
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it is essentially the same as Theorem 8, Chap. lY, which was fundamental in 
the theory of the parabolic metric group in the plane. Corresponding theo- 
rems in the Euclidean geometry of three dimensions will be found in §§ 114 
and 121, Chap. VII. The same principle appears as Theorem 27, Cor. 1, 
Chap. Ill, in connection with the equiaffine group. 

These grou])8 are all proj(H;tive and on that account related to the projec- 
tive group of a one-dimensional form. But the essential feature which they 
have in common is that every tram formation of each group is a product of ttco 
involutoric transformations of the same group. On this account, even without 
tlieir common projective* basis, tlie geometries corresponding to these groups 
must have many features in common. In particular, whenever there is some 
class of figures such that if two of the figures are interchanged by a trans- 
formation, the transformation is of period two, there must exist a theorem 
analogous to Pascal’s theon'in. As examines of this may be cited Theorem 41 
above; Ex. 6, § 80, Vol. I; Ex. 1, § 122, below; and in the list of exercises 
below. Ex. 4, referring to the group of point reflections and translations, 
Exs. 5, 6 referring tt /he Euclidean group in a plane. Ex. 7 referring to 
the equiaffine group. On this subject in particular and also on the general 
tli(‘ory of groups gt*nerated by transformations of ]>eriod two, the r(‘ader 
should consult a seriiis of articles by II. Wiener in the Berichte der Gest*ll- 
schaft der Wissenschaften zu Leipzig, Vol. XLII (1800), pp. 18, 71, 215; 
Vol. XLIII (1801), pp. 424, (iil; and also the article by Wiener referred 
to in § 45, above. Cf. also § 80, Vol. 1. 


EXERCISES 

1. (Converse of Theorem 41.) If the three pairs of opposite edges of a 

simple hexagon are met by three j>airs of lines a^a^, pairs of points 

which are harmonically conjugate to the pairs of vertices with which they are 
collinear, and if the lines Uj, a^f are in the same linear congruence, 

th(*n the vertices of the hexagon are on a quadric surface with regard to which 
UiUy, CjCg are ])olar pairs of lines. 

2. Two pairs of lines which are polar with regard to the same regulus 
cannot consist of lines of a common regulus. 

3. If two lines I and m are met by two pairs of lines which are polar with 
respect to a quadric, / and 77 ? are polar. 

4. In a Euclidean plane let A, B, C he the three points of intersection of 
pairs of opposite sides of a simple hexagon. Jf A and B are mid-i)oints of the 
sides containing them, and C is the mid-point of one side containing it, then 
C is also a mid-point of the other side containing it 

5. Let be a simple hexagon in a Euclidean plane. If the 

perpendicular bisector of the point pair A^B^ coincides with that of and 

the perpendicular bisector of B^C^ with that of and the perpendicular 

bisector of CgAj with that of CjA., then the three perpendicular bisector^ 
meet in a point 
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6. Let a, b, c, a', c' be six concurrent lines of a Euclidean plane. If there 
is a pair of lines bisecting each of the pairs ab' and rt'6, and a pair bisecting 
be' and b'e, there is a pair bisecting ca' and c'a. 

7. If the pairs of opposite sides of a simple hexagon are parallel, the lines 
joining their mid-]K)ints are concurrent. 

109. Conjugate imaginary lines of the second kind. The theory 
of aiitiprujectivities (§ 99) and the extended theory of projectivities 
of one-diinerisional forms (§ 106) will now enable us to complete the 
theory of conjugate imaginary elements in certain essential details 
which, we were not ready to discuss in § 78. Let S' be a complex 
projective space and let S be a three-chain of S', i.e. a space related 
to S' in the manner described in §§ 6 and 70, and let us use the 
definitions and notations of § 70. The simplest type of antiprojective 
collineation of S' is given by the equations 

(34) < = 5o* = K = *« = *,• 

The frame of reference is such that the points of S have real coordi- 
nates, The transformation changes each point 

K+^^0> 

where the er’s and /3’s are real, into the point 

These two points if distinct are joined by the real line 

and are the double points of the involution determined by the 
transformation of the parameter \, 



Comparing with the definition of conjugate imaginary points in § 78, 
it is clear that (34) is the transformation by which every point of S' 
goes to its conjugate imaginary point, the points of S being regarded 
as real. 

From the fact that the transformation (34) leaves no imaginary 
point invariant, it follows that it cannot leave any imaginary line or 
plane invariant. For the real line through an imaginary point P of 
the given line or plane is left invariant by (34), and hence P would 
be left invariant by (34). On the other hand, (34) leaves every real 



282 


INVERSION GEOMETRY 


[Chap. VI 


element invariant and hence leaves every elliptic involution in a real 
one-dimensional form invariant. Since (34) cannot leave the double 
elements of such an involution invariant, it must interchange them. 
Hence (34) interchanges any element of S' with the element which 
is its conjugate imaginary according to the definition of § 78. 

The definition of § 78 defines the notion of conjugate imaginary 
elements for all one-dimensional forms of the first or second degrees, 
and the theorems of that section cover all cases except that of a pair 
of conjugate imaginary lines which are the double lines of an elliptic 
involution in the lines of a regulus. 

Hkfinitton. An imaginary line which is a double line of an ellijv 
tic involution in a flat pencil is said to be of the frst hind, and one 
which is a double line of an elliptic involution in a regulns is said to 
be of the second. Iciyid. 

'J'HEOREM 43. Any imaginary line is either of the first or of the 
second kind. 

Proof. Let I l)e an imaginary line. It cannot contain two real 
points, else it would be a real line (§ 70). Hence it contains one or 
no real point. In the first case let O be the real point on /, P one of 
the imaginary points on /, and 7Hhe imaginary point conjugate^ to P. 
The line Pf* is real, and hence the plane OPP is real. Hence b> § 78 
the linens OP and OP are the double lincis of an cdliptic involution 
in the pencil of real lines on the point G and the ])lane G/Vt 

In the second case let P, Q and P be three points of I and let J\ Q 
and H be their res])ective conjugate imaginary points. TIu*. lines PP, 
QQ, li H are real and no two of them can intersect, for if thc'y did I 
would be on a real plane, and we should have the c^ase considered in 
the last paragraj)h. Hence thcise lines determine a regulus //j- in S. 
On the real line PP there is by § 78 an elliptic involution having 
P and f as its imaginary double points. Hence there is an (dliptic 
involution in the rc^.guhis conjugate to 7?‘“, liaving I as one double 
line and a line I through P as the other. The lines I and / are conjugate 
imaginary lines by definition, and satisfy the definition of imaginary 
lines of the second kind. Since (34) transforms each element into its 
conjugate element, it is clear that I contains Q and R as well as P. 

The system of real lines obtained by joining each point of I to its 
conjugate imaginary point on 1 is, by the reasoning above, a set of 
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lines of the real space S, no two of which intersect. Any four of them 
determine a linear congruence (§ 107, Vol. I) C in S and also a linear 
congruence C of S'. The congruence C has the property that each of 
its lines is contained in a line of C\ and (' evidently is the set of all 
lines joining points of I to points of L Hence C is an elliptic con- 
gruence according to the definition of § 107, Vol. I, and consists of all 
real lines meeting I and J. Hence the system of real lines joining 
points of I to their conjugate imaginary points is an elliptic congruence 
in S, or in other words : 

Theorem 44. An ima<jinaTy line of the second kind is a directrix 
of an elliptic congruence. 

The observation, made in the argument above, that there is one line 
of a (certain elliptic congruence through each point of an imaginary 
line of the second bind, sliows tliat an (‘lliptic congruence may be 
taken as a real image of a com])l(*x one-diiiuuisional form. This of 
coiu’se imi)lies that the whole of the real inversion geometry can be 
carried over into the theory of the ellij)tic (Congruence and rice versa. 
Of. the exercises below. 

The relations b(itw(C(‘ii the imaginary lines of the second kind and 
the regulus and elliptic (.‘ongruence are fundamental in tlie von Staiidl 
theory of imagiiiaries whic.h has been reftuTcd to in § d. In addition 
to tlui refereiK^^es given in that jdace, iho. Header may consult the Ency - 
clopedie des Sciences Mathematu|ues, III 8, § H), and 111 r>, §§ 14, 15. 

EXERCISES 

1. An elliptic con|j;ru<*nce in a real vSi)ace has a pair of conjugate imaginary 
linOvS of the second kind as dir(‘ctTi(;es. 

2. The C()7Tes]»on<lence by which each j>oint of an imaginary line I corre- 
wSponds to its conjugat<^ imaginary point is an autii>rojec1ivi1y between / and 
its conjugate imaginary line. 

3. rn<h‘r the projectivci group of a real s})ace any imaginary point is trans> 
forniab]<i into any other imaginary ]H)int, any imaginary line of tlie first kiml 
into any imaginary line of th(» first kind, and any imaginary line of the second 
kind into any imaginary line of the second kind; an imaginary line of the 
first kind is not transformable into one of the second kind. 

4. Inhere is a one-to-one reciprocal correspondence between the points of a 
comph'x line and the lines of an elliptic congruence in a real space in which 
the points of a chain correspond to the lines of a regulus. By means of this 
correspondence, make a study of the elliptic congruence and its group. 
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5. Let Sg be a thi ^e-dimensional complex space. Any five noncoplanar 
points of Sg determine a unique three-chain, which is a real S 3 . This Sg is 
related to S 3 in the manner described in §§ 6 and 70, Through any point P 
of Sg not on S 3 , there is (§ 78) a unique line which contains a line of S 3 
(i.e. a chain Ci) as a subset. On this chain Cj there is a unique elliptic invo- 
lution having P as a double jjoint. Let 7^ bo the other double point of this 
involution. P and P are the conjugate imaginary points with regard to the 
real space S 3 , and the transformation of Sg by which each point P not on 
Sg goes to P, and eacli jK)int on So is left invariant, may be called a rejlec- 
tion in the three-chain S 3 . Any transformation which is a product of an odd 
number of reflections in three-chains is an antiprojective collineation, and 
any transformation which is a ]>roduct of an evcm number of reflections 
in three-cdiains is a proj(;ctive collineation. Every collineation is expressible 
in this form. 

110, The principle of transference. We have soeu how the geometry 
of the inversion group in the plane, arising initially as an extension 
of the Euclidean group, is ecpiivalent to the projective geometry of 
the complex line and also to tliat of a real quadric which may be 
specialized as a sphere. We have also seen the equivalence of the 
projective groups of all one-dlm^^ '.^ional forms in any properly pro- 
jective space. Since the regulus is a one-dimensional form, this gave 
a hold on the group of the general quadric. The latter group in a 
complex space has been seen to be isomorphic with the complex 
inversion group and also with tlie fundamental group of the 
function plane. 

At each step we have helf^ed ourselves forward by transferring 
the results of one geometry to another, combining these with easily 
obtained theorems of the second geometry, and thus extending our 
knowledge of both. This is one of the characteristic metho^ks 
modern geometry. It was perhaps first used with clear understanding 
by O. Hesse,* and was formulated as a definite geometrical principle 
(Uebertraguiigsprinzip) by F. Klein in the article referred to in § 34, 

This principle of transference or of carrying over the results (^f one 
geometry to another may be stated as follows : Given a set of elements 
[e] and a group G of permutations of these elements^ and a set of 
theorems [T] which state relations left invariant hy G. Let id] he 
another set of elements, and G^ a group of permutations of [d]. 
If there is a one-to-one reciprocal correspondence hetweei ' \e'\ and [e'] 


* Gesammelte Werke, p. 631. 
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%n which G is simply isomorphic vnth 6^', the set of theorems [T] deter- 
mines hy a mere change of terminology a set of theorems [T'] which 
state relations among elements e' which are left invariant hy 

This principle becomes effective when the method by which [e] 
and G are defined is such as to make it easy to derive theorems 
which are not so easily seen for [e'] and G\ This has been abundantly 
illustrated in the present chapter, but the series of geometries equiv- 
alent to the projective geometry on a line could be much extended. 
Some of the possible extensions are mentioned in the exercises below. 

From the example of the conic and the quadric surface (§ 107) it 
is clear that in order to carry results over from the theory of a set 
[e] and a group to a set [«'] and a gi*oup & it is not necessary that 
the correspondence be one-to-one. The transference of theorems is, 
however, no longer a mere translation from one language, as it were, 
to another, but involves a study of the nature of the correspondence. 

Definition. Given a set of elements [e] and a group G of permu- 
tations of [c], the set of theorems [T] which state relations among 
the elements of [e] which are left invariant by G and are not left 
invariant by any group of permutations containing G is called a 
generalized geometry or a branch of mathematics,* 

This is, of course, a generalization of the definition of a geometry 
employed in §§34 and 39. At the time when the role of groups in 
geometry was outlined by Klein, the only sets [e] under consideration 
were continuous manifolds, i.e. complex spaces of n dimensions or 
loci defined by one or more analytic relations among the coordinates 
of points in such spaces. The older writers restrict the term geometry ” 
by means of this restriction on the set [e]. But in view of the exist- 
ence of modular spaces and other sets of elements determining sets 
of theorems more nearly identical with ordinary geometry than some 
of those admitted by Klein’s original definition, it seems desirable to 
state the definition in the form adopted above. 

In case the set of theorems [T] is arranged deductively, as explained 
in the introduction to Vol. I, it becomes a mathematical science. The 
problem of the foundation of such a science is that of determining, if 
possible, a finite set of assumptions from which [ T] may be deduced. 

* The generalized conception of a geometry is discussed very clearly in the article 
f>y 0. Fano in the Kncyclopadie der Math. Wiss. Ill AB 46. A number of special 
cases are outlined in the latter half of the article. 
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1. If a projective collineatiou interchange's the*, two reguli on a quadric, 
homologous linejs of the two re'guli meet in points of a jdane. 

* 2. Let be a reguliis, w a plane not tangent to /i and O the pole of o) 
(o) may conveniently be regarded as the plane at infinity of a Euclidean space). 
A i)roj('ctivity T of R^ may be effected by a collineation T' leaving all lines of 
the conjugate regains invariant. Tliis collineation multiplied by the harmonic 
homology { Oin] gives a collineation T" interchanging the two niguli. By Ex. 1, 
T" d('termines a unique plane. Let be the point polar to T" with regard 
to R“. The correspondence thus determined betwcicii the jirojectivities V of 
/t- and the points of space not on is one to one and reciprocal. It is such 
tliat proj('ctivities which are harmonic (§ 80, Vol. I) correspond to conjugate 
]>oints with rc'spect to R‘\ and all the involutions correspond to points of tu. 

*3. The construction of Ex. 2 s(*.ts up a correspondence bc'twetux the pro- 
jectivities of a one-dimensional form and the points of a three-dimensional 
spac(i which are not on a certain quadric. The same correspondence may be 
obtained by letting a projectivity 

x' = 

auiX + ttg 


correspond to tin' point (a^,, aj, a^). The relations between the one-dimen- 
sional and three-diin(*nsional projective geometri(*s thus obtained have b(‘cn 
studied by C. St^jdianos, Mathematische Annahm, Vol. XXII (iSSil), ]). 2()i). 

*4. Develop the tlu'ory of the twisted cubic curve in spa(*(i along the fol- 
lowing lines: (1) Define it algebraically. (2) Clive a geonu'tric definition. 
(3) Prove that Definitions (1) and (2) are equivalejit. (1) Ih'rive the further 
theor(*-ins on the cubic as far as possible from the geoiiH'tric definition. It will 
be found that the ])roperties of this cubic can be obtjiim'il largc'lv from those of 
conic sections and one-dimensional j)rojectivities in vi(‘w of an isomorphism of 
the grou])S in qiU'stion. The theorems should be classified according to the 
principh* laid down in § 83. 

* 5. A rational curve in a space of k dimensions is a locus given paramet- 


ricallv as follows : 


~ ^^0 ( 0 » “ ^*1 ( 0 > ' 


where RqQ), • • RniO rational functions of f. In case k — n and the locus 
is not contained in any space of less than n dimensions, the curve, is a normal 
curve. Develoj) the theories of various rational curves along tlui lines outlined 
in Ex. 4. For reference cf. § 28 of the encyclopedia article by Fano rc'ferred 
to above and articles by several authors in recent volumes of the American 
Journal of Mathematics. 


* 6. The linear dependence of conic sections may be defined by substituting 
‘‘point conic ” or “ line conic,” as the case may be, for “circhi ” in the definition 
given at the end of § 100. Develop the theory of linear families of conics of 
one, two, three, and four dimensions, using the principle of correspondence 
whenever possible and classifying theorems according to the principle laid 
down in § 83. Cf. Encyclop^xlie des Sc. Math. Ill 18. 
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AFFINE AND EUCLIDEAN GEOMETRY OF THREE DIMENSIONS 

111. Affine geometry. Definition. Let 7r« be an arbitrary but 
fixed plane of a projective .sjiace S- 1'be set of points of S not on 
TTo. is called a Uiiclviean space and Tr« is called the at infinity 
of this spacie. The plane 7 r„ and the points and lines on tt. are said 
to be ideal or at infinity, all other points, lines, and planes of S 
are said to be ordinary. Wlien no other indication is given, a point, 
line, or plane is understood to be ordinary. Any jirojective collinea- 
tion transforming a Euclidean space into itself is said to be afifine ; 
the group of all such collineations is called the affim gmip of 
three dimensions, and the corresponding geometry the afiine geometry 
of three diincnsion,s. 

Definition. Two ordinary lines which have an ideal point in 
common are said to be parallel to each other. Two ordinary planes 
which have an ideal line in common, or an ordinary line and an 
ordinary plane which have an ideal point in common, are said to be 
parallel to each other. 

In particular, a line or plane is said to be parallel to itself or to any 
plane or line which it is on. For ordinary points, lines, and planes we 
have, as an obvious consequence of the assumptions and definitions of 
('liap. I, Vol. I, the following theorem ; 

TilEoiiEM 1. Through a given point there is one and only one line 
garallel to a given line. Through a given point there is one asid only 
one plane parallel to a given plane. If two lines, I and I', are not in 
I he, same plane there is one and only one plane through a given point 
parallel to I and V. If I and V are parallel, any plane through I is 
parallel to V. 

Another obvious though important theorem is the following : 

Theorem 2. Th,e transformations effected in an ordinary plane n 
l>y the affine group in space constitute the affine group of the Euclidean 
plane consisting of the ordinary points of nr. 
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In consequence of this theorem we have the whole afl6ne plane 
geometry as a part of the aflBine geometry of three dimensions, and we 
shall take all the definitions and theorems of Chap. Ill for granted 
without further comment. 

This discussion is valid for any space satisfying Assumptions A, E. 
The affine geometry of an ordered space (A, E, S) has already been 
considered in § 31, and certain additional theorems are given in 
Exs. 5-7 below. 

EXERCISES 

1. The lines joining the mid-points of the pairs of vertices of a tetrahedron 
meet in a point. 

2. Classify the quadric surfaces from the point of view of real affine 
geometry. Ihivelop the theory of diametral lines and planes. The real projec- 
tive classification of the nondegenerate quadrics has been given in § 103. The 
affine classification is given in the Encyclopedic des Sc. Math. Ill 22, § 19. 

*3. Classify the linear congruences from the point of view of the real 
affine geometry. Cf. § 107, Vol. I. 

*4. Classify the linear complexes from the point of view of real affine 
geometry. Cf. § 108, Vol. I. 

5. With respect to the coordinate system used in § 31 the points of the 

lin(3 joining A = (a^, Og) and B = are 

/ a-i -j- \hi n 2 -f Xb^ 03 + XftgX 

\ 1 + A ’ “i + A ’ 1 + \ r 

B corresponding to A = 00 and the point at infinity to A = — 1. The segment 
.1 B consists of the points for which A > 0 and its two prolongations of those 
for which A < -- 1 and — 1 < A < 0 respectively. 

6. Two points D and D' are on the same side of the plane ABC if and 

S (A BCD) = (ABCD'). 

7. Using the notation of § 101 and dealing with an ordered Euclidean 
s])ace, { Oo>} is an affine collineation which alters sense if O or o) is at infinity 
and {U'} is an affine collineation which does not alter sense if I or V is at 
infinity. In an ordered projective space {IV} is, and {Ow} is not, a direct 
collineation. 

112. Vectors, equivalence of point triads, etc. Definition. An 
elation having tt. as its plane of fixed points is called a translation. 
If I is an ordinary line on the center of the translation, the translation 
is said to be parallel to 1. 

The properties of the group of translations follow in large part 
from the following evident theorem. 
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Theorem 3. The transformations effected in an ordinary plane tt 
ly the translations leaving tt invariant constitute the group of trans- 
lations of the Euclidean plane composed of the ordinary points of rr. 

As corollaries of this we have statements about translations in 
space whicli are verbally identical with Theorems 3-7, Chap. III. 
Theorem 8, Chap. Ill, generalizes as follows : 

Corollary. If OX, 0 Y, and OZ are three noncoplanar lines and 
T any translation, there exists a unique triad of translations T , , 
parallel to OX, O Y, OZ respectively and such that 

T = T T T . 

The theory of congruence under translations generalizes to space 
without change, and the contents of §§39 and 40 may be taken as 
applying to the affine geometry in three-space. In like manner the 
definition of a field of vectors and of addition of vectors is carried over 
to space if the words Euclidean plane ” be replaced by ‘‘ Euclidean 
sj)ace.” The theorems of § 42 then apply without change. 

We arrive at this point on the basis of Assumptions A, E, 
Adding Assumption P we take over the theory of the ratio of col- 
linear vectors from §§ 43, 44. Some of the theorems to which it 
may be applied without essential modifications of the methods used 
in the planar case are given in the exercises below. 

The definition of equivalence of ordered point triads in § 48 is 
such that if a plane tt be carried by an affine collineation to a 
plane tt', any two equivalent point triads of tt are carried to two 
e(|uivalent point triads of tt'. Moreover, the definition of measure 
of ordered point triads in § 49 is such that if two coplanar ordered 
point triads ABC, DEF are carried by an affine collineetdon to 
respectively, 

m {ABC) _ m {A^B'C*) 

^ ' m(I>EF)~~ m{Z>^E'F'y 

This result in view of Theorem 39, Chap. Ill, depends on the corrc 
s])onding theorem about the ratios of collinear vectors. In (1) the unit 
of measure in any plane is regarded as entirely independent of the 
unit of measure in every other plane, but nevertheless the ratio of the 
measures is an invariant of the affine group. Certain ratios of ratios 
cf measures are invariants of the projective group (cf. Ex. 17 below). 
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The notion of equivalence of ordered point triads may be extended 
as follows : 

Definition. Two ordered point triads ABC and A' are equiva- 
lent if and only if ABC may be carried by a translation to an ordered 
triad A^'B^C” which is equivalent in the sense of § 48, Chap. Ill, 
to 


The fimdamental propositions with regard to equivalence, as devel- 
oped in § 48, remain valid under the extended definition. Thus if 
ABC^ A^Bf\ and ABC^AJif ^^ ; if ABC^AJ\C\, 

AJ\C^^ABC, etc. 

This extension of the notion of equivalence carries with it a cor- 
responding restriction of the idea of measure, i.e. measure is now 
defined as in § 49, with the added proviso that the unit triad in any 
plane shall be equivalent to the unit triad in any parallel plane. 

The method by which the theory of equivalence of ordered point 
triads was developed in Chap. Ill does not generalize directly to the 
case of ordered tetrads in three-dimensional space.* We shall thcjre- 
fore give an algebraic definition of the measures of an ordered set of 
four points, leaving it to the reader to develop the corresponding 
synthetic theory (cf. Ex. 13 below). 

Definition. By the measure of an ordered tetrad of points A^, A^, 
A^ relative to an ordered tetrad OPQB as unit is meant the 


number 

( 2 ) 


1 «ii ®,s 

1 y y "" 

^81 ^33 

\ a a a 

41 42 48 


where (a.^, a, 2 , nonhomogeneous coordinates of A. (^ = 1, 2, 3, 4) 

in a coordinate system in which O, I\ Q, R are (0, 0, 0), (1, 0, 0), 
(0, 1, 0), (0, 0, 1) respectively. Two ordered tetrads are said to be 
equivalent if and only if they have the same measure. In real affine 
geometry the number ^\m (A^A^A^A^)\ is called the volume of the 
tetrahedron A^A^A^A^ relative to the unit tetrahedron OFQR and is 
denoted by v (A^A^A^AJ, 

The theory of the equivalence of point pairs, triads, tetrads, etc. 
is the most elementary part of vector analysis and the Grassmann 
Ausdehnnngslehre, This subject in particular, and the affine geometry 


‘ Cf. M. Dehn, Matheniatische Annalen, Vol. LV (1902), p. 465. 
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§ 11^3 

of three dimensions in general, is worthy of a much more extensive 
treatment than it is receiving here. We have referred only to that 
part of the subject which is essential to the study of the Euclidean 
geometry of tliree dimensions. 

In the following exercises the coordinate system is understood to 
be that which is described in the definition of measure of ordered 
tetrads above. The vectors ()J\ OQ, OR are taken as units of measure 
for the respectively parallel systems of vectors. The ordered point 
triads OPQy OQR, OHP are taken as units of measure for the respec- 
tively parallel systems of ordered point triads. 

Definition. By the projection of a set of points [A'] on tlie ^r-axis 
is meant the set of points in which this axis is met by the planes 
tlirough the points X and parallel to the plane x — 0 ; and the 
])i‘ojection on the i/- and ; 2 -axes have analogous meanings. 

By the projection of a s(‘t of points [A^] on the plane x =7 0 is 
meant tlie set of ].)oints in whi(di this plane is ]uet by the lines on 
]»()ints A' and ])arallel to the awixis ; and tlie projections on the 
[daiK'S ^ — 0 and = 0 have analogous meanings. 


EXERCISES 

1. ITic iiieasnros of ordered tetrads of }>oints are unaltered by trans 
fori nations 

y 4- 

('*) // ~ T ^^22// ^^23^ 

~ ^^82// ^^38^ ^^80 » 

sul) j('ct to the condition A = 1, an hen 


(D 


I ^'11 

!^^31 ^'32 ^^33 


I'his grouj) is called the efjuiojfine group and also the spackil linear group. 
The group for wliich A- = 1 leaves volumes invariant. 

2. Ratios of measures of ordered tetrads of points are left invariant b\ 
the affine grouj). 

3. In an ordered space two ordered sets of points A BCD and jVD'C'D 
ar(' lu the same sense or not according as m (^ABCD) and m (^A' B' C' D'') have 
th(' same sign or not. 

4. The jiroduet of two line reflections {//'} and [mm') (cf. § 101) is ^ 
translation if V and m' are at infinity and I and in are parallel. 

5. Determine the subgroups of the group of translations ia space. 
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6. The projections of a point pair PjPj on the x-, y-, and z-ttzes 
respectively have the measures 

o = X, - j:j, ^ = y* - yi, y = 2* - 2i. 

and those of the ordered point triad OP^P^ on the planes a: = 0 , y = 0 , z = 0 
respectively have the measures 


Vi -1 

_ 

— y 


y2 ^2 ’ 


y* 


These numbers satisfy the relation 

oA. 4- + yv = 0. 

Aliy two points P\I ^2 such that Vect PiP^ = Vect deter- 

mine the same six numbers a, y, A, ft, v- These numbers are proportional to 
the Pliicker coordinates (cf. § 109, Vol. 1) of the line P^P^^ 

7. Using th(‘ notations of Ex. 0, k = 7n (OPJ^^P^), fji ^ m (^OQP^P^), 
y — m (^OllP^P^). If a'y y', k\ fjL\ v' are the numbers analogous to a, / 8 , y, 
A, ft, V determined by an ordi^red )>air PgP^y 

m {PiP^P^P^) = uA' + ^ft' + yv' 4- ka 4* ft^S' 4- vy^ 

8. The lueasurcLS of the projections of an ordered point triad PiP^^^ on 
the planes x = 0 , ?/ = 0 , c = 0 respectively are 


-1 1 


Xj 1 


^1 Vi 1 


t^2==“ 

^2 ^2 ^ 

Wg = 

^2 ^2 1 

ya ^8 ^ 


•Tg 23 1 


•^s //» 1 


The homogeneous coordinate.s of the plane are (w^, Uj, Wg, t/g), where 

•^i V\ I 

-^’2 ih -jH 

•^5 //r> -a' 

9. If Pi, Pj, Pg, 1\ an* four noncoplanar points and Pg, Pi are two 
l)oints collinear with Pg and then Vect (/^gP^) = Vect (P 8 P 4 ) if and only 
if m iP,P.,P,l\) = m (/',/' 2 Pi/'U- 

10 . If 7\, Pg, /^g, P 4 are four noncoplanar points and the lines PiPi, 

PJ'PJ have a point in common and 

Vect (P 1 P 2 ) = Vect (I^'P^) 4- Vect (Pl'PJ'), 
then /Tf (PiPiPsPi) = (PiPiP^P,) 4- m {P'{P'iP^P,). 

*11. Study barycentric coordinates and the barycentric calculus for three- 
dimensional space. Cf. § 51, § 27, and references to Mobius in § 49. 

*12. Study the measure of n-points in space, generalizing the exercises 
in § 49. 

*13. Define two ordered tetrads A BCD and A'B'C'D' as equivalent pro- 
vided that (1) A = A'y B — R, C= C', and the line DD' is parallel to the 
plane ABC, or (2) if there are a finite number of ordered tetrads 
such that A BCD is in relation (1) to in a like relation to to — 
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and to A'B'C'D'. Develop a theory of equivalence as nearly as possible 
analogous to that of § 48. Show that two tetrads are equivalent in this sense 
if and only if they are equivalent according to the definition in the text. 

*14. An elation whose center is at infinity and whose plane of fixed points 
is ordinary is called a simple shear. The sot of all products of simple shears is 
the equiaffine grouj). Develop the theory of the equiaftine group on this basis. 
Is it possible to generalize § 52 to space? 

15 . Jf a }>lane meets the sides A^A^ of a simple polygon 

A()Ay^A^ . . . in points Bq, Rj, . . respectively, 

qR q a j 

A 1^0 

16. If a quadric surface (§ 104, Vol. I) meets the lines A^A „. . . A^A^ 

respectively in the })airs of points R/ 'p • • n*s]>octively, 

A{)Bq A^(. 0 A I />! 1 ^nlln - ^ _ -j 

AiBq 4 1 C 1 A ^1*1 ^4 2 (- 1 .4 . 1 q C 

*17. Six points of a plane no three of which are collinear satisfy the 

following identity : 

m (123) m (450) - m (124) m (508) + m (125) m (034) - m (120) m (845) = (). 

'bhe ratio of any two t(*rins in this sum is a projective invariant. I'liese 
propositions are given by AV. K. Clifford in the Proceedings of the London 
Mathematical Society, Vol. 11 (1800), p. 8, as the foundation of the theory of 
two-dimensional projectivities. Develop the details of the theory outlined by 
(Milford. Cf. also Mobius, Der barycentrivsche Calcul, § 221. 

113. The parabolic metric group. Orthogonal lines and planes. 

Definition. Let 2* be an arbitrary but fixed polar system in the 
plane at infinity tt*. This polar system shall be called the absolute 
or orthogonal polar system.. The conic whose points lie on their polar 
lines with respect to 2* is, if existent, called the circle at infinity. 
Tlie group of all collineatiuns leaving 2oo invariant is called the 
parabolic metric, group) and its transformations are called similarity 
transformations. Two figures conjugate under this group are said to 
be similar. 

Definition. Two ordinary planes or two ordinary lines are orthog- 
onal or perpendicular if and only if they meet 7r« in conjugate lines 
or points of the absolute polar system 2«. An ordinary line and plane 
are orthogonal or perpendicular if and only if they meet tt* in 8 
point and line which are polar with regard to 2«. A line perpendic' 
ular to itself, i.e. a line through a point of the circle at infinity, is 
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called a minimal or isotropic line. A plane perpendicular to itself, 
i.e. a plane meeting ttod in a tangent to the circle at infinity, is called 
a minimal or isotropic plane. 

As the analogue of Theorems 2 and 3 we have 

Theorem 4. The similarity transformations which leave an ordi- 
nary nonminimal plane tt invariant, effect in tt the transformations 
of a parabolic metric group in the Euclidean plane consisting of the 
ordinary points of rr. 

Generalizing Theorem 1, Chap. IV, we have 

Theorem 5. At every point O of a Euclidean space the correspond- 
ence between the lines and their perpendicular planes is a polar system, 
the projection o/ All the lines through 0 perpendicular to a given 
line are on the plane perpendicular to the given line at O ; and all the 
planes through O perpendicular to a given plane are on the line th rough 

0 perpendicular to this plane. If existent, the isotropic lines through a 
point 0 constitute a cone of lines, and the isotropic planes through O the 
cone of planes tangent to this cone of lines. 

Corollary 1 . Two perpendicular nonminimal planes meet in a 
uonminiirial line, and two perpendicular nonminimal lines are par- 
allel to a nonminimal plane. 

Corollary 2. If a plane 1 is perpendicular to a plane 2, and 2 
is parallel to a 'plane 3, then 1 is perpendicular to 3. If a plane 1 is 
perpendicular to a line 2, and 2 is jyarallel to a line or plane 3, then 

1 is perpendicidar to 3. If a line 1 is perpendicular to a plane 2, 
and 2 is parallel to a line or plane 3, then 1 is perpendicular to 3. 
If a line 1 is perpendicular to a line 2, and 2 is parallel to a line 
3, then 1 is perpe/ndicular to 3. 

Theorem 6. l^wo nonparallel lines not both parallel to the same 
minimal plane are met by one and only one line perpendicular to 
them both; this line is not minimal. 

Proof. I^t Aoo and be the points in which the given lines 
meet tt*. By hypothesis B,^, and the line A^B^ is not tangent 
to the circle at infinity. Let C* be the pole of the line A^B^ with 
respect to Sod. The required common intersecting perpendicular is the 
line through (7. meeting the two given lines ; this line is obviously 
unique and not minimal 
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EXERCISE 

The planes perpendicular to the edges of a tetrahedron at the mid-points 
of the pairs of vertices meet in a {>oint 0. The line perpendicular to any face 
of the tetrahedron at the center of the circle through the three vertices in 
this face j)asses through O. 

114. Orthogonal plane reflections. Definition. A homology of 
period two whose center, P, is a point at infinity polar in the absolute 
polar system to the line at infinity of its plane of fixed points, tt, is 
called an orthogonal reflection in a plane or an orthogonal plane 
reflection or a symmetry with respect to a j^lane^ and may be denoted 
by {tt/"}.* The plane of fixed points is called tlie plane of symmetry 
of any two figures which correspond in the homology. 

Since the center and the line at infinity of the plane of fixed points 
of an orthogonal reflection in a plane are pole and polar with r(»si)ect 
to 2«,, we have 

Theorem 7. An orthogonal refl^ection in a jdane is a transform, a~ 
tion of the parabolic metric grovp. 

By a direct generalization of Theorems 3 and 4, Chap. IV, we obtain 
the following : 

Theorem 8. {\) Jf ir and p are two parallel nonminimal 2 )/ancs, 
the prodiict {p-ll} • {ttP} is a translation piarallel to any line 'per- 
pendicular to TT and p. {2) If 1l is a translation parallel to a v on- 
minimal line /, TT any plane perpendicnlar to /, and p the plane 
perpendicmlar to I passing through the mid-point of the point pair 
in which it and T (tt) meet Z, then 

T = {pR} - {ttP}; 

aiid if a is the plane perpendicular to I p>a,ssing through the mid-point 
of the pair in which ir and T~’(7r) meet /, 

T = {7r7>}. 

(3)) A translation parallel to a, minimal line I is a product of four 
orthogonal plane reflections. 

Theorem 9. A product A„A„_i . . • Aj of orthogonal plane reflec- 
tions 'IS ejLpress'ihle in the form A'A'_j • • . A[T or T'A'A'_j • • • A(, 
where AJ, Af,, ♦ • •, A' are orthogonal plane reflections whose planes of 

* 111 the rt‘st of this chapter this notation will be used in the sense here defined 
and nf)t in the »nore general sense of § 101. 
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fixed points all contain an arbitrary point 0, and T and T' are 
translations. In case 0 is left invariant by . Aj, T and T 

reduce to the identity. 

Proof , Let AJ {i = 1, 2 , . . . ti) denote the orthogonal plane reflection 
whose plane of fixed points is the plane through 0 parallel to tlie 
plane of fixed points of A,. Then by Theorem 8, A,.AJ = 1\., T. being 
a translation. Hence A, = T.A.' and 

(5) AA-I • • • A, = txt„.,a: . . . t,a;. 

By the generalization to space of Theorem 11, Cor. 2, Chap. Ill, if S 
is any affine coUineation and T a translation, TS = 2T', where T' is a 
translation. By repeated application of this proposition, (5) reduces to 

A„A„-i • • • A, = AX., . . . a;T = T'AX-i • • • AJ, 

where T and T' are translations. 

In case 0 is a fixed point for the product A„A„_, ...A,, since 
it is also left invariant by each of the reflections A(, it is left invariant 
by T and T'. Hence in this case T and T' reduce to the identity. 

Theorem 10. If A,, A^, A^ are three orthogonal plane reflections 
whose planes of fixed points meet in a line /, ordinary or ideal, the 
product AyAgA^ is an orthogonal plane reflection udiose plane of fixed 
points contains I, 

Proof. One of the chief results obtained in Chap. A^TIl, Vol. I, can 
be put in the following form : * If T^, are harmonic homologies 

leaving a conic invariant and such that their centers are collinear, 
TjjT^Tj is a harmonic homology leaving the conici invariant. For by 
Theorem 19 of that chapter, and its corollary, the prodiK*,t is 
expressible in the form T^T, where T is a harmonic homology whose 
center and axis are polar with respect to the conic, the axis being 
concurrent with those of T^, T^, and T^ ; and from T^T^ = T3T follows 

Now if A^, Ag, Ag are orthogonal plane reflections whose planes of 
fixed points meet in an ordinary line I their centers are collinear. 
Hence they effect in ttco three harmonic homologies whose centers 
are the poles of their axes with respect to the absolute polar 
system and whose centers are collinear. Hence AgA^A^ effects a 
harmonic homology in the plane at infinity and its axis, m«, passes 


* Cf . the fine print in § 108. 
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through the point at infinity of L Since I and are both lines of 
fixed points of AgA^A^, all points of the plane tt containing / and 
arc invariant. Hence A^A^A^ effects a homology having the pole of 
ni^ with respect to S* as center. Since tliis homology is of period 
two in 7r« it must be an orthogonal plane reflection. 

In case the planes cjf fixed points of A^, A^, Ag are parallel we have 
by Theorem 8 (1) that A^A^ is a translation parallel to a line perpen- 
dicular to tliese planes, i.e. parallel to a nonminimal line. Hence by 
Theorem 8 (2) there exists an orthogonal plane reflection, A^, such that 

or = 

CoiiOLLARY. If orthogonal plane refiec- 

tionSy and A.' in any ordinary nonminimal plane in the same pencil 
with Xj and there exists a plane X' and points L\ and Lj such that 

{X,zj • {\L,) = 


Proof, By the theorem, if L[ is the point at infinity of a line per- 
pendicular to X', there exists an orthogonal plane reflection 
such that ^ ^ 

and hence {XaAj • {XiL^} = {X'Z'} • {'h[L[}. 


115. Displacements and symmetries. Congruence. We may now 

generalize directly from § 57, Chap. IV : 

Definition. A product of an even number of orthogonal plane 
reflections is called a displacement or rigid motion, A product of an 
odd number of orthogonal plane reflections is called a symmetry. 
Theorem 11 . The set of all displacements and symmetries is a 
self-conjugate subgroup of the parabolic metric group and contains 
the set of all displacements as a self -conjugate subgroup. 

Definition. Two figures such that one can be transformed into 
Uie other by a displacement are said to be congruent. Two figures 
such that one can be transformed into the other by a symmetry are 
said to be symmetric. 

Theorem 12. If a figure is congruent to a figure F^y and F^ to 
a figure F^, then F^ is congruent to F^, If F^ is symmetric with F^y and 
with F^y them F^ is congruent to F^, If F^ is congruent to F^y and F^ 
symmetric with F^y then F^ is symmetric with F^, 
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Theorem 13. Asiy displacement leaving an ordinary point 0 inva- 
riant is a product of two orthogonal plane reflections whose planes of 
fixed points contain 0. 

Proof. Consider a product of four orthogonal plane reflections, 
whose planes of fixed points pass through 0. 

r = • {v>.} • { W • 

Let I be the line of intersection of and m that of X^^ and X^, 
and let X be a plane containing I and m, where in case I = m, X is 
chosen so as not to be minimal. If X is nonminimal, by the corollary 
of Theorem 10 there exist orthogonal plane reflections 
such that ^ 

and {\LJ ■ {\L^} = • {XL}. 

Hence F = ■ {XL} • {XL} • {fiM} = {i/iV} • {fiM}. 

In case X is minimal* {X^AJ transforms X to the other minimal 
])lane through I (i.e. the other plane containing I and a tangent to tlui 
circle at infinity), and {X^L^} transforms this plane back to X. In like 
manner the product {X^T^^} • {XfljJ leaves X invariant. Hence X is 
left invariant by F. On the other hand the line I is obviously not 
left invariant by F, and therefore F does not leave all points at infin- 
ity invariant. Hence F leaves at most two tangents to the circle at 
infinity invariant, and thus leaves at most two minimal planes throiigli 
O invariant Let X' be any plane of the bundle containing X^ and X.^ 
v/hich doe not meet X^ in a line of an invariant minimal plane of F. 
Hy the corollary of Theorem 10 there exists a plane X' and points If 
and If such that 

{X 3 A 3 } . [X,L,} = {X'flf} . {x;a'}, 
and hence such that 

r = {x,L,} . {xjl;} • {x{7.'} • {x.lj. 

Now let I be the line of intersection of X^ and X', m that of X' and X^, 
and X' the plane containing I and m. If X^ were minimal it would, as 
argued above for X, be invariant under F, whereas X' was so chosen 
that I cannot be in such a plane. Hence the argument in the pre- 
vious paragraph can be applied to the last expression obtained for F. 

* This case obviously does not arise in the real Euclidean geometry (§ 116), so 
that this paragraph may be omitted if one is interested only in that case. It ii 
needed, however, in complex geometry. 



§ 115 ] 


DISPLACEMENTS 


299 


Thus, in any case, a product of four orthogonal plane reflections 
whose planes of fixed points pass through 0 reduces to a product 
of two such reflections. By Theorem 9 any displacement leaving 0 
invariant is a product of an even number, say 2 n, of orthogonal 
reflections in planes through 0. This may be reduced to a product 
of two orthogonal reflections in planes through 0 hy n — 1 applica- 
tions of the result proved above. 

CoKOLLARY. An orthogonal plane reflection is not a displacement. 

Proof. Let O be a point of the plane of fixed points of an orthog- 
onal plane reflection A. If A were a displacement it would, by the 
theorem, be a product of two orthogonal plane reflections containing 
0 and hence could only have a single line of fixed points. 

Definition. A displacement which is a product of two orthogonal 
plane reflections whose planes of fixed points have an ordinary line I 
in common is called a rotation ahont I, and I is called the axis of 
the rotation. If the axis is a minimal line the rotation is said to be 
isotropic or minimal. 

Theorem 14. The product of two orthogonal reflections in perpen- 
dicular planes is a rotation of period two. It transforms every point 
P not on Us axis to a pom t P^ such that the axis is perpendicular to 
the line PP^ at the mid-point of the pair PP\ It leaves invariant 
the points of its axis aiid the points in which any plane perpen- 
dicular to its axis meets the plane at infinity. Its axis cannot he a 
minimal line. 

Proof. Consider any plane tt perpendicular to the planes of fixed 
points of the two orthogonal plane reflections A^ and A.^. By the 
first corollary of Theorem 5 the axis of A^A^ is nonminimal and 
hence tt is nonminimal. In tt the transformations effected by A^ 
and Ag are orthogonal line reflections in the sense of Chap. IV, and 
their product is a point reflection (Theorem 5, Chap. IV) in the 
plane. From this the theorem follows in an obvious way. 

Definition. The product of two orthogonal reflections in perpen- 
dicular planes is called an involutoric rotation or an orthogonal line 
reflection or a half turn. If I is its axis and V the polar with respect 
to Soo of the point at infinity of /, it may be denoted by {?/'}.* 

* In the rest of this chapter this notation will be used in the sense here defined 
and not in tlie more general sense of § 101. 
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Theorem 15. Definition. The product of the orthogonal plane 
refections in three perpendicular planes is a transformation carrying 
each point P to a point P' such that the point O of intersection of the 
three planes is the mid-point of the pair PP\ A transformation of 
this sort is called a point reflection or symmetry with respect to the 
point 0 as center. It is not a displacement. The points P and P' are 
said to he symmetric with respect to 0. 

Proof In the plane at infinity the three orthogonal plane reflec- 
tions effect the three harmonic homologies whose centers and axes 
are the vertices and respectively opposite sides of a triangle. The 
product therefore leaves all points at infinity invariant. It also leaves 
O invariant and is evidently of period two on the line of intersection 
of any two of the planes of fixed points of the orthogonal plane reflec- 
tions. Hence it is a homology of period two with O as center and 7r„ 
as plane of fixed points. It is not a displacement, since by Theorem 1 3 
a displacement leaving 0 invariant would have a line of fixed points 
passing through O, 

Theorem 16. The transformations effected in a nonminimal plane 
TT hy the displacements leaving tt invariant constitute the group of 
displacements and symmetries of the parabolic metric group whose 
absolute involution is that determined by S* on the line at infinity of ir. 

Proof Let F be any displacement leaving tt invariant, O an 
arbitrary point of tt, and T the translation carrying O to F (O), Then 
T"' F {O) — O, and hence, by Theorem 1 3, T~^ F is a rotation. Moreover, 
T“*F leaves tt invariant. 

It is obvious from the definition of a rotation that it can leave tt 
invariant only in case its axis is perpendicular to tt or in case it is of 
period two and its axis is a line of tt. If F falls under the first 
of these cases, it effects a rotation in tt according to the definition of 
rotation in Chap. IV, and thus F effects a displacement in tt. If T“^ F 
falls under the second of these cases it effects, and therefore F also 
effects, a symmetry in tt according to the definition in Chap. IV. 

Corollary 1. The transformations effected in a nonminimal plane 
IT by the displacements and symmetries leaving tt invariant constitute 
the group of displacements and symmetries of the parabolic metric 
group whose absolute involution is that determined by on the line 
qX infinity of ir. 
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Corollary 2. If 0 is an arbitrary pointy any displacement Y is 
expressible in the forms 

r = TP and r = p'r, 

where T, T' are translations and P, P' rotations leaving O invariant. 

Proof. As in the proof of the theorem above, let T be the translation 
carrying O to Y {()). Then T“^r(D) = () and hence, by Theorem 13, 
T^^ r is a rotation, P. Hence Y = TP. If T' is the translation carry- 
ing 0 to r~^(0), it follows in like manner tliat rT'((>) is a rotation 
P' and hence that F— P'T'“b 

Corollary 3. The transfonnai ions effected on a nonminimal line 
p hg the dis'pl a cements leaving p inrariant constitute the group com- 
posed of all parabolic transformations and involutions leaving the 
point at infinity of p invariant. 

EXERCISES 

1 . Two ]>oiiit juiirs are eoiignient if they are symmetric. 

2. Tlic set of all j)()int reflections and translations forms a groii]) which, 
unlike tli(‘ analoi^oiis group in the i>lane (§ 4.')), is not a subgroup of th(‘ grouj» 
of disj)lacem(‘nts. Tlie ])ro(hict of two point reflections is a translation, and 
any Iranslatitui is expressible as a product of two i>oint ndb'ctions, one of 
which is arbitrary, 

3. Study the theory of congruence in a minimal plane. 

4. A rotation h'aves no jxnnt invariant whicdi is not on its axis. It l(*aves 
invariant all }»lanes per})eiidicular to its axis and no others unless it is of 
])eru)d two, when it is an orthogonal line reflection. 

116. Euclidean geometry of three dimensions. Tho last theorem 
may be regarded as the fundaimjiital theorem of the parabolic 
metric geometry in space, for by means of it all the results of 
tlie two-dimensional ])arabolic metric geometry become immediately 
ap])li(iable. 

Su])p()se now that we consider a three-si)a(*e satisfying Assumptions 
A, E, H, C, 11 (or A, E, K), i.e. a real projective space. Suppose also 
tliat Soo be taken to l)e an elliptic polar system,* i.e. the polar system 
of an imaginary ellipse (§ 79). Then in any plane the parabolic metric 
geometry reduces to the Euclidean geometry and the displacements 
which leave tliis jdanc invariant are Euclidean displacements. 

* Tlic existence and properties of an elliptic polar system may be determined 
without recourse to imaginaries (in fact, on the basis A, E, P, S), as in § 89. 
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A set of assumptions for the Euclidean geometry of three dimen- 
sions is composed of I-XVI, given in §§ 29 and 66. We have seen in 
§ 29 that I-IX are satisfied by a Euclidean space of three dimensions. 
Assumption XI is a consequence of Theorem 12, and Assumptions X, 
XII-XVl of Theorems 11 and 16. Hence in a real three-spacey if 
2^ is an elliptic polar system the parabolic metric geometry is the 
Eiiclidca n yeom dry. 

The general remarks in § 66 are applicable to the three-dimensional 
case as well as to the two-dimensional one. 

It was stated in § 60 that the congruence assumptions are no longer strictly 
inde})eiKleiit when a full continuity assumption is added, because by intro- 
ducing idi^al elements and an arbitrary Soo (as in the present chapter) a 
relation of congruence may be defined for which the statements in X-XVI 
are theorems which can (*asily be j)roved. This view is not accepted by 
certain well-known mathematicians, who hold that the arbitrariness in the 
definition of the absolute involution somehow conceals a new assumption.* 
It may, therefore, be well to restate the matter here, f 

Assumptions I~JX, XVII are categorical for the Euclidean space; i.e. 
if two s(*ts of objects [P] and [(^] satisfy the conditions laid down for 
points in tin* assum})tions, tluTe is a on(‘-to-one reci})rocal corre.s])ondence 
l)(‘,tween [/^] and [()] such that the siibs(*ts called lin(‘S of [P] correspond 
to the subsets called lines of [Q]. Thus the internal structure of a 
Euclidean space is fully determined by Assumptions I-IX, XVII. The 
grouj» leaving invjiriant the relations described in these assumjdions is the 
affine grouji, and all the theorems of the affine geometry are (5onse(pienees 
of these assumptions. I’he latter may therefore be characterized as the 
assumptions of affine geometry. 

Among the theorems of the affine geometry is one which states that 
there is an infinity of subgroups, each one conjugate to all the rest and 
such that the s('t of theorems belonging to it constitutes the Euclidean 
geometry. Each of these groups is capable of being called the Euclidean 
group, and there is no theorem about one of them which is not true about 
all of them. The set of theonmis stating relations invariant under any one 
of th(ise groups is the Euclidean geometry. This set of theorems is the 
same whichever Euclidean group be selected, i.e. the Euclidean geometry /.s a 
unique body of theorems. 

Each Euclidean group has a self-con jugate subgroup of disjdacements 
^vhich defines a relation called congruence having the properties stated in 

* Cf . the remarks on a paper by the writer in the article by Enriques, Encyclo- 
pedic des Sc. Math. Ill 1, § 12. 

t This discussion should be read in connection with the remarks on foundations 
of geometry in the introduction to Vol. I and in § 13 of this volume ; also in con- 
nection with the remarks on the geometry corresponding to a group, §§ 34, 39, 110. 
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Assumptions X~XVI. Moreover, any relation which satisfies these assump- 
tions is associated with a group of displacements which is self-conjugate under 
a Euclidean group. 

Thus Assumptions X-XVI characterize the relation of congruence as com- 
pletely as possible, i.e. any relation satisfying these assumptions must be that 
determined by one of the infinitely many groups of displacements. The set of 
theor(*ms about congruence is uni(|ue and is the Euclidean geometry. 

The relation between the affine geometry and the Euclidean geometry is 
analogous to that between the Euclidean geometry and the geometry belong- 
ing to any non-self-conjugate subgrouj) of a Eucli<lean group. Consider, for 
example, the subgroup obtained by leaving a particular point 0 invariant. 
A relation which is left invariant by this group may be defined as follows : 

Definition. A point Pis nearer than a point Q if and only if Dist {OP) 
< Dist {OQ), P and Q are equalhi near if Dist {OP) — Dist {OQ). 

There is an element of arbitrary choice in this definition, just as there is 
in the choice of an absolute involution to define the notion of congruence. 
Moreov<*r, the geometry of nearnesa is just as truly a geometry as is th(; 
Euclidt'an giiometry.* It would be easy to put down a set of assumptions 
(XYIII-A^) in terms of near rt;garded as an uiidefiiied relation, which would 
state the abstracit pro[)erties of this relation, just as X-X VI state the abstract 
properties of congruence. 

Another non-s(‘lf-(!()n jugate subgroup of tlu; Euclidean group which gives 
rise to an interesting geometry is the groiij) leaving invariant a lin<‘. and a 
])lant^ on this line. In terms of this group the notions of foricard and hack- 
ward and tip and dowji can be defined, and the geometry corresponding to this 
grouf) is a set of j>roj>ositions embodying the abstract theory of this set of 
relations. 

It is a theorem of Euclidean geometry that the Euclidean group has 
subgrou])S with the pro})erties involved in the.se geometries, just as it is 
a theorem of affine geometry that the affine groiij) lias Euclidean snbgrou])s 
and a theorem of projective geometry that the ])rojective group has affine* 
subgrou])S. 

Assumptions I-IX, XVIT have a different role from X-XVI or XVIII-A^, 
in that they determine the s(*t of objects (points and lines, etc.) which are 
presiipj)osed by all the other assumptions. The choice of these assumj>tions 
is logically arbitrary. The choice of such sets of “ assumptions ’’ as X-XVI 
is not arbitrary ; it must correspond to a proj>erly chos(*n group of permu- 
tations of the objects determined by I-IX, XVII. Whc*n independence proofs 
are given for Assumptions X-XVI, it is done by giving new interpretations 
to tlui term “congruence,” not to “point” or “line.” 

*lt is even possible to give a psychological significance to this geometry. The 
normal individual has a certain place, say home, in terms of nearness to which 
other places are thought of ; here 0 is the central iioint of home. In astronomy 
stars are regarded as near or the contrary, according to their distance from the 
sun ; here 0 is the center of the sun. 
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The point of view of the writer is that if X~XVI or XVITI-N are to be 
regarded as independent assumptions, their independence is of a lower grade 
than that of 1-IX, XVII. They constitute a definition by postulates of a 
relation (congruence or nearness) among objects (points, lines, etc.) already 
fully determined. Their significance is that they characterize that subset of 
the theorems deducible from 1-IX, XVII which corresponds to any Euclidean 
group and which therefore is the Euclidean geometry. 


EXERCISES 

* 1. Develop the geometry corresponding to some non-self-conjugate sub- 
group of the Euclidean group. Determine a set of mutually independent 
assumptions characterizing this geometry. 

2. The identity is the only transformation of the Euclidean group which 
leaves fixed two points A and B and two rays (cf. definition in § 16) A C and 
A D orthogonal to eacli other and to the line A B. 

3. If a and h are any two rays having a common origin, O, and on different 
lines, there is a uni(pie orthogonal line reflection and a unique orthogonal 
plane n^fiection transforming a into h. 

4. If Ay By (\ D are any four points no three of which are collinear, there 
exists a unique rotation leaving the line AB invariant and transforming C 
into a point of the plane ABD on the same side of AB with D. 

5. Any transformation of the Euclidean group which leaves a line point- 
wis(i invariant and j)reserves sense is a rotation. 

6. Any transformation of the Euclidean groiq) which leaves a line pointr 
wis(* invariant and alters sense is an orthogonal reflection in a plane 
oontaiiiing this line. 

7. Ther(» is one and only one displacement which transforms throe mutually 
orthogonal rays OA, OB, 0(^ into three mutually orthogonal rays O' A', O'B', 
O'C'y provided that S (OA BC) = S {O'A'B'C'). 

*117. Generalization to n dimensions. The discussion of the Euclid- 
ean and affine geometries in §§ 111-116 is so arranged that it will 
generalize at once to any number of dimensions. It is recommended 
to the reader to carry out this generalization in detail, at least in the 
four-dimensional case. 

The elementary theorems of alignment for four dimensions are 
given in § 12, Vol. I. The definition of a Euclidean four-space is 
given in § 28, Vol. 11. The generalization of §111 is obvious on 
comparing these two sections. A four-dimensional translation may 
be defined as a projective collineation leaving invariant all points of 
the three-space at infinity and also all lines through one of these 
points The generalization of § 1 1 2 then follows at once. 
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A three-dimensional polar system may be defined as the polai 
system of a proper or improper regulus (Chap. XI, Vol. I ; cf. also 
§§ 100-108, Vol. II), or it may be studied ah initio by generalizing 
Chap. X, Vol. I. The notion of perpendicular lines, planes, and three- 
spaces then follows at once and also the theorems generalizing those 
of § 113. An orthogonal reflection in an S., is next defined as a projeo 
tive collinealion of period two, leaving invariant a point P at infinity 
and each iioint of a three-space whose j)lane at infinity is polar to F 
in the absolute polar system. All the theorems of §§ 114, 115 up to 
Theorem 13 then generalize at once. Theorems 13-15 must be modi- 
fied, in view of the fact that there are more than one type of four- 
dimensional displacements leaving a point invariant. Theorem 10 
holds unchanged. 

Finally, it can be proved as in § 1 1 6 that in case of a real space 
and an elliptic polar system the parabolic metric geometry satisfies 
a set of axioms for Euclidean geometry of four dimensions. This 
set differs from the one used above, in that VITI is replaced by 

VTir. If Ay B, Cy T> are four noncoplanar pointSy there e,xyisis a 
point E not in the same Sg with A, By Cy />, and siich that every point 
is in the same with Ay By Cy /), E, 

The introduction of nonhomogeneous coordinates in a space of 
n dimensions may be made by direct generalizations of § 69, Vol. I. 
The formulas for the affine group, the group of translations, the 
Kucdidean group, and the group of displacements are then easily seen 
to be identical with those given in the sections below, except that the 
summations from 0 or 1 to 3 must in each case be replaced by 
summations from 0 or 1 to n. 

118. Equations of the affine and Euclidean groups. With respect 
to a nonhomogeneous coordinate system in which tt* is the singular 
r)lane, the affine group is evidently the set of all projectivities of 
the form 

x' = 

(6) y' = + a^ + a^z + 

= cL^,x + a^y + a,/ + 


where 


a 



11 

12 

18 


a 


21 

22 

23 

a 

a 


81 

32 

88 
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and the variables and coefficients are elements of the geometric 
number system. 

In the system of homogeneous plane coordinates in which the plane 
at infinity is represented by [1, 0, 0, 0], this group takes the form 

V/q — -f- "f* d” ^03^8 > 

“i” ^18^8> 

In an ordered space the affine group has a subgroup c(uisisting of 
all transformations for wliicli A is positive. This group lias lieen 
considered in § 31. It also has obvious subgroups consisting of all 
transformations for which = 1 and for which A = 1 . 

The equations of a translation parallel to the .r-axis are evidently 
.r! — X a, = y, z’ = c, and similar expressions represent a transla- 
tion parallel to any other axis. Hence by the corollary of Theorem 3 
the equations of the group of translations are 

,t'= .i,* 4- a, 

(8) y' = y -h 6, 

— z c. 

If the coordinates are so chosen that the planes ic = 0, y = 0, 
z — Q are mutually orthogonal, the e([uations of the circle at infinity 
in terms of the corresponding homogeneous coordinates are 

al'l -h Kr^ 4- =0, = 0. 

These are reducible by the transformation 

(9) = a:j = Vai„ = = 

to 

(10) xf + x:^ + x^ = 0, a:„=0. 

In the real geometry r/, A, c are positive if the polar system is elliptic (§ 85), 
and the transformation (9) carries real points to real points. The formulas 
(9) are the only ones in the present section in which irrational expressions 
appear. Hence the rest of the discussion holds for any space satisfying 
Assumptions A, E, P, II^. In any such space it is easily seen that (10) repre- 
sents a conic whose polar system may be taken as 2«., but it does not follow, 
as in th(^ real case, that any improper conic can be reduced to this form. 
The situation here is entirely analogous to that obtaining in § 62. 


( 7 ) 


u' = 


IK 


uL = 
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In the three-dimensional homogeneous plane coordinates, tt. and 
the planes tangent to the circle at intinity (10) satisfy the equation 

( 11 ) ul + ul + ul = Q. 

Any plane 

(12) + u^x' ->r u^' -I- = 0 

is the transform under a coUineation of the form (6) of the plane 

(1 3) («„ -1- -H + a^) -t- x 

+ + «a2«.) y + + « A) * = 0- 

Hence (11) is the transform of 

(14) (rf -I- + al;) ul -f «, 4- < -I- «!,) < •+■ («|, -f- al^ + <) m* 

+ 2 -f- -I- n^u^+ 2 “A) “A 

+ 2 -f- = 0. 

Ill order that (11) and (14) shall represent the same locus, we must have 

(15) ff -I- a -f- afa = a|, -|- al, -|- al, = a -f- 

= «U«8. + + «i Aa 

= «2Ai+«A+''2A3=0- 


These conditions are ec^uivalent to the equation (cf. § 95, Chap. X, 
VoL I) 

(16) 



^'21 ^81 
^12 ^22 ^82 



where p = «ii + 4- 

If the matrix (^^11^02^33)="^ tie interpreted as the matrix of a planar 
(ollin cation, as in § 95, Vol. 1, this states that the product of the 
(‘ollineation by the coUineation represented by the transjiosed matrix 
is the identity. Hence the product of the two matrices in the reverse 
order is a matrix representing the identity. This means that 

4“ ^^21 4“ ^^31 ~ ^12 4" ^22 4“ ^32 ^18 4“ 4" ^38) 

and -|- a,, a,, = -|- -|- 

= “iA3+“=2«28+«A=0- 

Since the determinants of a matrix and of its transposed matrix are 
equal, we have 

A' = = «1 4- ^“ 04 - (^n 4- ^2, 4~ 
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Definition. A matrix such that its product by a given matrix A 
is the identical matrix (§ 95, Vol. I) is called the inverse of A and is 
denoted by A"'^. A square matrix whose transposed matrix is equal 
to its inverse is called orthogonal. A linear transformation, 

-f 

(17) y' = + + 

x' =^n^^x + a^ + a^z, 

whose matrix orthogonal, is said to be orthogonal. 

The results at wliicli we have arrived may now be expressed in 
})art as follows : 

Tiieokem 1 7. The transformations of the paraholic metric group 
can he written in the form 

(18) y' = p (« 2 i-»' + + K)> 

z’ = p + k^), 

where the matrix (<^i/^ 22 ^aa) orthogonal. 

From the form of these equations we obtain the following 
corollaries : 

Corollary 1. Any transformation (18) of the Evclidean group is 
the product of an orthogonal transformation, a translation, and a 
homology of the form 

x' = px, 

(19) y' = py, 

z’ = pz. 

Corollary 2. A homology (19) u commutative with any collinea- 
tion leaving the origin immriant. 

Since an orthogonal matrix is any matrix satisfying (16) with 
p = 1, we have 

Corollary 8, The product of two orthogonal transformations is 
orthogonal. The determinant of an orthogonal transformation is 
-f 1 or — 1. 
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In view of the formula for the inverse of a matrix (§ 95, VoL I), 
we have 

Corollary 4. A matrix orthogonal if and only if 

(20) A,, = Aa,, {i = 1, 2, 3 ; y = 1, 2, 3) 
where A is the determinant of the matrix and A.j the cofactor of a^. 

The matrix of an orthogonal transformation of period two is its 
own inverse and hence its own transposed. Hence 

Corollary 5. An orthogonal transformation is of period two if 
and only if = a^.^. 

The double points of any orthogonal transformation (17) must 
satisfy the equations 

(au-l)x + a,^ + a,,2=0, 

( 2 1 ) --i)y + a^r=Q, 

The determinant of the coefficients of these equations is 
= A— -h A^,^ + A^.J -h (^11 -f ^^'22 + 1' 

But since the transformation is orthogonal, A^i = Aa.., Hence the 
determinant of (21) reduces to 

-/>! = (1 — A) -h + ttgg — 1). 

Another determinant which is of importance in the theory of 
orthogonal transformations is that of the equations 

( 22 ) + (n^+l}y-h = 0 , 

V + «32y + (“33 +1)^=0- 

Any point satisfying these equations is transformed into its symmet- 
ric point with respect to the origin. The orthogonal transformation 
therefore transforms the line joining these points into itself and 
effects an involution with the origin as center on this line. The 
determinant of the equations (22) is 

-Oj = A + + (ttjj + “^ + «„) + 1, 

which reduces to 


/^, = ( I + A) (a„ + ffjj + «„ + 1). 
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Let us now consider an orthogonal transformation (17) which we 
shall denote by 2. If A = — 1 for 2, = 0, and hence there is at 

least one point which is carried by 2 into its symmetric point with 
respect to the origin. The plane through the origin perpendicular to 
the line joining these points is left invariant by 2. On the other 
hand, 0 unless 

and hence 2 leaves no other point than the origin invariant unless 
(23) is satisfied. Suppose now that (23) is satisfied. A cofactor of an 
element of the main diagonal of is 

— (%• + %A:) + 

where i ^ j ^ k i. By (20) this reduces to 

which vanishes. The cofactor of an element a^{i of is 

and by (20) this vanishes when A = — 1. Thus wo have that if 
A = -~l and (23) is satisfied, 2 has a plane of fixed pointvS. Since it 
transforms one point into its symmetric point with respect to the ori- 
gin, it must be an orthogonal plane reflection. Thus we have proved 
Theorem 18. A 71 orthogonal transformation for which A = — 1 
always has an invariant ^lane. It either leaves no point except the 
origin invariant or it is an orthogo7ial plane reflection. The latter 
case occurs if and only if a^^ -j- a^ + == 1 . 

By comparison with Corollary 5 above we have 
Corollary. An orthogonal transformation for which A = — 1 is an 
orthogonal plane 7rflection if and only if ^ 23 ” ^ 32 ^ 

Let us now consider an orthogonal transformation 2 for which 
A = 1. In this case 7)^= 0, and hence there is always a line of fixed 
points passing through the origin, I^et be an orthogonal plane 
reflection containing a line of fixed points of 2. Then 2A^ is an 
orthogonal transformation for which A = — 1 and for which there are 
other fixed points than the origin. By the last theorem, therefore, 
it is an orthogonal plane reflection A^. From 2A^ = A^ follows 
2 = W- We therefore have 

Theorem 19. An orthogonal transformation for which A = 1 a 
rotation. 
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Corollary 1 . An orthogonal transformation for which A = — 1 is 
a symmetry. 

Any transformation (18) for which /) = 1 is a product of an orthog- 
onal transformation and a translation. It is therefore either a dis- 
placement or a symmetry. By Theorem 16, Cor. 1, a homology (19) 
for which 1 is not a displacement or a symmetry. Hence we have 

Corollary 2. The subgroup of (18) for which /o = l and A = 1 
is the group of displacements. 

Corollary 3. The subgroup of (18) for which p = 1 and A‘^= 1 is 
the group of displacements and symmetries. 

The co()rdinate system which has been employed above is such 
that the planes x=^ O^y = QyZ = Q are mutually orthogonal. Moreover, 
the displacement 

leaves (0, 0, 0) invariant and transforms (1, 0, 0) to (0, 1, 0) and 
(0, 1, 0) to (0, 0, 1). Hence the }mirs (0, 0, 0) (1, 0, 0), (0, 0, 0) 
(0, 1, 0), and (0, 0, 0) (0, 0, 1) are congruent. Coordinates satisfying 
these conditions are said to be rectangular. 


EXERCISES 


1. The group of displacements and syniinetries leaves the quadratic form 

wf -f u 'i + 

aiisolutely invariant. 

2 . Two point pairs (a, ft, c)(a', //, r') and //, y', c') are congriu'iit 
if and only if (a — a')® + (ft — h'Y + (c — c')^ = (r — x')'^ + (y — y')^ + (2 — z')\ 

3. Two planes ^ ^ ^ 

t\x + ,\^y + i-jr + f’o = 0 

are orthogonal if and only if + Wg* 2 

4. Three planes 


Ui^x + w,2.V + u^o = 0, 

the coefficients being such that = 1 , 


0 = h 2 , 3 ) 
(i = h 2 , 3 ) 


are mutually perj)endicular if and only if the matrix (1^111^22^88) orthogonal. 

5. The three ordered triads of numbers (njj, 0,2, i = 1 , 2 , 3 , are direction 
cosines of mutually perpendicular vectors if and oidy if the matrix (<711^22^33) 
is orthogonal. 


119. Distance, area, volume, angular measure. The definition 
(§ 67) of distance between two points extends without modification 
to the three-dimensional case. The distance between a point O 
and a plane tt is the distance between O and the point T in which 
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TT is met by the line through 0 perpendicular to tt. The distance 
between two lines is Dist where and are the points 

in which the common intersecting perpendicular line meets and 

respectively. 

If the notion of equivalence of ordered point triads (§112) be 
extended by regarding two ordered triads as equivalent whenever 
they are congruent, it is obvious that any triad is equivalent to triads 
in any plane whatever and not merely, as in § 11 2 , to triads in a 
system of parallel planes. Moreover, if ABC are noncollinear points 
such that AB congruent to AC, the ordered triad ABC is congruent 
and therefore equivalent to the ordered triad ACB, Hence 

ABC^BCA^ CAB ^ACB^ CBA ^ BA C, 

i.e. according to the extended definition, any ordered triad is equivalent 
to any permutation of itself. 

Since m(ABC) = — m{ACB), the definition of measure (§ 49) can- 
not be extended to correspond to the new conception of equivalence. 
On the other hand, the notion of area (§ 68) of a triangle is directly 
applicable. The situation here is entirely analogous to that described 
in § 67 with regard to the measure of a vector and the distance 
between two points. The formal definition may be made as follows : 

Definition. Let OPQ be a triangle (called the vnit triangle) which 
is such that the lines OP and OQ are orthogonal and the point pairs 
OP and OQ are congruent to the unit of distance. Then if A'B'C^ is 
a triangle coplanar with OPQ and congruent to ABC, the positive 
number _i | ^ (^a'B'C')\ = a (ABC), 

where m (A'B'C') is the measure (§ 49) of the ordered triad A'B'C' rela- 
tive to the ordered triad OPQ, is called the area of the triangle ABC. 

The definition of the measure of an ordered tetrad and of the vol- 
ume of a tetrahedron may be taken from § 112, with the proviso that 
the unit tetrad OPQR is such that the lines OP, OQ, OR are mutually 
orthogonal and the point pairs OP, OQ, OR congruent to the unit of 
distance. 

The definition of the measure of angle may be taken over literally 
from § 69. Since, however, any symmetry in a plane can be effected 
by a three-dimensional displacement, the indetermination in the meas- 
ure of an angle is such that any angle whose measure is ^ also has 
the measure hir + where i is a positive or negative integer. The 
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measure of an angle may therefore be subjected to the condition 
0 yS < TT or — 7r/2 < /8 ^ 7r/2. 

Definition. The angular measure of a pair of intersecting lines ah 
is the smallest value between 0 and 2 tt, inclusive, of the measures 
of the four angles formed by a ray of a and a ray h^ of h. 

It is denoted by m{ah). If a and b do not intersect, m(ab) denotes 
7n (a'b), where a' is a line having a point in common with b and parallel 
to a. The angular measure of two planes tt, tt' is the angular measure 
of two lines Z, V perpendicular to tt and tt' respectively. 

The following statements are easily proved and will be left to the 
reader as exercises (cf. § 72) : In the case where a and b do not inter- 
sect, the value of m {ab) is independent of the choice of a'. Although in 
Euclidean plane geometry 0 ^ m (ab)<rr, in the three-dimensional case 

0 = jn{ah)<~ 

If l^ and Zg are any two lines parallel to a and b respectively, and 

and are the minimal lines through the intersection of Z^ and Z,^, 
M(ah) is the smaller of the two numbers 

^1 = - 1 log and ^ log 

that determination of the logarithm in each case being chosen for 
which 0 = < TT and 0~6^<7r. 

The numbers which we have been defining in this section are some 
of the simplest absolute invariants of the group of displacements. The 
algebraic formulas for these invariants and some others are stated in 
the exercises below. In every case the radical sign indicates a positive 
root. By the angle between two vectors OA and OB is meant the 
measure of A A OB. 

The orthogonal projection of a set of points [P] on a plane tt is the 
set of points in which tlie lines perpendicular to tt through the points P 
meet tt. The orthogonal projection of a set of points [P] on a line Z is 
the set of points in which the planes perpendicular to Z through the 
points P meet Z. 

The exercises refer to four distinct noncoplanar points JFJ = z^), 

^’=(•^•2. y,, Vi, 23). ^ = ^4. «*)> no two of which are 

collinear with the origin. The coordinate system is rectangular, and 
0, P, Q, R denote the points (0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1) 
resjiectively, as in 5$ 112. 
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EXERCISES 


1. Dist (PiPj) = V(ari - 2 ^)“ + (yj - y,)> + (*, - 

2. The cosines of the angles between a vector OP^ and the x-, y-, and z-axes 
respectively are 




Vi 


VijS + y* + ZjS Vz* + yf + z“ Vij!> + yS + 

These are referred to as the direction cosines ot the vector if r = 

Dist {PiP^, the direction cosines of the vector are 

3^2 Vi-Vx H 

r r r 

3. The equation of a plane perpendicular to the line OP^ is 

+ VlV + = k. 

4. The distance from the point Pj to the plane ux + )8y + yz = 8 is 

I«J^ 1 + Py\ + Y~1 - ^ 1 

Va* + + yi 

5. If Qj is the orthogonal proji'ction of P^ on the line f. l’,, then 

+ yah + Zl^^ 

+ y'l + 

is Dist(0(2i) same sme of Oy aid — Di8t(OQj) 

in case and P^ are not on the same side of C 

•^1*^2 + //iy2 + ^1*^2 “ 4 

6. w/ ~ i^ist(/\p 2 ) • I)ist(/’QP^) • • sin^, where r is the dis- 
tance between the lines PiP^ and and B the angle between the vectors 

P,P., and P,P,. 

7. If 0 denotes the measure of ^P^OP^, and /, m, n the direction cosines of 
a vector OK perpendicular to the plane OPjP^ and such that S(OP^P^K) 

.S(OPQR\ 

I vi -1 1 _ (OPj) • Dist (OPg) • sin B • ly 


Vi -1 
yq ^2 

«! Xj 

2 « X, 


= Dist(OPj) • Di8t(0P2) * sin B • m, 
= Dist(OPi) • Dist(OP2) • sini B • n.* 


*>2 •‘ 21 
1^1 Vil 
1^2 .V 2 I 

8. With respect to the coordinate system employed in § 118, the angle 
between two lines which meet ir® in (0, Ug, ag) and (0, pyy Ps) 

$ »' lag “i A + (“ift + + O (fii+ 

2 Oj/Jj + + 0,^3 - + “2^2 + (“i + “a + “» )(^1 + + .®a ) 

9. If four planes a, fit y> ^ meet on a line, 

^ ^ ^ sm(a8) sin (^8) 

where (ay) denotes the angular measure of the ordered pair of planes ay. 

*C£. Ex. 6, §112. 
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120. The sphere and other quadrics. Definition. A sphere is the 
set of all points [P] such that the point pairs OP, where 0 is a fixed 
point, are all congruent to a fixed point pair OiJ. In case the line Oi’ 
is minimal, the sphere is said to be degenerate ; otherwise it is nonde- 
generate, The point 0 is called the center of the sphere. 

By comparison with the definition in § 60 it is clear that any sec- 
tion of a nondegenerate sphere by a nonminimal plane is a circle. In 
case the circle at infinity exists, two perpendicular sections Cf and 
of a sphere S by nonminimal planes constitute with the circle at 
infinity three conic sections intersecting one another in pairs of dis- 
tinct points. By § 105, Vol. I, there is one and but one quadric surface 
containing them. A nonminimal plane tt through the center of the 
sphere meets this quadric in a conic section which contains at least 
two points of the circles Cf and Cl and two points of the circle at 
infinity. This conic is therefore a circle containing the points of the 
sphere S which are in tt. Hence the sphere S is identical with the 
set of all ordinary points of the quadric surface containing Cl, Cl, and 
the circle at infinity. Since 0 is the center of each circle in which a.S 
is met by a nonminimal plane through O, O is the pole of the plane 
at infinity with regard to the quadric. Since a circle in a non- 
luinimal plane contains the ordinary points of a nondegenerate conic, 
it follows that the quadric surface is nondegenerate, i.e. is a quadric 
which contains two proper or improper reguli. 

In case the circle at infinity does not exist, improper elements may 
be adjoined as explained in § 85, Vol. I, so that the circle at infinity 
exists in the resulting improper space. The argument in the para- 
graph above thus applies to any space whatever which satisfies 
Assumptions A, E, P, Thus we have 

Theorem 20. A nondegemrate sphere consists of the ordinary points 
of a nondegenerate quadric surface such that all pairs of points in 
the plane at infinity conjugate with regard to a?x conjugate with 
regard to the absolute polar system. The center of the sphere is the pole 
of the plane at infinity relative to this quadric, 

(comparing the definition above with Theorem 7, Chap. IV, we have 

Corollary. A degenerate sphere with a point O as center consists 
of all ordinary points on the cone of minimal lines through O, except 
0 itself. 
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Had a degenerate circle in the plane been defined in the same way that 
a degenerate sphere is defined above, it would have been found to consist of 
points on only one minimal line through 0, since in the plane the group of 
displacements leaves each minimal line invariant. 

The Euclidean classification of quadric surfaces may now be made 
in a manner entirely analogous to the Euclidean classification of conic 
sections in Chap. V. After completing the projective classification 
(§ 103) and the affine classification (§ 111, Ex. 2) and obtaining the 
properties of diameters and diametral planes, the principal remaining 
problem is that of determining the axe8, an axis being defined as a 
line through the center of the quadric perpendicular to its conjugate 
planes. 

A line I and a plane tt meet the plane at infinity in a point Z* and a 
line respectively. If I and tt are perpendicular, X* and are polar 
with respect to S*. If / and tt are conjugate with regard to a quadric 
Xoo and are polar with respect to the conic (real, imaginary, or 
degenerate) in which meets tt*. Hence the problem of finding the 
axes is reduced to that of finding the points which have the same 
polar lines with respect to two conics. This problem has been treated 
in § 101, Vol. I, for the case where both conics are nondegenerate. 
In general the two conics have one and but one common self-polar 
triangle. Hence, in general, a quadric surface has three axes which are 
mutually orthogonal. The determination of the other cases which may 
arise is a problem (Ex. 5, below) requiring a comparatively simple 
application of methods and theorems which we have already explained. 

The classification of point quadrics includes that of cones and 
conic sections, the properties of cones and conics in three-dimensional 
Euclidean geometry being by no means dual to each other. In con- 
nection with this it is of interest to prove the following theorem, which 
embodies perhaps the oldest definition of a conic. 

Theorem 21. Any nondegenerate real conic is perspective with a 
circle. 

Proof, Let be a given conic and a circle in a different plane 
having a common tangent and point of contact with C^, By Theorem 1 1, 
Chap. VIII, Vol. I, and are sections of the same cone. 

Corollary. Any cone of lines is a projection of a circle from a 
point. 
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EXERCISES 

1. The equation of a sphere of center (a, h, c) in rectangular coordinates is 

{x ~ ay + (y — hy + (« — c)* = k. 

2. The set of points on the lines of intersection of homologous planes in 

the corresponding pencils, 

I, + = XCio + x{), 

Xo - *1 = X(xj - V^x,), 

is a sphere. 

3. A right circular cone is a projection of a circle from a point from which 
the extremities of any diameter are projected by a pair of perpendicular lines. 
Any conic may be regarded as the plane section of a right circular cone. 

*4. Develop the theory of stereographic projection of a sphere on a plane 
(cf. § 100). 

*5. Classify the quadric surfaces from the point of view of Euclidean 
geometry. Having made the classification geometrically, find normal forms 
for the equations of the quadrics' of the different classes and the criteria to 
determine to which class a given quadric belongs. This is analogous to the 
work in Chap. V. 

*6. Classify the linear complexes from the point of view of Euclidean 
geometry. 

*7. Starting with a definition of an inversion with respect to a sphere analo- 
gous to that of an inversion with respect to a circle (§ 71), develop the theory 
of the inversion group of three-dimensions. This should be done both in the 
rt*al and complex cases and the real and complex inversion si)aces studied. 

121. Resolution of a displacement into orthogonal line reflections. 

Tlie properties of the group of displacements are closely bound up 
with the theorem that any displacement is a product of two orthogonal 
line reflections. In proving tliis theorem we shall place no restriction 
on the absolute polar system 2*, except that it he nondegenerate, and 
shall base our reasoning on Assumptions A, E, only. We are 
tlierefore obliged to consider transformations which do not exist in 
the Euclidean geometry, namely those with minimal lines as axes. 

Definition. The line at infinity polar in 2« to the center of a trans- 
lation is called the axis of the translation. If the axis is tangent to 
the circle at infinity, the translation is said to be isotropic or minimal. 

Theorem 22. A product of two orthogonal line reflections whose 
axes I and m are parallel is a translation whose axis is the line at 
infinity of any plane perpendicular to the plane of I and m and par-- 
allel to 1. Conversely y let T he any translation and I any nonminimal 
line meeting its axis ; then if m is the line containing the mid-points 
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0 / every pair of pointSy L and T (Z), for which L is on Z, and if V is 
the pole in of the point at infinity of I, 

T = {mZ'}* {ZZ'}. 

Proof, If the axes Z and m of two orthogonal line reflections {IV} 
and [mm'} are parallel, they meet tt* in a point H, Each of the 
orthogonal line reflections effects in tt* a harmonic homology whose 
axis Z is the polar of in Hence the product leaves all points 
at infinity invariant. In the plane of Z and m the product {niV] • {ZZ'} 
effects a planar translation parallel to any line perpendicular to Z. 
Therefore the product {mV} • {ZZ'} is a translation in space parallel 
to this line. Its axis, therefore, is the line at infinity of any plane 
perpendicular to the plane of Z and m and parallel to Z. 

The converse follows directly in the same manner as the analogous 
statement in Theorem 4, Chap. IV. 

Theorem 23. Any displacement is a product of two orthogonal 
line reflections. 

Proof, In case the displacement, which we shall denote by A, is a 
translation the theorem reduces to Theorem 22. In any other eas(‘. A 
is a product of a rotation and a translation (Theorem 16, Cor. 2), i.e. 

A={iCp}-{ii7r}.T, 


where T is a translation which may be the identity. Thus A effects 
in the plane at infinity a product of two harmonic homologi(\s whose 
(tenters and axes are Py p^ and r^ respectively, where p.j, is the 
line at infinity of tt and tliat of p, 

I^t Q be an arbitrary ordinary point and (f = A{Q). Let Z be the 
line of intersection of the planes joining Q to and (/ to 7v. These 
planes cannot be parallel, because p^ and do not coincide ; and Z 
cannot contain P or JPy because P is not on and JP is not on r*. 

TjCt 0 be an ordinary point of Z such that neither of the lines ()Q 
and OQ' contains P or P^, (If the lines OQ and OQ' coincide, tliey 
coincide with Z.) Let P be the mid-point of OQ, P the mid-point of 
OQ'y and let p and r be the lines PP and PR^ respectively. Then 
p and r are such that there exist orthogonal line reflections {pp^} 


and {rrPi such that 


{rrPi{Q^)^Oy 


{ppM0) = Q. 


{pp-.} ■ {»•»•-} • (Q') = Q- 


Hence 
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Moreover, {pp^} • {rr«} effects the inverse of the transformation 
effected in the plane at infinity by A. Hence {ppJi • {rr*} • A leaves 
invariant all points at infinity as well as Q, and hence 

• {rr«} • A = 1, 

or A = {rr^} • {pp^. 



It is now very easy to enumerate the possible types of displace- 
nieiits. A displacement A being expressed in the form {W'} • {mm'}, 
the following cases can arise : * 

1. The lines I and m intersect in an ordinary point O. A is a rota- 
tion which is the product of the orthogonal reflections in the planes 
perj)endicular to I and m respectively at 0, Two subcases must be 
distinguished : 

{a) The plane containing I and m is not minimal. A is a rotation 
about the common intersecting perpendicular of I and m. 

{h) The plane containing I and m is minimal. A is an isotropic 
rotation about the line joining O to the point in which the plane of 


* It is to be remembered that neither I nor m can be minimal. 
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I and m touches the circle at infinity. It evidently effects a parabolic 
transformation in the pencil of planes meeting its axis and also effects 
an elation in the fixed plane on the axis. 

II. The lines I and m are parallel. If we denote their common 
point at infinity by H, and its polar line with respect to by 
Theorem 22 states that A is a translation whose axis is the line polar 
in to the point in which the plane of I and m meets The latter 
point is the center of the translation. Two cases arise : 

(а) The axis of the translation is not tangent to the circle at infinity. 

(б) The axis of the translation is tangent to the circle at infinity, 
and the translation is isotropic. 

III. The lines I and m do not intersect. Again two cases arise : 

(а) The lines I and m have a common intersecting perpendicular 
line a (Theorem 6) which is not minimal. Let p be the line parallel 
to m and passing through the point of intersection of I with a. Then 

A = {//'} • {pp^} • {pp’} * {^^7- 

Thus A is the product of a rotation {//'} • {pp'} about a by a translation 
{pp'} • {mm'} parallel to a. 

(б) The lines I and m have no common intersecting perpendicular. 
In this case they are (Theorem 6) both parallel to the same minimal 
plane a. Let be the line at infinity of a, and its point of con- 
tact with the circle at infinity. Then I and m pass through points of a« 
distinct from each other and from and V and m' pass through 
Therefore A effects a transformation of Type III (§ 40, Vol. I) in the 
plane at infinity, with as its fixed point and a* as its fixed line. 
It also effects a parabolic transformation in the pencil of planes with 

as axis. Tims its only fixed point is its only fixed line and its 
only fixed plane tt*. 

Definition. A displacement of Type Ilia, i.e. a product of a non- 
isotropic rotation by a translation parallel to its axis, is called a twist or 
screw motion. The axis of the rotation is called the axis of the twist. 

Theorem 24. A displacement which interchanges two distinct ordi- 
nary points is an orthogonal line reflection. 

Proof. Denote the given points by A and B. The given displace- 
ment A cannot be a translation, because a translation carrying a 
point A to a point B would carry to a point C such that B is the 
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mid-point of the pair AC. Nor can A be a twist or a transformation of 
Type Illb, because either of these types effects the same transforma- 
tion as a translation on a certain system of parallel planes, and hence 
no point can be transformed involutorically. And A cannot be an 
isotropic rotation, because in this case it would effect a parabolic trans- 
formation in the planes on its axis and an elation in the one fixed 
plane on the axis. Hence A is a nonisotropic rotation. By reference 
to § 1 1 5 it follows that A must be an orthogonal line reflection. 

Theorem 25. If A A^, are three orthogonal line reflections 
whose axes are parallel or have a common intersecting perpendicular 
/, the product A^A^A^ is an orthogonal line reflection whose axis is 
parallel to the other three axes in the first case and is an inter- 
secting perpendicular of I in the second case. 

Proof. In case the three axes are parallel, by Theorem 22, A^A^ is 
a translation which is also expressible as the product of A^ by another 
orthogonal line reflection A^, so that 

Aj Aj AgA^, 

and hence A^A^A^ = A^. 

In case the three axes have a common intersecting perpendicular /, 
the orthogonal line reflections effect involutions on I having the point 
at infinity of / as a common double point. Hence (§ 108, Theorem 42) 
the product A^A^A^ effects an involution on I whose double points are 
the ])oint at infinity and an ordinary point P. Hence, by Theorem 24, 
Aj^A^Aj is an orthogonal line reflection A^. Since P is left invariant 
by A^, it is on the axis of A^ ; and this axis is perpendicular to I because 
A^ leaves I invariant. 

EXERCISE 

The product of an isotropic rotation by a translation parallel to its axis is 
an isotropic rotation about an axis in the same minimal plane. 

122. Rotation, translation, twist. Let us now require the absolute 
polar system to be elliptic, as in the real Euclidean geometry. In thiq 
(*ase there are no minimal lines, and hence the possible types of dis- 
placement are reduced to la, Ha, Ilia. Thus we have 

Theorem 26. In case the absolute polar system is elliptic any dis- 
placement is a rotation or a translation or a twist. 
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With this assumption about the absolute polar system we have 
a particularly simple method for the combination of displacements 
which depends on Theorem 25. Suppose that we wish to combine 
two displacements and • {yg}. Let a be a common 

intersecting perpendicular of and and h of and and let m be 
a common intersecting perpendicular of a and h. Then the product A 
of the two displacements satisfies the following conditions : 

= m ■ m ■ ■ {mm'} • {IJ^ ■ {l,l[}. 

By the theorem just proved there exist two orthogonal line reflections 
{pp^}y such that 

(24) ={??'} 
and 

(25) {mm'} ■ {Ij,'^} ■ = {pp'}. 

Hence A = {qq'} • {pp'}. 

Another way of phrasing this argument is as follows : 

By (24), {l^l'^} • {l^V^} = [qq'} ■ {mm'}, 

and, by (25), {^ '} • = {mm'} ■ {pp'}. 

Hence A = {^<7') • {mm'} ■ {mm'} • {pp'} = {qq'} ■ {pp'}. 

'riuj analogy of this }>roct*ss with that of the composition of vectors is very 
striking. A ve<;tor ivS d(;not<*d by two pcnnts. A displacement is denot(‘d by 
Ag . Aj where Ag and A^ are the orthogonal line reflections of which it is the 
j)roduct. In order to add two vectors AB and Cl) we choose an arbitrary 
point O and determine points P and Q such that 

AB = PO and CD = OQ. 

Then we have AB + CD = PO + OQ = PQ. 

In the case of two displacements A^A^ and A^Aj we find an orthogonal line 
reflection A (which is not arbitrary but is determined according to Theorem 25), 
for which there are two others, Ag and Ag, such that 

AjAj = AAg and A^Ag = AgA. 

Hence A^AgAjAj = AgAAAg = AgAg. 

Similar remarks can be made with regard to any group of transformations 
which are products of pairs of involutoric transformations. See § 108 and, 
particularly, the series of articles by H. Wiener which are there referred to. 

The resolution of a general displacement into a product of two 
rotations of period two is a special solution of the problem to express 
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a given displacement A as a product PA where P and A are rotations, 
A being of period two. The general solution of this problem may be 
found very simply in terms of the special one as follows : 

Let P be any point of space, and let a be any line through P 
such that A= 

Lot p be the line through P perpendicular to a and intersecting 6, 
and let tt be the plane through P perpendicular to p . Then any line I 
on P and tt may be taken as the axis of A. This is obvious if l~ a. 
If a, the product {aa'} • is a rotation about p, because I and a 
are perpendicular to p at P. Hence 

A • {W) = {hh’) • {aa'} . {IV] = P 

is a rotation about an axis through the point of intersection of h and p . 
Hence 

(26) A=PA 

where A = {//'}. 

Moreover, if I be any line through and not in tt, {aa'} • {//'} is 
a rotation about a line q perpendicular to a and I and hence distinct 
from p. Since q is perpendicular to a and not identical with p, it 
does not meet I, Hencje tlie dis})lacement 

A . [IV] = [bV] • {««'} . [IV] 

is not a rotation. Hence the pencil of lines on P and tt is the set of 
all lines on P which are axes of the rotations A of period two such 
that A = PA where P is a rotation. 

This argument applies to any ordinary point r. There is no diffi- 
culty ill seeing that any point at infinity is also the center of a flat 
pencil of lines any one of which may be chosen as the axis of A in (26). 
From this it follows by Theorem 24, Chap. XI, Vol. 1, that the set of 
all lines which are axes of A's satisfying (26) form a linear complex. 
The argument for the case when P is at infinity is left as an exercise for 
the reader (Ex. 7). By another application of Theorem 24, Chap. XI, 
Vol. I, it is easy to prove that the axes of the rotations P which 
satisfy (26) are the lines of another linear complex. This is also 
left as an exercise (Ex. 8). Other instances of the resolution of a 
general displacement into displacements of special types are given 
in Exs. 9-11. These exercises all connect closely with those given 
in the next section. 
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Definition. A twist T such that F* is a translation is called a 
half twist. 

An orthogonal line reflection is a special case of a half twist, and 
any half twist is a product of two orthogonal line reflections whose 
axes are perpendicular. 


EXERCISES 

1. If the three common intersecting perpendiculars of the pairs of oppo* 
site edges of a simple hexagon are also the lines joining the mid-points 
of the pairs of vertices on opposite edges, they have a common intersecting 
p(*rpendicular. 

2. If the product of three orthogonal line reflections is another line reflec- 
tion, the three axes are [larallel or are all met by a common perpendicular. 

3. For any three congruent figures F^ there exists a figure F and 

three lines /g such that 

F, = {/,/{} F, l <\={ kli } F . 

(See the note by (t. Darboux on p. 351 of Lemons de Cindmatique, Paris, 1897, 
byO. Koenigs, where the theorem is credited in part to Stephanos.) 

4. The axes of two harmonic orthogonal line reflections meet and are 
perpendicular. 

5. For any pair of orthogonal line reflections there is a third which is 
harmonic to both. 

6. Under what conditions are two displacements commutative? 

7. For any displacement A there exists a linear comph*x C of lines such 
that every ordinary line of C is an axis of a rotation A of period two such that 

A = PA 

where P is a rotation. No line not in C is an axis of such a A. 

8. If A is a displacement which is not of period two, the axes of the 
rotations P determined in Ex. 7 form a linear complex which has in 
common with C all the lines perpendicular to the axis of A. 

9. Any displacement A can be put in the form 

A = AP 

where A and P are rotations and A is of period two. The axes of the A’s 
satisfying this condition constitute the ordinary lines of the complex C (Ex. 7) 
and those of the P’s the ordinary lines of (Ex. 8). 

10. Any displacement A can be put in the form 

(27) A = P2P, 

where P^ and Pj are rotations or translations. If A is not a rotation or trans- 
lation, the axis of P^ or of P^ can be chosen arbitrarily. The axes of the P^’s 
which satisfy (27) are carried into the axes of the corresponding P^’s by a 
correlation P. 



§§ 122, 12;iJ 


DISPLACEMENTS 


326 


11. Any displacement A can be put in the form 

(28) A = PH 

where P is a rotation or translation and H a half twist. The axis either of 
P or of H can be chosen arbitrarily. For any P and H satisfying (28) there 
exists a rotation or translation P' and a half twist IV such that 

A = HP' and A = H P. 

12. Every symmetry is (‘Xj)re8sible as a product in either order of an 
i)rthogonal reflection in a plane tt and a rotation about a line I per])endicnlar 

to TT. 

13. The mid-points of pairs of jKunts which correspond under a symmetry 
are the points of the plan<‘ tt (Ex. 12) or else coincide with the point /tt. Th(‘ 
|)lan(*s ptirpendicular to the lines joining these pairs at their mid-points pass 
through the jjoint /tt. 

14. Every symmetry transformation is expressible as a i)roduct in either 
order of an orthogonal plane reflection and an orthogonal line reflection. 

15. Determim; the types of symmetry transformations which are distinct 
under the Euclidean grouj). 

123. Properties of displacements. The main properties of displace- 
ments which we liave found may be stated as follows for the real 
Euclidean geometry : 

Any disidacement A has a unique 
axis a which is a line at infinity only 
ill case A is a translation. The displace- 
ment is a product of two orthogonal 
line reflections, i.e. 

The lines and meet a in two points 
and A^ and are pjerpeiidicular to it. 

Let the measure of the angle between 
and be 0 and the distance between 
A^ and A^ be d. Then A is the result- 
ant of a translation T parallel to a which carries every point X 
to a point X' such that 

Dist(XX')=2d, 

and a rotation P with a as axis which carries each jdane tt on d to 
a plane tt' such that the angular measure of tt and tt' is 2 0. 

Definition. The numbers 2 0 and 2 d respectively are called the 
angle of rotation and distance of translation respectively of A. 
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The rotation P such that A = TP = PT is 

where is the line through parallel to Let and B^ be two 
points of and respectively, so chosen that the measure of 4 B^A^B^ 
is ^(and not tt — O).* Let one of the two sense-classes (§ 31) in the 
Euclidean space be designated as positive. 

If 0 there are two points B^, B[ on a such that 

Dist {AJ3^) = Dist (^ 1 ^') = tan 6, 

These points are on opposite sides of the plane A^B^B^ and hence 
S{A^B^B.^B^) ^ S{A^B^BJiD, Let B^ be that one of these points for 
which is positive. If ^ = 0, let i?g = It is easily seen ^ 

that this determination of is the same for any choice of B^ and B^ 
subject to the conditions imposed above. Hence any displacement A 

for which 0 ^ determines uniquely a line a and two vectors A^A^ 

and AJi^y which are parallel to a if a is ordinary. If a is ideal, A 
is a translation and AJi^ zero. 

Conversely, an ordinary line a and two vectors parallel to a deter- 
mine a unique displacement A. For let A^ be any point of a, and l^ 
any line through A^ and perpendicular to a. Then tlie first vector 
determines a unique point A^ and the second a unique point B^. 
There are two lines l^ through A^ perpendicular to a and such that 
(^A) ~ ^ where tan 6 = Dist B^B^. Let B^ be an arbitrary 
point of /p and B^y B^ points of Z^, Z^ respectively, such that 0 is the 
measure of AB^Aji^ and AB^aJs^. Then let B^ be that one of B^ 
and B^ sucli that >S {A^B^B.^^B^ is positive, and let Z^ be the line through 
A^ parallel to AJi^. The displacement determined is 

A=:{Z,Z'}-{ZA}- 

Hence any displacement A which is not a half twist determines and 
is determined ly a line a and two vectors A^A^ and A^B^. From this 
it is plain that if it be desired to specify a displacement by means of 
parameters or coordinates, it is necessary to give a set of numbers 
which will determine the line a (e.g. the Pliicker coordinates of 

The measure of any pair of lines in three-dimensional Euclidean ji^eoinetry 

satisfies the condition 0 2 ^ • Cf. § 119. 

2 
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the line) and two additional numbers which will specify the vectors 
and This question is considered from various points of 

view in the following sections. 

For a treatment of the general problem of parameter representations 
of displacements and, indeed, of the whole theory of displacements, see 
the articles by E. Study, Mathematische Annalen, Vol. XXXIX (1891), 
p. 441, and Sitzungsberichte der Berliner Mathematischen Gesellscbaft, 
Vol. XII (1913), p. 36. The exercises in this section and the last one 
are largely drawn from the first of these articles and from the articles 
by Wiener, referred to above. 


EXERCISES 

1. Let I be the axis of a twist, a any ray perpendicular to and intersecting /, 
and b the ray into which a is displaced. Let c be the ray with origin at the 
mid-point of the segment joining the origin of a and b and bisecting ili(‘ aiigU* 
])etween the rays through this point parallel to a and b respectively. (Two rays 
ar(* parallel if they are on parallel lines and on the same side of the lim* joining 
their origins.) The given twist is the product of the line reflection whost; axis 
contains a by the line reflection whose axis contains c. 

2 . The product of three rotations whose ax(*8 have a point in common and 
whose angles of rotation are respectively double the angles between the orderi‘d 
pairs of planes determined by the pairs of axes in a definite order, is th<* identity. 

3. The rotations P and described in Ex. 11, § 122, have the sanui aru/le 
of rotation, and the half twists H and H' described in the same exercise havi* the 
same distance of translation. 

4 . There exists an orthogonal line reflection interchanging two congruent 
ordered pairs of points and if and only if A^B^ is congruent to A,^By 

5 . There is a unicpie orthogonal line reflection carrying a given sense-class 
on a line / to a given sense-class on a line V. The axes of the two orthogonal 
line reflections carrying a line / to a line V are per])endicular to each other and 
to the common intersecting perpendicular of I and Y at the mid-point of the 
pair of points in wdiich the latter meets I and V. 

6 . If an ordered triad of noncollinear points A^B^C^ is congruent to 
an ordered triad A,jB.jr2f ^xis of the displacement carrying >lj, />j, Cj 
to A /ig, C2 resj»ectively meets orthogonally the axis of the orthogonal line 
reflection which carries Ai and Bi to two points A^ and of the line A.2B.2 
such that S(AiBj) S(A.2B.2). 

7 . If three noncollinear points A^, A^, Aj^ are displaced into A^, A^, A^ 
respectively, the axis of the displacement is the common intersecting per- 
pendicular of the line joining A^ to the mid-point of A^A^ and the line 
joining .4 3 to the mid-point of A^A^. 

8. Show how to construct the axis of the displacement carrying an ordered 
point triad A ^B^C^ to a congruent ordered triad ^42 52^2* 
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9. If a line I be displaced to a line l\ the mid-points of pairs of congruent 
points are the points of a line / or are identical ; the planes perpendicular to 
the lines joining the pairs of congruent points at their mid-points meet on a 
line I or are parallel or coincide. Under what circumstances do the different 
cases arise? 

10. If a plane a be displaced to a plane a\ the mid-points of the pairs of 
congruent points are the points of a plane a or the points of a line or coincide ; 
the j)lan<is perpendicular to the lines joining the pairs of congruent points 
at their mid-points ])ass through a point A or all meet on a line or coincide. 
Under what circumstances do the different cases arise? 

11. Let A b(‘ a displac(*rnent, P a variable point of space, P' ~ A (7^), 1* tli(‘ 
mid-])oint of the ])air PP\ and tt the jdane through J* perpendicular to llu‘ 
line P]^' if P ^ P'. 'Fhen if A is not a half twist, the transformations such 
that Tj {P) = P and T.^ such tliat T 2 {!*) — P' are affine collineations and 

A = T,T2. 

If A is not a rotation, the transformation T such that T(P) = tt is a projective 
correlation such that F (tt) = 7^ ; i.e. such that 

r2= A. 

If A is not a rotation or a half twist, the transformation N such that N(7^) = tt 
is a ])rojective correlation, and in fact is the null-system of the complex P 
referred to in Ex. 7, § 122. The.S(* transformations also satisfy the ecpiations 
Ti = Nr, T^^^FN, NA = AN. 

12. Using the notations of Ex. 11, if a is any plane, A (a) = a', and T 2 (a) = S, 
then a bis(*cts the jiair of ])lan(‘S a and a', and Tj (a) = a. 

13. I n the correlation N the lines / and I defined by Ex. 9 correspond. 
The plane d and the point A d(*fined in Ex. 10 also correspond in N. 

14. The linear complex C(Ex. 7, §122) contains every line I which coin- 
cid(;s with the line I determined by the sam(‘ line Z(Ex. 9). Hence it is the 
.s(‘t of those lines / which are perpendicular to the lines joining corresponding 
points of I and /', and it is also the set of lines I which interscH't the lines join- 
ing corresponding })oints of / and /'. 

15. The affine collineation (Ex. 11) carries the axis of P (Ex. 11, § 122) 
to that of H'. 

16. The correlation F (Ex. 11) carries the axis of Pj (Ex. 10, § 122) to that 
of P 2 . 

17. The transformations T~b Tg, F, F"’ all carry C (Ex. 7, § 122) into 
(Ex. 8, § 122). 

124. Correspondence between the rotations and the points of space. 

If we confine attention to the rotations leaving a point 0 invariant,* 

* By the reasoning in § 90 it is clear that this amounts to considering the effect 
of all displacements on the field of vectors. 
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the considerations of the last section simplify considerably. The 
points and may be taken as coincident with O, and the point 
shall be denoted by B, Then every noninvolutoric rotation P 
corresponds to a definite point B on its axis. An involutoric rotation 
(orthogonal line reflection) may be taken to correspond to the point 
at infinity of its axis. Hence the rotations leaving 0 invariant cor- 
respond in a one-to-one and reciprocal way to the points of the real 
projective space consisting of the given Euclidean space and its 
points at infinity. 

Let OA", 0 Y, OZ be axes of a rectangular coordinate system with O 
as center such tliat B{OXYZ) is the positive sense-class. Whenever 
B is distinct from the origin, denote the measures of ABOX, A BOY, 
ABOZ by a, /3, 7 respectively. Then the coordinates of B are 

X = tan 0 cos a, 
y = tan 6 cos ) 8 , 
z = tan 0 cos 7 . 


Let {a^, a^) he the homogeneous coordinates of B, so chosen 

that if B is ordinary, ,,, ^ 

Y=— » y^=: — > Z—^' 

(t/ a/ ^ 

and if B is at infinity, 0 :^= 0. In either case we may take 

= cos 0y = sin 0 cos a, ~ sin 0 cos / 8 , — sin 0 cos 7 . 


According to Theorem 23 any rotation a,^) is expressible 

as a product of two involutoric rotations (0, X.„ X.^) and (0, 

According to the convention just introduced, the X’s and fx's may 
be regarded as direction cosines. Hence, by Exs. 5 and 7, § 119, 


(29) + a^ — 


a, = 

•i 3 

, «o = 

\ \ 

|, a,^ = 

\ \ 

1 


* 2 





Two fundamental problems now arise: (1) to express the coordi- 
nates of the point representing the resultant of two rotations in 
terms of the coordinates of the points representing the rotations, and 
( 2 ) to write the equations of a rotation in terms of the parameters 

K- «i- «s)- 

The formulas (29) are a special case of the formulas which furnish 
the solution of the first of these problems. The formulas for the 
general case may be found by an application of the method for 
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compounding rotations described in § 122. Let the two rotations 
correspond to A = (a:^, and B = ^g) respectively. 

Let /LCj, ftg, /Ltg be direction cosines of a line perpendicular to OA and 
OB, Then the rotation a.^) is expressible by means of 

the formulas (29) and by the following: 





- 


. /®a = 


"a 

» ' 2 

"a *'1 


"a 


According to the })rinciple explained in § 122, the point (7^^, 7^, 7^, 73) 
which represents the product of (a^, followed by is 


(31) 7„=\'',+V2+V3’ 'y.= 




7*= 




7.= 


\ \ 


The result of eliminating the Vs, /i's, and i/'s from these equations is 


7o= 

7, = + <^A. - 

% = 

7;,= a,^,+ 


This is most easily veriKed by substituting (29), (30), and (31) in (32). 
The rotation (7^^, 7^, 7^, 7^) which is the product of {a^, and 

(/3^, y8^, yS^, /^g) must be that given by (32); for if not, there would 
be some case in which (32) would not be satisfied by the values of 
^0’ (20), (30), and (31). 

The formulas (32), which are due to O. Kodrigues, Journal de 
Matheinatiques, Vol. V (1840), j). 380, are the same as those for 
the multiplication of quaternions. Cf. § 127. 

The problem (2) of expressing the coefficients of the equations (17) 
of a rotation in terms of tlie coordinates of the corresponding point 
a,^) may be solved very easily by the formulas and theorems 
of §118, in the case of rotations of period two. The involutoric 
rotation corresponding to (0, \) is, in fact, 

= (2 — 1) .2/ -|- 2 XjXjy 4“ 2 X^Xg^s, 

(33) y' == 2 X^Xg^j q- (2 X| - 1) y -h 2 X^Xg^?, ‘ 

z^=2 \Xf^x -P 2 X^Xgy 4- (2 Xg* — l)^;. 

This is easily verified, because (1) the matrix is orthogonal and its 
determinant is -f 1, (2) the transformation leaves the point (X^, X^, Xg) 
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invariant, (3) the matrix is symmetric and hence corresponds to a 
transformation of period two. 

To obtain the equations of the transformation corresponding to 
(^o» ^s) would be sufficient to take the product of (33) and 

the corresponding transformation in terms of and compare 

with equations (29). The algebraic computations involved would, 
liowever, be more complicated than in the following method, which 
is based on a simple observation with regard to coUineations whose 
equations are of the form 

(34) aj/ = ~a^x + a^ + a'z, 

a^z = — a^j + a^z. 

If r=^(x, y, z) and F=(x, y, z), then the vector OP is perpendicular 
to the vector PP, because 

(35) x{x-x)^y{y-y) + z{z-z)=^ 0. 

The transformation (34) also has the obvious property of leaving 
invariant all points on the line joining the origin to (a:^, a:^, a^). 
Conversely, if a collineation 

px = aji: + + aj, 

6 ) py = V + "J’ 

lias the property that whenever P = (!■, y, i) is distinct from P = (x, y, z), 
OP is perpendicular to PPy the relation (35) requires that =— a.^ 
whenever j and that p = a If, moreover, (36) leaves 

fill points of the line joining the origin to (a:^, a^y a,J invariant, it must 
be either of the form (34) or of the form 

a^x = a^x - a j/ + a^z, 

(34') = a^x + - a^z, 

a^z = - a^x + + a^z. 

It is also to be observed that the determinant of Transformations 
(34) and (34') is a^^Ay where 

(37) A = + «2 “h ^8* 

This determinant can vanish for real a*s only if = 0. 
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Now consider an orthogonal transformation (17) representing a 
rotation P wliicli is not of period two. Let F be an arbitrary point, 
P' = P(P), and F the mid-point of F and P'. The relation between P 
and P is given by the equations* 


2 ^ = (^11 -f 1) ^ -h -f 
(38) 2 y = -f 1)?/ 4- 

2 ^ = V + + (^4,3+ 1)^* 

The line FF is perpendicular to OF and (38) must have the same 
invariant points as P. Hence if P is the rotation corresponding to 
(a^y a^y a^y a^), the equations of the transformation from P to P must 
be of the form (34) or (34'). 

Forming tlie determinants analogous to (19) in § 31, we see that 
S(OFFIi)y where F — {a^y a^, a^)y is ])ositive if F is given by (34) 
and negative if I* is given by (34'). Hence (38) must be the inverse 
of (34). Solving the equations (34) we have 


(39) 


* = 2o.±^ .r + y ^ 4- 

A A ' A 

=3 “ 1«2_±_5A , < + < , - «o«l 

^ ' A A A 


z — ^ 9-? X -P y _j_ „L_i » 

A A A 


Z, 

Z . 


Since (38) and (39) must be the same transformation, we have 

« 3332^^-1, a 

11 V ' 19 A 1R A 


A 

2 I ^2 


'» ^23-^ 


“'81 "" ^ ' “'83'“^ ^ 


These are the formulas, due to Euler, for expressing the coefficients of 
an orthogonal transformation in terms of the homogeneous parameters 


* The tranfiformation from P to P is that denoted by Tj in Ex. 11 , § 128 . 
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The formulas for the a's in terms of the ajs may be obtained by 
taking linear combinations of Equations (40) : 




cc^cc. 


l + + — a = 4 — * > a — a = 

' 11 ‘ 88 ^ 21 12 18 81 


4 


a — CL - 
28 


4_^ 


From this it follows that 


(41) 


•^ 8 -^^ i *« 2 i “^ 2 - 


125. Algebra of matrices. The algebra of tlie last section may 
be put in a most compact form by means of matrix notation. This 
requires one or two new definitions. The suin of two matiices is 
defined by means of the following equation : 


(42) 


CL ,. 

a 

a \ 

/h 

11 

12 

18 ) 



«22 

(1> 1 


21 

28 

f 1 21 

■ «^«1 

«32 

nj 

V ^^81 



( ®21 + ^21 ^^22 ■+■ hi "22 + ^28 )• 
'^81 4 * ^81 ^^82 4 " ^^32 4 “ hs '' 


This operation obviously satisfies the associative and commutative 
laws, uainely A -h (B + C) = (J + B) + C, 

A-\- 3=^ li -{‘Ay 


where Ay By C stand for matrices. 

Multiplication of matrices has been defined in § 95, Vol. I, i.e. 
(43) ^ 

where (\j = ^ ^bider this definition it is clear that 

A{B~hC) = AB-{-AC 
and {B -f C) A = BA + CA, 


Also it has already been proved that 

{AB)C=A{BC). 

It is now easy to see that, under these definitions, matrices have 
most of the properties of a non commutative number system in the 
sense of Chap. Yl, Vol. 1, the matrices 

/O 0 0\ /I 0 0\ 

{ 0 0 0 1 and I 0 1 0 | 

Vo 0 0/ Vo 0 1/ 

taking the roles of 0 and 1 respectively. The matrices of the form 

/x 0 0\ 

I 0 X 0 j 

Vo 0 x! 
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form by themselves a number system which is isomorphic with the 
number system of the geometry. Such a matrix may be called a 
scalar and be denoted by x. 

Now let us denote the orthogonal matrix of the equations of a 
rotation (17) by 11^ and let the skew symmetric matrix 



be denoted by S, Then the matrix of the transformation (34) is 1 -f 
and the matrix of the transformation (38) is J (1 -f Ji). The comparing 
of coelhcients of (38) and of (30) amounts to writing 

1 4- = 2 (1 -f AV. 

This equation may l)e transformed as follows: 

7iJ=2(l-hAr'~l> 

= 2 (1 + A)- ' - (1 + (1 + 

It = {l^S){l+S)-\ 

The last equation, however, states a relation which is obvious 
from the point of view of matric^es. For if A be any skew symmetrica 
matrix, the transposed of A is — S. Since the product of the trans- 
posed matrices of the two given matrices is the transposed of the 
product, the transposed of 

(1_,S) (! + /?)-> 

is (l + .S’Xl-'Sf)-!. 

which is also its inverse. Hence, whenever 

7; = (1-,S')(1 + .S)-S 

Tt is orthogonal. 

This equation may he solved as follows ; 

1 + if? = (1 + -S’) (1 + ^)-^ + (1 - ^) (1+ 

= 2(l + ,S)-‘, 

(1 + 72)-* = .1(1 +,5), 

2(l + 72)-*-l = -S, 

2 (1 + 72)-* - (1 + 72) (1 + 72)-‘ = -Sr, 

(l-72)(l + 72)-* = -S, 
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which gives the formula for a skew symmetric matrix in terms of 
an orthogonal matrix. 

The operation of taking the inverse of a matrix is defined (cf. § 95, 
Vol. I) in case the determinant of the matrix is distinct from zero. 
In the operations above, this is a restriction on the matrix 1 -|- /^ and, 
by comparison with E(iuations (22), is seen to mean that no point 
must be transformed l)y tlie rotation corresponding to li into its 
symmetric point witli n'spect to the origin. 

The generalization from three-row^ed to n-rowed matrices is obvious, 
and we thus have the skew symmetric and orthogonal matrices of 
n rows connected by the relations 

(44) 

(45) .S' = (1-70(1 + A')"’- 

The e(]uations between tlie corresponding elements in the matrices 
which enter in the first of these two matrix equations are tlie formu- 
las given by Cayley (Collected Works, Cambrulge, 1889, Vol. I, p. 332), 
exj)ressing the coeflicients of an orthogonal transformation as 

rational functions of ^ ])arameters. 

126. Rotations of an imaginary sphere. The group of rotations 
leaving a point invariant may be regarded as a subgroup of the 
collineations of a sphere having this point as center. Let us consider 
the imaginary sphere 

(46) -f -f 4- ^3^ ^ 0 

and apply some of the results obtained in § 102. If a collineation 

< = ^OO'^O + ^or^i 4- 4- 

x[ = 4- 4- CiaO?,, 

( 47 ) , 

'K = ^20-^0 4- 4- (^^2 ^ ^28^3* 

‘^8 ~ ^ 80'^0 4 “ ^ 81*^1 4 " ^ 32'^2 4 “ ^ 8S ^ 8 > 

carries each line of one regulus on the spliere into itself, any point 
(Xq, .Tj, x^) satisfying the condition (46) must be carried into a 
point (x^, xj, x^, xl) satisfying the condition 

(48) 4- 4“ = 0, 

which states that it is on the sphere, and the condition 

(49) x^xl, -h x^xl 4- 4- x^xl = 0, 
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which states that it is on the plane tangent at x^, x^). Substi- 

tuting (47) in (48) we have, as in § 118, 

issO *=0 l=fO »*tO 


Substituting (47) in (49) we have 

= if '<'* 3 , 
^00 “ ^11 ~ ^22 “ ^88* 


The matrix of the equations (47) must therefore be of the form 


(50) 


or 


(5]) 


% 


“2 

««\ 

— 

«« - 

-«3 



«8 

«o ■ 

- ®i) 

-«3 ■ 

-«3 


«o/ 









■ 



N 

-A 

■ 

-A 



On multi j)lying together two matrices of one of these forms, the 
product is seen to he of the same form ; whereas if two matrices of 
ditt'event forms are midtiplied together, the product does not satisfy 
the condition i\j = — i ^ j. Hence the matrices of the form (50) 
must represent the ])rojective collineations leaving all lines of one 
regulus on (46) invariant, and those of the form (51) must represent 
the projective collineations leaving all lines of the other regulus 
invariant. Hence, by § 102, any direct })rojective collineation leaving 
the sphere invariant is represented by a product of a matrix of type 
(50) by one of type (51). 

A rotation is a direct collineation leaving invariant both the sphere 
and the plane at infinity 0, A collineation (47) leaves = 0 
invariant if and only if == 0. But on multiplying (50) 

and (51) it is clear that this can happen only if — — 

= — p/3.^, — p being any number except zero. Hence the 

matrix representing a rotation is AA, where 

/«o - 

^2 . 

«2 ^8 
\«8 - «2 




^0 

a a 
2 8 


a, 

^8 


a 

8 

0^. 




2 1 and A — 
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The matrix of the product AA is 

0 0 0 

0 + a * - a 2 2 (a^a^ ~ a^a^) 2 (a^a^ + a.a,) 

0 2 {a^a^ 4- ^o^s) < + ~ 2 - a^a^) . 

\ 0 2(aia3-a:oa2) 2 a^a^) 4 . a 2 _ ^ 

which agrees with (40) of § 124. 

H( 3 nce the parameters {a^y a^y a,^y a^) in the Euler formulas may he 
regarded as the elements of a matrix of the form (50) which represents 
the projectivity effected on one of the reguli of (46) hy the rotation. 

If two rotations effect projectivities A and B respectively on a 
regulus, tlie product of the rotations effects the projectivity BA on 
the regains (§ 1 02). Hence the product of two rotations whose 
parameters are (a^, a^y a^y and (/3^, ^ 8 ^, yS^) respectively has the 

parameters ( 7 ^, 7 ^, 7 ,, 73 ), where 


7 . 

% 

7,\ 


1 


/3, 


1 “■> 



“A 

% 

7, 

- 7 J 




-/3. 




-«8 


7, 

7„ 

7, 


1-/3, 








7> 

-7, 

7o ' 


1-/8, 

-/3, 

/3. 



— tx.. 




This yields the same formulas as (32) in § 124. 


EXERCISE 

A parameter representation for the sphere (46) is 

Xq = l (Xj/Xi + A^/i-o), 

Xj = \lPl — Aq/Iq, 

^2 ~ Aj/Aq + Aq/X-j, 

Tg = 1 (Aj/Xq — Aq/Aj), 

where = — 1. The two reguli on the sphere are the sets of lines for which 
A^/A,) and respectively are constant. The transforniatioii whose matrix 

is (50) is given by the })rojectivity 

^0 = K + ^i) Ao 4 (as “ *^2) Ap 
Ai = - (ag + lOj) Ao 4 (ao - Aj. 

127. Quaternions. The definitions of sum and product of matrices 
in § 125 for three-rowed matrices clearly apply to matrices of any 
number of rows. With this understanding the sum of two matrices 
of the form (50) is obviously a matrix of the same form. The same 
has been seen in the last section to be true of the products of two 
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such matrices. Hence the set of all such matrices is carried into 
itself by the operations of addition and multiplication of matrices 
defined in § 125. 

Let us introduce the notation 


/I 0 0 

jo 1 0 
lo 0 1 
\0 0 0 

/ 0 0 



\ 0-1 



/ 0 1 0 
1-1 0 0 
0 0 0 
\ 0 0 1 

,000 

j 0 0-1 

0 10 

\-l 0 0 


1\ 


0 ' 

0 

o! 


Then any matrix of the sort we are considering is expressible in 
the form 

aj + 

The matrices /; satisfy the following multiplication table: 


(52) 


i 

j 

h 


i j 

-1 k 

- Z: 1 i 

j - i -1 


It has been seen in § 125 that matrices satisfy the associative and 
commutative laws of addition, the associative laws of multiplication, 
and the distributive laws. They obviously do not, in the present case, 
satisfy the commutative law of multiplication. Addition is performed 
by the rule 

(53) (a„l + a^i + aj + + (^,,1 + 4- + ^/) 

= {% + /^o) + (*i + ^i) «■ + (^2 4- + («, 4- ^j) k, 

and multiplication by the rule 


(^4) (a^ 14- 4- + ajc) • 4- 4- + ^,k) 

= 7oi + 7i* + yj + y^k, 

where 

70 = 

71 = «A + «A ■+■ - ^A> 

7 , = - «A + °^A + 

7, = + ‘^A - "A + ‘^A 


( 55 ) 
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From (53) it is clear that the operation of subtraction can be per- 
formed on any two matrices of this form. From (55) it is clear 
that (/3j,l + /3ji + - 1 - exists whenever the determinant 

^0 -^1 -^2 

A /8„ 

is different from zero. This condition is satisfied whenever 
are real. 

Hence when are real, the matrices of the form (50) 

constitute a noncornmutative number system in tlie sense of Chap. VI, 
Vol. 1. Tills number system is, in fact, the Hamiltonian system of 
(juaternions. Compare the references at the end of the next section, 
particularly p. 178 of the article in the Encyclopadie and the article 
by Dickson in the Bulletin of the American Mathematical Society. 




EXERCISE 


A syst(Mn of quatornions may be defined as a set of objects [ 9 ] such that 
( 1 ) for <'V(*rv ord(‘red pair of vectors a, h tliere is a 7 , which we shall denote 
by (2) for (‘Very q there is at least one pair of vectors; (3) two pairs of 

vectors f>.l, OB and OA'j OB' (correspond to the same q if and only if the 
order(‘(l triads OAB and OA'B' ar(^ coplanar and dir(‘ctly similar in their 
coninioii plane; ( 1 ) the 7 ’s are subj(*ct to operations of addition and multi- 
plication defined by the ec^uatious 


(?)+©- CD' 


Prove that a system of 7*8 satisfies the fundamental theorems of a number 
system with the exception of the commutative law of multiplication. See 
fi. Koenigs, L(*(^ons de Cin^rnathpie (Paris, 1807), }>. 401. 


128. Quaternions and the one-dimensional projective group. On 

c()mj)arin^' (32) and (55) it is clear that there is a correspondence 
between quaternions, taken homogeneously, and the rotations leaving 
a j)oiiit invariant in which if two quaternions 7 ^, correspond to the 
rotations P^, respecti\ ely, the product q^q^ corresponds to P^Pj- The 
group of rotatiems is isomorphic with the group of projective trans- 
formations of the circle at infinity and hence with the projective group 
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of any complex one-dimensional form. There must, therefore, be a 
relation between quaternions and the one-dimensional projectivities, 

yx+8' 

The simplest way to obtain a number system corresponding to 
these transformations is to apply the operations of addition and 
multiplication as defined above to two-rowed matrices, i.e. 

\7i \7j Wi+7., ^i+K/ 

/“i . K == + ^,7, a A + ^A\ 

V7, \ 7 s K/ \ 7 A + s,7j yA + ^iK/ 


If we write 
e. 


we have 


The units 


0 \ _/0 1 \ _/0 0 \ _/0 0 \ 

(7 = + + 

satisfy the multiplication table 


0 0 


0 0 


0 

0 


0 

"a 

0 


Although these matrices satisfy the associative and distributive 
laws of addition and multiplication and the commutative law of 
addition, it is clear that they do not constitute a number system, 
because it is possible to have ah == 0 when a ^ 0 and h 0. Never- 
theless, if we write 

1 = 4. -i = V— 1 (g^ — e^), y = g^ — g^, k = V~ 1 (g^ 4- g^), 

any matrix ^ is expressible linearly in 1, hj\k; and 

i* = = k‘^ .= — ij = — ji = k, jk z=z — kj= i, ki = — ik = j. 

Hence the system of two-rowed matrices 

(;?)■ 

where a, /3, 7, B are complex numbers, is equivalent to the set of 
elements 
(56) 


al -F -h cj 4- dk. 
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where 1, i, j, k satisfy the multiplication table (52) of quaternions. 
The elements (56) are quaternions, properly so called, only when 
a, b, c, d are real. Wlien a, 6, c, d are ordinary complex numbers, the 
elements (56) do not form a number system in the sense of Chap. VI, 
Vol. I, because there can be elements x, y both different from 0 such 
that xy = 0. 

It is interesting to note that 1, k are the matrices 


/I o\ /vCT 0 \ / 0 1\ / 0 vri\ 

VO ij’ 1,0 -vri/’ V-i oj’ o> 


which represent the identity, and three mutually harmonic involutions 

or = — it;, X = , x' = -• 

X X 

If the projectivities are represented on a conic, these three involutions 
have the vertices of a self-polar triangle as centers. 

The matrix represented by 


aj -f / -f aj a Jc 

V— + v' - 1 a . — V— 1 aj’ 

a/td its determinant is 

^^0“^ + a 'x 4- -h 


The geometric significance of this remark is obvious on comparison 
with the exercise in § 126. 

The relation between quaternions and the one-dimensional projec- 
tive group was discovered by R Peirce (cf. Chap. VI by A. Cayley in 
Tait’s Quaternions, 3d edition, Cambridge, 1890). It is an instance of a 
general relation, noted by H. Poincare, between any linear associative 
algebra and a corresponding linear group. On this subject see E. Study. 
Mathematical Papers from the Cliicago Congress (New York, 1896), 
p. 376, and Encyclopadie der Math. Wiss., I A 4, § 12; Lie-Sheffers, 
Kontinuierliche Gruppen (Leipzig, 1893), Chap. XXI ; and L. E. Dick- 
son, Bulletin of the American Mathematical Society, Vol. XXII 
(1915), p. 53. On the general subject of linear associative algebra see 
L. E. Dickson, Linear Algebras, Cambridge Tracts in Mathematics, 
No. 16, 1914; and the article by E. Study and E. Cartan in the 
Encyclopedia des Sciences Math^matiques, 1 5. 
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* 129 . Representation of rotations and one-dimensional pro jectivities 
by points. The parameter representation of the rotations about a 
point which we based in § 124 on a Euclidean construction lias now 
been seen to be connected in the closest way with the theory of the 
one-dimensional projective group. It is therefore of interest to set up 
the correspondence between the points of space and the rotations 
about a point in a form which puts in evidence also the correspond- 
ence between the points of space and the one-dimensional projec- 
tivities. This has been studied in detail in the memoir by Stephanos 
referred to in Ex. 3, §110. It will be merely outlined here, because 
the proofs are all simple applications of theorems which should by 
this time be familiar to the reader. The construction given below 
has the advantage over the one given in §123 of being valid in a 
general projective space. 

Let be an arbitrary sphere. (In order to connetit with our pre- 
vious work *9^ may be taken as the imaginary sphere /“-f y-’-j-r-bl 
= 0). Let and be the two reguli on S‘\ O the center of 
and the circle at infinity. 

An arbitrary rotation P leaving O invariant determines and is fully 
determined by a projectivity F of and hence is fully determined 
by its effect on three points ij, of If /j, are the lines 
of Bl on io, /y respectively, and the lines of B] on the 

points P (i^), P (ia), P (/y) respectively, the planes 
meet in a point B, Let B correspond to P and to F (cf. Ex. 2, § 1 1 0). 

The following propositions are now easily established by reference 
to theorems on one-dimensional forms : 

The point B is on the axis of P and is independent of the choice 

of i^, li, n. 

If the line OB meets in two points R ^^B) is the 

cross ratio of F. 

The involutions correspond to points of the plane at iiiHnity. 

Pairs of inverse pro jectivities correspond to pairs of points having 
O as mid-point. 

Harmonic pro jectivities (§ 80, Vol. I) of correspond to points 
which are conjugate with respect to 

The projectivities of Cl harmonic to a given projectivity corre- 
spond to the points of a plane. Such a set of projectivities may be 
called a bundle of projectivities. 
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The projectivilies common to two bundles correspond to the points 
of a line and may be called a pencil of projectivities. 

A pencil of involutions according to this definition is the same as 
a pencil of involutions according to the definition in §78, Yol.I. 

The product of the projectivities corresponding to points and 
not collinear with O, corresponds to a point R^ obtained by tlie fol- 
lowing construction : Let l\ Z" be the lines of R^ througli the ])oints 
in wliich OR^ meets and let m" be the lines of through 
the points in which OR^ meets S\ The line through R^ meeting 
m' and in" intersects the line through R^ meeting V and I" in the 
])oint R^. If Z' and Z" coincide, the line meeting them is understood 
to be tangent to and a similar convention is adopted in case m' 
and m" coincide. 


If R^ be regarded as fixed and R^ as variable, R^ is connected with 
by the relation 


where A is a projective collineation leaving the lines I', I" pointwise 
invariant. In case Z' = Z", A is a collineation of the type in which all 
points and planes on V are invariant and each plane on V is trans- 
formed by an elation whose center is the point of conta(‘.t of this 
plane with 

If R^ bo regarded as fixed and R^ as variable, the transformation 

defined by the relation 

^ K=A(JQ 


is a collineation interchanging the reguli R^ and R^, and carrying 
each line Z of R^ into the line m of R^ in the plane RJ, and each 
line VI of R^ into the line Z of R^ in the jJane Ovi. 

The j)ropositions above are derivable from Assumptions y/, R, 1\ 
111 a real space we have 

The rotations represented by points of a line all carry a certain 
ray with O as origin to a certain other ray with O as origin. Con- 
versely, all rotations carrying a given ray with 0 as origin to a 
second ray with 0 as origin are represented by points of a line. 

The necessary and sufficient condition that two rotations P^, be 
harmonic is that there exists a ray r such that Pj(r) is opposite to 

The representation of rotations by points given in § 1 24 is identical 
with the one given in this section, in case is imaginary. In case 
is reaL the real points of space represent imaginary rotations. 
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If is a ruled quadric and Ci a real oouic, the construction above 
gives a representation of the real projectivities of a one-dimensional 
form by the points of space not on S\ The sets of points [i>] and 
[O] representing the direct and opposite projectivities respectively 
are such that any two points of the same set can be joined by a 
segment consisting of points of this set, whereas any segment joining 
a I) to an O contains a point of S^, The sets [JJ] and [O] are called 
the two sides of S\ 


EXERCISES 

1, Study the configuration formed by the points representing tluj rotatioiiM 
which carry into itself (a) a regular tetrahedron ; (/;) a cube ; (c) a regular 
icosahedrou. (Cf. Stephanos, loc. cit., p. 348.) 

2. A real quadric (ruled or not) determines two sets of points, its sidet;, 
such that two points of the same side can be joined by a segment consisting 
entirely of points of this side and such that any segment joining two points 
of different sides contains one point of the quadric. If the quadric is not 
ruled, one and only one of its sides contains all i)oints of a plane. This side 
is called the outside or exterioVy and the other the inside or interior. 


130. Parameter representation of displacements. Simple algebraic 
(considerations will enable us to extend the parameter representation 
of rotations considered in the sections above so as to cover the case 
of displacements in general. We will suppose the general displace- 
ment given in the form 

Vo- 

(57) 

< = + Vi + 

< = Vo + V^ + Vi + 


where the matrix orthogonal. According to § 126, if 

0, the matrix of (57) is expressible in the form A A, 
A and A being defined at the bottom of page 336. 

Now observe that if 

/2y3„ 0 0 0\ 

B = m 0 0 o] 


(58) 


2S 


0 

0 


and C is any four-rowed matrix, C . B is a matrix in which all 
elements except those of the first column are zero. From this it 
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tollows that A{A — B) will be of the form (57). In fact, if we require 
also that 


+ “A + “A + “A = 


we have 


«0 


«2 



2^0 

-«> - 

-«* 



«0 

-«3 

«2 

1 . 


«o - 

-«3 


-“2 


«o - 

- 

1 



«0 


-« 3 - 

-«2 

«1 


A - 

2^3 

— 

«1 

«< 


< + «“+«»+»» 0 
2 (a,^„ - a„/3, + - a,/3.) < + af - 

2 (aAo - «,/3, - 2 4- a^®,) 

>2 (a»^o + «A, - aj/3, - a,/9,) 2 (a,a^ - a„a,) 


0 0 ' 
2 -«.,««) 2(aja,+ a^a^) 

«o + < - «? - «8 2 (tt^a, - a^a^) 

2 (a^«, + «„«,) < + a* - af - < 


Hence the coefficients of (57) are given in terms of two sets of homo- 
geneous parameters by the equations (40), 

together with 1 and 

«io= “o^i+ 


(60) 


^0= 2 (“Ao- «A2+ “Aa)^- 

«»«= 2(aAo+ a^/Si- 


provided that the a’s and /S’s are connected 1:)y the relation (59). 
(Jonversely, the ^r’s and yS’s are determined by the coefficients of (57) 
according to the equations (41) and the following: 


(61) «,oK- «28)+ %{«13- «*,) + “ J = 

- «.o(l + «.,+ «22+ «»»)- %K- «12)+ «8o(«l,- 

" 12) - «2«( 1 + «1. + «22 + *8.) - «8o(«82 - “22) = 

- “31) + «20(®82 - - “30(1 + + «'22+ «33)- 


The last equations are obtained by solving (59) and (60) simultaneously 
for the /8’s and substituting the values of the a’s given by (41). 

It remains to find the formulas for the parameters (a'', a[’, a'', a^; 
B'-l, Bi, B'i, B't) of a displacement A" which is such that A" = A' • A, 
where A has the parameters («„, Wj, a^.a^] /9„, B,, /3,. ^,) and A' the 
parameters («', a', a', ai; Bi, ^1, fii)- 
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We have seen that the matrix of A is of the form A(A — B), where 
A and A are of the form given at the bottom of page 336 and B is 
given ])y (58). In like manner A' can be expressed in the analogous 
form A\A! and A" in the form A^'(A'' — B"), Since the yS’s do 
not enter into any coefficients of (57) except a^, it is clear 

that alj, a'J are given by the formulas (32), or, in other words, 

that A" = A'A. By definition, 

A"(A" -B") = A'(A^- 7/) A (A - B) 

= A' A' A A - A'A'AB - A'B'AA + A'B'AB. 


In view of (59), the elements of the first row of AB are all zero. 
Hence all the elements of B'AB are zeros. Hence 

A'B^AB= 0. 


Since A and A^ are the matrices of transformations of two conjugate 
reguli, each transformation leaving all the lines of the otlier regulus 
invariant, they are commutative. Hence 

A" {A'' - B") = A' A A' A - A^AJfB - A^AA^^B'AZ 


But 


A-^ = A^ 


1 

< -f- -f ^2 + 


where 


and 

Hence 


(62) 





■ 

-“A 

A* 

=r‘ 

«0 

■ 

“4 




*0 



\a 

a 

— a. 

aj 


\ 3 

2 

1 

of 

B'AA 

= B' ■ 

« + 

4- a 

1 + 0- 

A"(A" + B") 

=A'A 

(a' A- 

-A'B- 

- A*B'). 


Since A^' = A' A and A^^ ^ A' A ^ it follows that 
(63) B"==A^BA-A*B', 

Hence 

^0 =K^o- A - ySj, - a' /3, + a„/9'- 

+ «o/3i - ai/Sa + + ai/S ' + a,/3' - 

(o4) 

/S;' = /9o + </9, + a'^2 -«;/?,+ aj/9' - a, /9( -f- + ccx^t, 

fit = -I- «,/8' 4 n.^&[ + 
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Rewriting (32) in our present notation, we also have 

K'= 

< = «>1 + «i'ao + - aX. 

a' = aX- aX+ «X+ «8«i. 

< = a>8+ ai(ii+ 

The formulas ((>4) and (65) can be put into a very convenient form 
by means of the notation of biquateruions.* Let us define a bi- 
quatemion as any element of a number system whose elements are 
expressions of the form 

(66) s = («^ + + aj + ajc) + e (/3„ + 4- 

wh«re the as and y9’s are numbers of the geometric number system, 
y, Jc are subject to the multiidication table (52), and e is subject to 
the rules ^2 n 


€"= 0 , 


€x = xe, 


where x is any other element, and where the elements (66) are added 
and multiplied according to the usual rules for addition and multipli- 
cation of polynomials. 

If the product of s and s', where 

,s' = (a' + a[i 4- alj -f a[k) -h e (y3' -f -f /3'y 4* ^'*), 

be denoted by 

= s' . s = («;' 4- d- <y -f <*) 4- € (/3;' + 4- 

the rr'', . . yS'' are given by the formulas (64) and (Go). 

For a more complete study of the parameter representation of dis- 
placements, see E. Study, Geometrie der Dynamen (particularly IT, 
§ 21), Leipzig, 1903. 

EXERCISES 

1 . The parameters of a twist may be taken so that are the 

direction cosines of tlie axis of the twist; — cotOj where 2 0 is the an^le 
of rotation ; and = (/, where 2 d is the distance of translation. 

2 . Find the equations of Tj, F, N, etc. as defined in the exercises 
of § 12;3. 

* 3 . Find a parameter representation for the displaccunents in a plane which 
is analogous to the one studied above (cf. Study, Leipziger Berichte, Vol. Xld 

(1880), p. 222). 

* W. K. Clifford, Preliminary Sketch of Biquaternions, Mathematical I’apers 
(London, 1882), p. 181. The system of biquaternions here used is one of the three 
systems of hypercomplex numbers known by this name. See § 14fi, below. 
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GENERAL EXERCISES 

Classify each th.eorem in this list of exercises according to the type of projective 
space in which it may he valid and according to the geometry to which it belongs, 

1. A homology whose plane of fixed points is ideal is called a dilation or 
expansion. Any transformation of the Euclidean group is either a displace- 
ment or a dilation or the jjroduct of a rotation by a dilation. 

2. Any transformation of thci Euclidean group leaves at least one line 
invariant. 

3. Any transformation of the Euclidean group is either a displacement or 
a dilation or the ])roduct of a displacement by a dilation whose center is on a 
fixed line of tlui displacement. 

4. Let / be a line which is invariant under a transformation T of the 

Euclidean group, and let k be the characteristic cross ratio (§73, Vol. of 
the projectivity effected by T on L F is a displacement or symmetry if (and 
only if I; = ± 1. \ 

5. Any transformation of the Euclidean group w’hich alters sense can 
be e.xpressed as a product APA, where A is a dilation or the identity, 
P an orthogonal plane reflection, A an orthogonal line reflection or the 
identity. 

6. If two triangles in different planes are perspective, and the plane of one 
be rotated about the axis of pers]>ectivity, the center of p(‘rspectivity will de- 
scribe a circle in a j)lane ]>erpeudicular to the axis of persj>ectivity (Cremona, 
Projective (leometry, Chaj). XI). 

7. The planes tangent to llie circle at infinity constitute a d(‘generate j)lane 
(piadric. With any real nt)ndeg(*nerate quadric this determiiu's a range of 
quadrics, i.e. a family of quadrics of the form 

/(uj, M2, ug) + \(ui 4* = 0, 

where f (u^, Ug) is the equation in jdane coordinates of the given quadric. 
This is called a confocal system of quadrics. Besides the circle at infinity this 
range contains three other degenerabi quadrics, an imaginary ellipse, a real 
(dlipse, and a hyperbola. There is one quadric of the range tangent to any 
plane of s]>ace. There are three (juadrics of the range through any ])oint f)f 
space, and their tangent jdanes at this point are mutually orthogonal. 

8. Let [Z] and [m] be two bundles of lines related by a projective trans- 
formation r. There is one and, in general, only one set of three mutually 
perpendicular lines fj, l^, /g transformed by F to three mutually per])endicular 
lines wq, m^. There are two real pencils of lines in [f ] which are transformed 
by F into congruent pencils of [tw]. What special cases arise ? Cf. Encyclop^die 
des Sc. Math., Ill, 8, § 9. 

9. Let F be a collineation of space. The planes f (tt*,) and F-’^(7r«) are 
called the vanishing planes of F. Through each point of space there is a pair 
of lines each of which is transformed by F into a congruent line (i. e. pairs of 
points go into congruent pairs). These lines are all parallel to F*“^(ir»). 
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10. A collineation T which does not leave the plane at infinity invariant 
determines two systems of confocal quadrics such that the one system is 
carried by T into the other. Cf. § 84 and the references given there. 

11. Let T be a direct-similarity transformation of a plane, .4^ a variable 
point of this plane, = T(.4j), and a point such that the variable triangle 
A ^A 2 ^ 1 3 is directly similar to a fixed triangle B^B^, Then tlie transformations 
from to and from A^ to ylg are direct-similarity transformations. Both 
of these transformations have the same finite fixed elements as T.* 

12. Let T be an affine transformation, A^ a variable point, A 2 = T(ylj), 
and AqQ. point such that the ratio A^A^/A^^A^ is constant. The transformation 
P from to is directly similar and has the same fixed elements as T. If 
T is a similarity transformation, so is P. 

13. If and Tg are affine transformations, ^4 ^ a variable point, A i = (.4 q), 
A^ = Tj (-dg), and Aj a point such that A^A^A^A^ is a parallelogram, the trans- 
formation from A Q to A j is affine. 

• On this and the following exercises cf. Encyclop&die der Math. Wiss. Ill AB 9, 
pp. 914-915. 
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131. Hyperbolic metric geometry in the plane. According to the 
point of view explained in § 34 there must be a geometry corre- 
sponding to the projective group of a conic section. The case of a 
real conic in a real plane is one of extreme interest because of its 
close analogy with the Euclidean geometrj', as will be seen at once. 

Definition. An arbitrary but fixed conic of a plane tt is csiUed 
the absolute conic or the absolute. The interior of this conic is cabled 
the hyperbolic plane. Points interior to the conic are called ordinary 
points or hyperbolic points, and those on the conic or exterior to it are 
called ideal points. A line consisting entirely of ideal points is called 
an ideal line, and the set of ordinary points on any other line is called 
an ordinary line or a hyperbolic, line. The group of all projective 
collineations leaving the absolute conic invariant is called the hyper- 
bolic [metric) group of the plane, and the correspond’ng geometry is 
called the hyperbolic plane geometry. 

Let us at first assume only that the plane tt is ordered (J, E, S, P). 
On this basis we have as a consequence the theorems in §§ 74, 75 
on the interior of a conic, that the points of an ordinary line satisfy 
the definition in § 23 of a linear convex region. This determines the 
meaning of the terras " segment,” “ ray,” “ between,” “ precede,” etc. 
as applied to collinear ordinary points and sets of points in the hyper- 
bolic plane. The ordinal properties of the hyperbolic plane may be 
summarized as follows: 

Theorem 1. The hyperbolic plane satisfies Assumptions I-VI given 
for the Euclidean plane in § 29. 

Proof. Assumptions I, II, III, V are direct consequences of the 
proposition that the points of an ordinary line constitute a linear 
convex region. Assumption VI, that the interior of a conic con- 
tains at least three noncoUinear points, is an obvious consequence 
of §§ 74, 7.5. 
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§ liii] 

The hypothesis of Assumption IV is that three points A, B, C are 
noncolliiiear and that two other points D and B satisfy the order 
relations {BCB} and {CBA}. The conclusion is that there exists a 
point F on the line DE and between A and B. To prove this it is 
necessary to show (1) that the point of intersection F of the projective 
lines DE and ulB is interior 
to the absolute conic and (2) 
that F is between A and B. 

Let I be a line exterior to 
the conic, and let its points 
of intersection witli tlie lines 
AB, BC, CA respectively be 
F^, E^, By hypothesis 

and §75, the pair 1)D^ is 
not separated by B(' and the pair EE^. is separated by AC, Hence, 
by § 26, the pair FF^ is separated by AB. Since F^ is exterior to 
the conic, F is interior (§75) and between A and B, 

Theorem 2. The hypcrholic plane does not satisfy Assumption /X, 
§29. On the contrary, if a is any line and A any pomt not on a 
there are infinitely many lines on A and coplanar with a which do 
not meet a. 

Proof. By §75 the projective line containing a also contains an 
infinity of points exterior to tlie absolute. Any line of tlie hyperbolic 
plane contained in the projective line joining A to one of these 
points fails to meet a. 

Definition. If a projective line containing a line a of a hyperbolic 
plane meets the absolute conic in two points 6«, and A is any 
ordinary point not on a, tlie ordinary lines contained in the projective 
lines AB^ and A C\ are said to be parallel to a. The segments AB^ 
and AC^, consisting entirely of points interior to the absolute, consti- 
tute, together with A, two rays which are also said to parallel to a. 

If the projective plane tt be supposed real, the points B^ and 
exist for every line a, and hence we have 

Theorem 3. In the real hyperbolic plane there are two and only 
two lines which pass through any point A and which are parallel to 
a line a not on A. There are two and only two rays with A as end 
parallel to a. 



Fig. 77 
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This theorem of course does not require full use of continuity 
assumptions. It would also be valid if we assumed merely that any 
line through an interior point of a conic meets the conic (cf. § 76). 

Definition. The points on the absolute are sometimes called 
at infinity or infinite points ; and the points exterior to the absolute, 
ultra-infinite points. 

132. Orthogonal lines, displacements, and congruence. 

Definition. Two lines (or two points) are said to be orthogonal or 
perpendicular to each other if they are conjugate with resjxjct to the 
{il)solute. 

Of two perj)en(licular points one is, of course, always ultra-infinite, 
but no analogous statement holds for perpendicular lines. From the 
corresponding theorems on conics we deduce at once 

\ 

Theorem 4. The pairs of perpendicular lines on an ordinary phint 
are pairs of a direct involution. Through an ordinary point there is 
one and hut one line perpendicular to a given ordinary line. 

Definition. A transformation of rr which effects an involution 
on the absolute conic whose axis contains ordinary points is called 
an orthogonal line refiection. A transformation of tt which effects an 
involution on the absolute conic whose center is an ordinary point is 
culled Si point refiection. A prodiuit of two orthogonal line reflections 
is called a displacement. A produc.t of an odd number of orthogonal 
line reflections is called a symmetry. Two figures such that one can 
be carried to the other by a displacement are said to be congruent, and 
two figures such that one can be carried to the other by a symmetry 
are said to be symmetric. 

An orthogonal line reflection is a harmonic homology whose center 
and axis are jjole and polar with respect to the absolute conic. Since 
the axis contains an interior point, the center is exterior and the 
involution effected on the absolute alters sense (§ 74). Conversely, 
it follows from § 74 that an involution on the absolute conic which 
alters sense is effected by a harmonic homology whose center is 
exterior to the absolute conic, — i.e. by an orthogonal line reflection. 

Since any direct projectivity is a product of two opposite involu- 
tions (§ 74), the displacements as defined above are identical with 
the projective collineatioiis which transform the absolute conic into it- 
self with preservation of sense. In narticular, a point reflection is a 



§ 132 ] 


HYPERBOLIC GEOMETRY 


353 


displacement. On the other hand, the symmetries are the projective 
collineations which carry the absolute into itself and interchange 
the two sense-classes on the absolute. 

From these remarks it is evident that the theory of displacements 
can be obtained from the theorems on projectivities of a conic in 
Chaj). VIII, Vol. I, and in Chap. V, Vol. II. Some of the theorems 
may also be o})tained very easily as projective generalizations of 
simple Euclidean theorems. 

In proving these theorems we shall suppose that we are dealing 
witli the real projective plane and not merely with an ordered plane 
as in Theorem I. It would be sufficient, however, to assume merely 
that every o])posite involution is hyperbolic (i.e. that every line through 
an interior point of a conic meets it), for this proposition is the only 
('onsequence of the continuity of the real plane which we use in our 
arguments. 

Let us first prove that Assumption X (§ 66) of the Euclidean 
geometry holds for the hyperbolic geometry. It is to be shown 
that if J, B are two distinct points, then on any ray c with an 
end C there is a unique point I) such that AB is congruent to CD, 
Tlie points A and C are the centers of elliptic involutions on the 
absolute. It is shown in § 76 that one such involution can be trans- 
formed into any other by either a direct or an opposite involution. 
Hence there is a displacement A carrying A to C, 

The absolute conic may be regarded as a circle in a Euclidean 
plane whose line at infinity is the pole of C with regard to the 
al>solute. In this case C is the center of the Euclidean circle, and 
the hyperbolic displacements are the Euclidean rotations leaving C 
invariant. The required theorem now follows from the Euclidean 
])roposition that there is one and only one rotation carrying B to 
!i point D of a ray having C as end. The point D is interior to 
because B is. 

Assumption XI, § 66, holds good in the hyperbolic geometry because 
the displacements form a group. Assumption XII may be proved for 
the hyperbolic geometry by the argument used in § 66 for the Euclid- 
ean case. The same is true of Assumption XIII if we understand by 
the mid-point of a pair AB the ordinary point which is harmonically 
separated by the pair AB from a point conjugate to it with respect 
to the absolute. 
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Definition. A circle is the set [P] of all points such that the point 
pairs OP where O is a fixed point are all congruent to a fixed point 
pair OP^. 

If the absolute be identified, as in the proof of Assumption X above, 
with a Euclidean circle (7^, and O with its center, it is obvious that 
the circles of the hyperbolic plane having O as center are identical 
with the Euclidean circles interior to and concentric with C^. Hence 
we obtain from the properties of a pencil of concentric Euclidean 
circles (§ 71) 

Theorem 5. Definition. A circle in the hyperholic plane is a conic 
entirely interior to the absolute. It touches the ahsoluie in two conjugate 
imaginary points A, B, and the tangents at these points pass thipugh 
the center of the circle. The polar of the center j)(i8ses through A a^i B 
and is called tlw axis of the circle. All its real points are exteriof to 
the absolute conic. 

It will be proved in § 134 (Theorem 7, Cor. 1) that two circles can 
have at most two real points in common. Once tliis is established, 
the proof of Assumption XIV in § 66 applies without change to the 
hyperbolic geometry. 

Assumption XV is proved in § 134 as Cor. 2 of Theorem 7. 

Assumption XVI may be proved as follows: Let A, B, 0 be 
three points in the order 7^(7}, and let P^ and 0® be the j)oints 
in which the line AB meets the absolute conic, the notation being 
assigned so that we have [P^^ABCQ^. I.et 7?^, 7/^, B^, • • • be points 
in tlie order {R,ABBfiJi^ • • •} sucli tliat AB is congruent to eacli 
of the pairs BB^, tJhoose a scale (Cha]). VI, Vol. I) in 

which ILAQco correspond to 0, 1, oo respectively, and let h be the 
coordinate of B. By the hypothesis about the order relations, 1. 
The displacement carrying AB to ^7^^ is a projectivity of the line 
AB which leaves 7« and respectively invariant and transforms 
A to B. Hence it has the equation 

x' = hx 

with respect to the scale 71, A, The coordinates of B^, 

B^, • • • are therefore S®, • respectively. The coordinate of 

C is, by the hypothesis that {ABC], some positive number c 
greater than h. There are at most a finite number of values of 
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= 1, 2, • • •) between h and c. Hence there are at most a finite 
number of the points • • between B and C. This is what is 

stated in Assumption XVI. 

We have now seen, taking for granted two results which will 
be proved in § 134, that all the assumptions (cf. §§29 and 66) 
of Euclidean plane geometry except the assumption about paral- 
lel lines are satisfied in the real hyperbolic plane, and that the 
parallel-line assumption is not satisfied. 

EXERCISES 

1 . If corresponding angles of two triangles are congruent, the correspond- 
ing sides are congruent. 

2. The absence of a theory of similar triangles in hyperbolic geometry is 
due to wliat fact about the group of the geometry? 

3. The per])(‘ndiculars at the mid-points of the sides of a triangle meet in 
a point (which may be ideal). 

* 4. Classify the conic sections from the point of view of hyp(*rbolic geometry. 

133. Types of hyperbolic displacements. According to § 77, Vol. 1, 
any displacement has a center and an axis which it leaves invariant. 
If the center is interior, the axis meets the absolute in two conjugate 
imaginary points, and the displacement effects an elliptic transfor- 
mation on the absolute. If the center is exterior, the axis meets tlie 
absolute in two real ])oints, and the displacement effects a hyper- 
bolic transformation on the absolute. If the center is on the absolute, 
the axis is tangent, and the displacement effects a parabolic trans- 
formation on the absolute. 

In the first case, the points into which a displacement and its 
powers carry a point distinct from its center are, by definition, on a 
circle which is transformed into itself by the given rotation. 

In the second case, since the displacement is a product of two 
orthogonal line reflections whose axes pass through the center, it is 
obvious that the displacement leaves invariant any conic which 
touches the absolute in the two points in which it is met by the axis 
of the displacement. Such a conic is obtained from the absolute by 
a homology whose center and axis are the center and axis of the 
displacement in question. From this it follows in an obvious way 
that is entirely interior or entirely exterior to the absolute. We 
are interested in the case in which (7* is interior. 
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Let the points of contact of with the absolute be P and Q 
respectively. Since the center of the displacement O and the line FQ 
are polar with respect to C\ F and Q are the ends of two segments 
cr, T of points of which are (in the hyperbolic plane) on opposite 
sides of the line FQ. Any line through O and a point of the hyper- 
bolic plane is perpendicular ioFQ and meets o*, PQ, and t in three 
points S, My T respectively. If S'y M\ T' are the points analogously 
determined by another line through O, let M be the mid-point of 
the pair MM\ Then the displacement which is the product of the 



I 


orthogonal line reflection with OM as q ^ 

axis by that with OM^ as axis carries !\ » 

Sy My T to S\ M'y T' respectively. // \ \\ , 

This result may be expressed by / / j \ \ 

saying that a is the locus of a point / / j \ \ ^ 

S' y on a given side of FQy such that 
if M' is the foot of the perpendicular ^ 
from S' to FQy S' M' is congruent to “ 

SM, For this reason cr and r are / 
called equidistantial nirves of FQ, / 

A point A can be carried into a 
point B by a dis})lacement leaving 
a given line /, not on A, invariant, 
if and only if the two })oints are on 

the same e(j[uidistantial curve of L The equidistantial curves have 
some of the properties of parallel lines in the Euclidean geometry. 

A displacement which effects a parabolic transformation on the 
absolute is a product of two orthogonal line reflections whose axes 
intersect in the center 0 of the displacement. Hence the displace- 
ment leaves invariant any conic which has contact of the third order 
(see § 47, Vol. I) with the absolute at O. And by the same reasoning 
as employed in the second case, a point P can be transformed into a 
point P' by a displacement which is parabolic on the absolute with 
a fixed point at 0 if and only if P and F' are on a conic having contact 
of the third order with the absolute at 0. 

Definition. A conic interior to the absolute and having contact 
of the third order with it is called a iiorocycle. 

The circles, equidistantial curves, and horocycles are all path curves 
ot one-parameter groups of rotations. 
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134. Interpretation of hyperbolic geometry in the inversion plane. 

Although the theory of conics touching a fixed conic in pairs of 
points has not been taken up explicitly in this book, we have in 
the inversion geometry a body of theorems from which the part of 
it needed for our present purpose can be obtained by the principle 
of transference. 

It has been seen in § 94, Theorem 16, that any transformation of 
the inversion group which carries a circle into itself effects a 
projective transformation of this circle into itself. Moreover, there 
is one and only one direct circular transformation which effects a 
given projectivity on K\ Hence ilie grou'p of direct circular trans- 
formations leaving a circle of the inversion plane invariant is simply 
isomorphic with the hyperholic metric group, and the geometry of this 
subgroup of the inversion group is the hyperholic geometry. 

The circles orthogonal to have the property that there is one 
and only one such circle through each pair of distinct points interior 
to K'^. Since they also are transformed into themselves by the group 
wlii(di is here in question, it is to be expected that they correspond 
to the lines of the hyperbolic jdane. This may be j)roved as follows : 

L(»t the inversion plane be represented by a splu're in a Euclid- 
(^an three-space. Let ^ be the circle in which is met ])y a plane tt 
liirough its center, and let us regard tlie points of tt interior to 
as a hyperbolic plane. The circles of orthogonal to are those 
in which is met by planes perpendicular to tt. Hence if we let 
each point P of on one side of correspond to the point of tt 

su(di that the line PJ*' is perpendicular to tt, a correspondence F is 
established between the hyperbolic plane and the points on one side 
of a circle in the inversion plane in such a way that the lines 
of tlie hyx)erbolic jdane correspond to the circles orthogonal to Al 
Moreover, simte the direct circular transformations of the inversion 
X)lane are effected by three-dimensional collineations leaving in- 
variant, the direct circular transformations leaving K'^ invariant cor- 
respond under F to displacements and symmetries of the hyperbolic 
plane. Thus we have 

Theorem 6. There is a one-to-one reciprocal correspondence F be- 
tween the points of a hyperholic plane as defined in §131 and the 
points on one side of a circle in an inversion plane [or inside a 
circle of the Euclidean plane) in which sets of collinear points of the 
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hyperbolic plane correspond to sets of points on circles orthogonal to 
and in which displacements and symmetries of the hyperbolic plane 
correspond to direct circular transformations leaving invariant 
Theorem 7. In the correspondence F the circles of the hyperbolic 
plane correspond to circles of the inversion plane which are entirely 
on one side of K'^. 

Proof, Let be any circle entirely on one side of K^y and let O 
and O' be the two points which are inverse with respect to both 
and C\ i.e. the limiting points of the pencil of circles containing 
and (§§71, 96). In the Euclidean plane obtained by omitting 
O' from the inversion plane, O is the center of both and 0^ and 
hence the direct circular transformations leaving and 0* invai^iant 
are the rotations about O and the orthogonal line reflections whose 
axes are on O. These correspond imder T to the displacements Vnd 
symmetries of the hyperbolic plane which leave 0 invariant. Heiice 
the points of correspond to a circle of the hyperbolic plane. 

Since any circle of the hyperbolic plane may be displaced into one 
whose center corresponds under F to O, the argument just made 
shows that every circle of the hyperbolic plane may be obtained as 
the correspondent under F of a circle of the inversion plane which is 
interior to 

This theorem enables us to carry over a large body of theorems on 
circles from the Euclidean geometry to the hyperbolic. For example, 
we have at once the following corollaries : 

Corollary 1. Two circles in the hyperbolic plane can have at most 
two real points in common. 

Corollary 2. If the line joining the centers of two circles in the 
hyperbolic plane meets them in pairs of points which separate each 
other y the circles meet in two pointSy one on each side of the line. 

The first of these corollaries, on comparison with Theorem 5, yields 
the following projective theorem : Two conics interior to a real conic 
and touching it in pairs of conjugate imaginary points can have 
at most two real points in common, and always have two conjugate 
imaginary points in common. 

Theorem 8. In the correspondence F equidistantial curves of the 
hyperbolic plane correspond to those portions of circles intersecting K^, 
not orthogonally, which are on one side of Two equidistantial 
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curves which are parts of oue conic in the hyperbolic plane are parts 
of circles inverse to each other with respect to K^, 

Proof. A circle of which intersects in two points P, Q 
without being perpendicular to it is a section of by a plane not 
perpendicular to tt. The correspondence T transforms this circle into 
a conic section in tt which is the projection of Kf from the point 
at infinity of a line perpendicular to tt. The tangents to at P and 
Q are transformed into tangents to Hence touches at P 
and Q. 

The portions of Kf on the two sides of on correspond to the 
two segments of having P and Q as ends; but only one of these 
portions of is on the side of which is in correspondence with 
the hyperbolic plane by means of F. The segment of which is 
not in (iorrespondence with this portion of is evidently in corre- 
s])ondence with a portion of the circle into which is transformed 
by the three-dimensional orthogonal reflection with tt as plane of 
fixed points. 

This proves that the part of any circle of the inversion plane 
which is on one side of corresponds under F to an etpiidistantial 
curve and that that part of the circle inverse to with respect to 
which is on the same side of corresponds to the equidistantial 
curve wliich is part of the same conic with E^. That any e(iui- 
distantial curve is in correspondence with a portion of some circle of 
the inversion plane is easily proved by an argument like that used in 
the last theorem. 

Corollary 1 . hi the correspondence F a circle touching corre- 
sponds to a horocycle of the hyperbolic plane. 

Since each equidistantial curve corresponds to a portion of a circle 
of tlie inversion plane, it follows that two equidistantial curves can 
have at most two real points in common. It must be noted that two 
conics containing each an equidistantial curve can have four real 
X>oints in common, since each conic accounts for two equidistantial 
curves. 

In like manner two horocycles can have at most two real points 
in common, and, still more generally, 

CoROTiLARY 2. Two loci each of which is a circle, horocycle, or equi- 
distantial curve can have at most two points in common. 
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EXERCISES 

1. Show that r may be extended so that the ultra-infinite lines of the hyper- 
bolic plane correspond to imaginary circles of the inversion plane which are 
orthogonal to K^. 

2. Study the theory of pencils of circles, equidistantial curves, and horo- 
cycles in the hyperbolic plane by means of the correspondence T. (A list of the 
theorems will be found in an article by E. Ricordi, Giornale di Matematiche, 
VoL XVIII (1880), p. 255, and in Chap. XI of Non-Euclidean Geometry by 
J. L. Coolidge, Oxford, 1909.) 

3. Develop the theory of conics touching a fixed conic in pairs of points. 

136. Significance and history of non-Euclidean geometry. In 

proving the two corollaries of Theorem 7 we have completed the 
proof (§ 132) that the congruence assumptions of § 66 are satisfied 
in the hyperbolic plane. Combining this result with Theorems' 1 
and 2, we have 

Theorem 9. In the real hyferholic plane geometry ^ Assumptions 
/-F7, VII, X-XVI of the assurnptions for Euclidean plane geometry 
in §§ 29 and 6*6 are true, and Assumption IX is false. 

Corollary. Assumption XVII of § 29 is true in the hyperbolic 
plane geometry. 

The existence of the hyperbolic geometry therefore furnishes a proof 
of the independence * of Assumption IX as an assumption of Euclidean 
geometry. This assumption is equivalent to, though not identical in 
form with, Euclid’s parallel postulate.! And it is the interest in the 
parallel postulate which has been the chief historical reason for the 
development of the hyperbohc geometry. 

The question whether the postulate of Euclid was independent or 
not was raised very early. In fact, the arrangement of propositions in 
Euclid’s Elements shows that he had worked on the question himself. 
The effort to prove the postulate as a theorem continued for centuries, 
and in the course of time a considerable number of theorems were 
shown to be independent of this assumption. Eventually the question 
arose, what sort of theorems could be proved by taking the contrary of 
Euclid’s assumption as a new assumption. 

*Cf. § 2, Vol. 1, and § 13, Vol. II. 

tCf. Vol. I. p. 202, of Heath, The Thirteen Books of Euclid’s Elements, 
Cambridfri‘, 1908. 
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This question seems to have been taken up systematically for the 
first time by G. Saccheri,* who obtained a large body of theorems 
on this basis, but seems to have been restrained from drawing, or at 
least publishing, more radical conclusions by the weight of religious 
disapproval. The credit for having propounded the body of theorems 
based on a contradiction of the parallel postulate as a self-consistent 
mathematical science, i.e. as a non-Euclidean geometry, belongs to 
J. Bolyai t (1832) and N. I. Lobachevskit (1829), although many of 
the ideas involved seem to have been already in the possession of 
C. F. Gauss.§ It was not, however, until it had been shown by 
Beltrami II that the hyperbolic plane geometry could be regarded as 
the geometry of a pseudospherical surface in Fluclidean space, that an 
independence proof (cf. Introdu(ition, Vol. T) for the parallel assump- 
tion could be said to have been given. The work of Beltrami depends 
on the investigation by Kiemannil of the differential geometry ideas 
at the basis of geometry (1854). Biemann seems to deserve the 
credit for the discovery of the elliptic geometry (§§ 141-143 below), 
tliougli It is not chiar that he distinguished between the two types 
of ellii)tic geometry.*^ 

The })roof of the exLsteiuie of a non-Euclidean geometry was made 
capable of a simpler form by the discovery of A. Cayley tt (1859) that 
a metri(i geometry can be built up, using a conic as absolute. The 
relation of Cayley’s work to other branches of geometry and the pre- 
vious studies of non-Euclidean geometry was made plain by F. Klein tt 
in connection with his elucidation of the r6le of groups in geometry. 
The rej)resentation of the hyperbolic plane by means of the interior 

* Kiiclides ab (mini naevo vimlicatus, Milan, 173.3. German translation in “Die 
Tlieorie cler Parallellinien von Euklid bis auf Gauss,” by F. Engel and P. Staeckel, 
Leipzig, 1800. 

t Englisli translation by G. B. Halsted, under the title “The Science Absolute 
of vSpace,” 4th ed., Austin, Texas, 1896. 

t Gt‘riiian translation by Engel, under the title “ Zwei geometrische Abhand- 
1 ungen,” Leipzig, 1898. Cf. also a translation by Halsted of another work entitled 
“The Theory of Parallels,” Austin, Texas, 1892. 

§ Werke, Vol. VIII, pp. 157-268. 

II Saggio di interpretazione della geometria non-euclidea, Giornale di Matema- 
ticne, Vol. VI (1868). p. 284. 

II English translaticm by W. K. Clifford, in Nature, Vol. VIII (1873), and in 
Clifford’s “Mathematical Papers” (London, 1882), p. 66. 

** Cf . F. Klein, Autographierte Vorlesungen iiber nicht-euklidische Geometric, 
Vol. I (Gottingen, 1892), p. 287. 

tt Collected Works, Vol. II (Cambridge, 1889), p. 583. 

tt Mathematische Annalen, Vol. IV (1871), p. 573. 
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of a circle (§ 134), and the representation of the elliptic plane given 
in Ex. 12, § 141, are due to E. De Paolis* and H. Poincardt 

For the history of non-Euclidean geometry and an exposition of 
parts of it, the reader is referred to R. Bonola, Non-Euclidean 
Geometry, English translation by H. S. Carslaw, Chicago, 1912. 
Other texts in English are J. E Coolidge, Non-Euclidean Geometr}% 
Oxford, 1909; Manning, Non-Euclidean Geometry, Boston, 1901; 
D. M. Y. Sommerville, The Elements of Non-Euclidean Geometr}’, 
London, 1914; H. S. Carslaw, The Elements of Non-Euclidean 
Plane Geometry and Trigonometry, London, 1916. Besides these we 
may mention I). M. Y. Sommerville’s Bibliography of Non-Euclidean 
Geometry, London, 1911. 

There are numerous other geometries closely related to the lion- 
Euclidean geometries touched on in this chapter. Of particu\ar 
interest are the geometries associated with Hermitian forms in- 
vestigated by G. Fubini (Atti del Reale Istituto Veneto, Vol. LX 111 
(1904), p. 501) and E. Study, t and the geometry of the Physical 
Theory of Relativity. § 

136. Angular measure. The measure of angles may be defined 
precisely as in tin'. Euclidean geometry, and we carry over the defi- 
nitions and theorems of § 69 without modification. If we represent 
the absolute and an arbitrary point O by a Euclidean circle and 
its center, the Euclidean rotations about O are identical with tlie 
hyperbolic rotations about O, and hence the two angular measures as 
determined by the method of § 69 are identical. By § 72, if a and d 
are two lines intersecting in O, and 0 is the measure of the smallest 
angle 4 A OB for which ^ is a point of a and B a point of b, 

(1) ^ = -|logB(a6, V,), 

where and are the minimal lines through O. Since and \ are 
the tangents to through 0, it follows that (1) may be taken as 
the formula for the measure of any ordered pair of lines a, h in the 

♦Atti della R. Accademia dei Lincei, Ser. 3, Vol. II (1877-1878), p. 31. 

t Acta Mathematica, Vol. I (1882), p. 8, and Bulletin de la Soci6t6 math^matique 
de France, Vol. XV (1887), p. 203. 

1 Mathematische Annalen, Vol. LX (1905), p. 321. 

§ Cf. F. Klein, JahresberichtderDeutschenMathematiker-Vereinigunpf, Vol. XIX 
{1910), p. 281, and tlie article by Wilson and Lewis referred to in § 48 above. 
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hyperbolic plane if and are understood to be the tangents to the 
absolute through the point of intersection of a and 6. 

If the hyperbolic plane is represented as in § 134 by the interior 
of a circle the angular measure of any two hyperbolic lines is 
identical with the Euclidean measure of the angle (§ 93) between the 
two circles orthogonal to which represent them. This has just 
been seen for the case wdiere the two circles are lines through the 
center of 6'^ In the general case a point A of intersection of the two 
circles orthogonal to may be transformed to the center of by a 
direct circular transformation A. The transformation A as a direct 
circular transformation leaves Euclidean angular measure invariant 
(§ 93), and as a displacement of the hyperbolic plane leaves hyper- 
bohc angular measure invariant. Since the two measures are identical 
at the center of they must also be identical at A, 

As an application of this result we may prove the following 
remarkable theorem : 

Theorem 10. The sum of the angles of a triangle is less than it. 

Proof. I^et the triangle be ABC, and let the absolutes and the 
point A be represented by a Euclidean circle and its (‘center. Then 
the hyperbolic lines AB and ^(7 are represented l)y Euclidean lines 
through the center of C^, and the hyperbolic 
line BC is represented by a circle through 
B and C orthogonal to (fig. 79). 

The hyperbolic measures of the angles at A, 

B, and C respectively are e(|ual to the Euclidean 
measures of 4 BAC and two angles formed by 
AB and AC with the tangents to at B and C 
respectively. The sum of these three angles is 
easily seen to be less than that of the angles of the Euclidean 
(rectilineal) triangle ABC. Hence it is less than tt. 

The theorem that the sum of the angles of a triangle is tt may 
be substituted for Assumption IX as an assumption of Euclidean 
geometry;* the proposition just proved can be taken as the corre- 
sponding assumption of hyperbolic geometry ; and the proposition 
that the sum of the angles of a triangle is greater than tt can be 
taken as an assumption for elliptic geometry. 

* On the history oi this theorem cf. Bonola, loc. cit., Cha]). II. 'I'his reference 
will also be found useful in connection with the exercises. 
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EXERCISES 

* 1. Prove from Assumptions I-VI, X-XVI that if the sum of the angles 
of one triangle is greater than, equal to, or less than tt, the corresponding 
statement also holds for all other triangles. 

*2. Prove from Assumptions I-VI, X-XVI that the sum of the angles of 
a triangle is less than or equal to tt. 

137. Distance. Since the conic section is a self-dual figure, it is to 
be expected that the formula for the measure of point-pairs is analo- 
gous to (1). As a matter of fact, we shall only modify the factor 
— i/2. \{ A and B are two ordinary points, let Roo be the points 
in wliich the line AB meets the absolute, the notation being assigned 
so that the points are in the order {A^ABB^}. Then Bc{AB,A^B^) 
is positive (§ 24), and hence log Bc{AB, A^B^j,) has a real value. ;We 
define the distance between A and B by means of the equation 

(2) Dist {AB) = 7 log R {AB, A^B^), 

where 7 is an arbitrary constant and the real determination of the 
logarithm is taken. 

It is seen at once that 

Dist(AJ?)=Dist(R^), 

because B(^R, Be [BA, B^A^), 

and that if A, B, C are coUinear points in the order {ABC}, 

Dist (/!/?) -h Dist (7^0 = Dist(^ C), 
because B {A B, A^ B^) . Bc{BC, A^ 77.) = B {A C, A. B^). 

Moreover, it is evident from the properties of the collineations 
transforming a conic into itself that a necessary and sulheient con- 
dition for the congruence of two j)oint-pairs AB, CD is 

Bl{AB, A^B^)= \1{CD, C^D^), 

where A., B^ are chosen as above and 7>. are chosen analogously. 
Hence a necessary and sufficient condition for the congruence of AB 

and CD is Dist (^ 7 ^)= Dist(C 7 I). 

Hence the distance function defined above is fully analogous to that 
used in Euclidean geometry (§ 67). The constant 7 may be determined 
by choosing a fixed point-pair OF as the unit of distance. We then have 

l==logB(0/', 0„7i). 

7 


( 3 ) 
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138. Algebraic formulas for distance and angle. Let us consider 
the syminetric bilinear form 

f{X, X') = 

+ aojiTj x' + a^.^x^x[ + 

and the covariant form 

A (w, AqqWqWq + AqjWq'Wj + AQgWjj'M'j 

+ AojMjM' 

“b "1“ Aj. 2^^'2^^] "b 

where the A^’s are defined as in § 85. With respect to homogeneous 
coordinates, /(A', A') = 0 is the (upiation of a point conic, and F{u, 7«)=0 
of the line conic composed of the tangents to f{X, X) = 0. Let us 
take this conic as the absolute and derive the formulas for the 
measure of distance and of angle. 

Let Y — (y^, y^, and Z = {z^, z^, zj be two distinct points. The 
points of the line joining them are 

\Y+fiZ = (\y^ + fiz^, \y^ + fiz^, Xy^ + y,z^, 

and the points in which this line meets /(A', A')= 0 are determined 
by the values of X/y. satisfying the equation 
0 =/(Xr+ yZ, X Y+ yZ) = X^f{Y, Y) + 2 Xyf( E, Z) + y?f(^Z, Z). 
These values are 

X, -f{Y, Z) + ^ 0 \ Z)-f(Y, Y)f{Z, Z) 

/(>'> J') 

^ ^)-Vr(r, Z)-/{Y, Y)f{Z, Z) 

^2 /(^- Y) 

Let us denote the two points of the absolute corresponding to (\^, ft^) 
and (X^, A A respectively. Then 

i)ist(rz) = 7iogB(yz, //j. 

Since (X, fi) is (1, 0) for Y and (0, 1) for Z, we have (§ 65, VoL I) 




Hence 




(4) Diat(y.^)= 7 log 


= 7 log 


f(Y, Z)+^f{Y, Z)-f(Y, Y)f(Z, Z) 
/(Y, Z)-V/^\ Z)-f(y, Y)nZ, Z) 
{f{Y, Z) + Vf^Y, Z)-f{Y, Y)f{Z, Z)Y 
f{Y, Y)f{Z, Z) 
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By precisely the same reasoning applied to the dual case we have 
for the measure of a pair of lines u = u^, u^), v = (v^, v^, v^). 

(5) i v)+y/F^,v)-F{u, u)F(v, ^ 

2 F{u,v)-^F'\u,v)-F(u,u)F{v,v) 

i . v) + ^F^ {u, v) — F{u, u) F(v, r))* 

2^^^^ F{u,u)F{v,v) 

Denoting Dist(F, Z) by (i, we obtain 

(fi) + Z)-f{Y, Y)f{Z, Z) 

^ ^f(Y, Y)f{Z, Z) 


and hence 


X. d e*v + e 2Y f(Y, Z) 

( ) cosh 2 ^ - 2 N /(F, Y)f{Z, Z) ’ 

cinh d _ \ f(Y,Z)-f(Y,Y)nZ,Z) 

2 7 2 N f{Y,Y)f{Z,Z) 

In like manner, if 6 =^m {uv), 

^.-9 ^ P{u, v) + ^I^^t,^)-F(u, %t)F{v, v) 

^ F{u, ic)F(yf v) 

(10) ^«=JZZSiZ. 

^ yF{u,u)F{v,v) 


COS0 = 


sin^ = i -A u)F(v, v) 

>( F(ii, u) F(Vy v) 

__ lF(n, 'ii)F{Vy v)— F^{u, 

N F(i(y u) F(Vy v) 


For a further discussion of these formulas see Clebsch-Lindemann, 
Vorlesungen liber Geometric, Vol. IT, Part III, Leijizig, 1891. 

*139. Differential of arc. The homogeneous coordinates of all 
points not on the absolute, 

(12) /(X,X) = 0, 
may be subjected to the relation 

(13) /(X,X)=C, 

where (7 is a constant. Since /(X, X) is quadratic, this determines 
two sets of coordinates (x^, x^, x^) for each point of the hyperbolic 
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plane instead of an infinity of sets as in unrestricted homogeneous 
coordinates.* 

Some definite determination of the values of each of the homogeneous 
coordinates is manifestly necessary in order to a]>ply the processes of differen- 
tial calculus to formulas in homogeneous coordinates. The particular relation 
/(X, X) — C has the advantage, among others, of not being singular for any 
])oint not on the absolute. 


Suppose now that describevS a locus determined by the 

condition that x^y x^y are functions of a parameter L Then, in the 
familiar notation, t 


^ I)ist(A;X-hAA) 

(It A« = 0 


= L 


2 7 sinh — Dist (X, X 




-AX) 


I'V (H). 

w~ 

(/(• 


= 7. ^ I /' -y+ A-y ) X)f(X+ AX, .V+ AX) 

A<=« A7 \ /(X, A' )/(A'+ AA', A'+ AA' ) 

►Since /(J'+ 3'', Z) -=/{¥, Z) +f{Y', Z), this reduces to 
: L 

A/ = g(A7f 

,V. A) +f{X \ AA-))--/( A-,A-)(/(A-. A-) + 2/(A-,AA')+/(AA; AX)) 
f{X,X) (/(A, A) + 2f{X, AA ) +/(AA, AA)) 


4 7' 


fix, — )-/(.V, A) 

■' \ A7 / ' '•' \ A/ A7 

,V)(/(AA)+; 


7(.V,.V)(/(A-..V)+ 2/(A,A.V)+/(A.V, A.Y)) 


\ (it (it 


nXy X) 


*If ajp 3 * 2 ) are interpreted as rectangular coordinates in a Euclidean space 
of three dimensions, /(A% X) = C is the equation of a quadric surface, and we have 
a correspond eiice in which each point of the hyperbolic jdane corresponds to a pair 
of points of the quadric surface. By properly choosing /(A", A"), this correspond- 
ence can be reduced to that given in §134 between the hyperbolic jdane and the 
surface of a sphere. 

t We are applying theorems of calculus here on the same basis that we have 
employed algebraic theorems in other parts of the work. 
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in which represents ^)* In differential notation this 

dt ^ \dt dt dt ; 

2/ 


formula is 
(14) 


... . r (a; dx) -f{x, X)f{dx, dx) 

^ r{x,x) 

By duality we have a corresjumding formula for the differential of 
angle, 

(15) de^- du) 

' /'’■■‘(■a, ><) 


These formulas are independent of the particular determination of 
our coordinates by means of the relation (13). If we differentiate (13) 
we obtain Y, dX) = 0, 

SO that for this particular determination of coiirdinates 


(16) 


..f {dX,dX) _ ^ f(dX,dX) 

/{X,X) c 


IjQt US now choose the homogeneous (coordinate system so that 

/{X, T) = J‘- + - 4 

and clioose C = — m that, for points not on the ahsoliite, 

( 17 ) + = 


If 7 is real and not zero, we are dealing with hy [)erl)olic geometry, and 


( 18 ) ds^=f{dX, (LY) 

= dx^ 4 - d.r^ — 4 y^ix'^. 

2 X 2 X 

If we substitute w = > v — ---■ ^ ■ 

i+j'^ i+*„ 

in the value for ds’^ given in (18), we obtain 


(19) 


du^-^ dr^ 



Regarding u and v as parameters of a surface in a Euclidean space, 

(19) gives the linear element of the surface (cf. Eisenhart, Differential 
Geometry, § 30). This is a surface for which, in the usual notation of 
differential geometry, J^= G and i^= 0. The curvature of this surface 
is constant and equal to — l/47*(cf. Clebsch-Lindemann, loc. cit., 
Vol. II, p. 525). From this it follows that the hyperbolic plane 
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geometry in the neighborhood of any point is equivalent to the 
geometry on a portion of a surface of constant negative curvature. 

If we substitute u = and v = xjx^ in (18), we obtain 

A ^.2 7 *“* 2 uvdudv + (4 7 *— v?)dv^ 

CtS 47 /I 2 i 2\2 * 

This is the form of linear element used by Beltrami in the paper 
cited above. This form is such that geodesics are given by linear 
e<j^uations in u and v. Hence geodesics of the surface corri'spond to 
lines of the hyperbolic ])lane. 

It is to be noted that the curvature of a surface, while often defined 
in terms of a Euclidean spa(ic in which the surface is supposed to be 
vsituated, is a function of F, and G and therefore an internal property 
of the surface, i.e. a prox)erty stated in t(Tins of curves {a = c and 
V = c) in the surface and entirely independent of its being situated 
in a space. 

Another remark which may save misunderstanding by a beginner 
is that the geometries corresponding to real values of 7 are identical. 
Tlie choice of 7 amounts to a determination of the unit of length, as 
was shown in § 137. 

EXERCISES 

1. Express the differential of angle in terms of (x,,, Xj, and their deriva- 
tives (of. Clehsch-Lindemann, loc. cit., Vol. II, }>. 477). 

*2. l)evt‘h)p the theory of areas in the hy|)eri>olio ]>lan(j. For a treatment 
by differential geometry cf. Clebsch-Lindemann, loc. cit., 2). 480. For a develop- 
mt'iit by e]cm(‘ntary gt’ometry of a tlu^ory of ari*as of 2 )olygons which is ecjually 
available in hy 2 )erbolic, parabolic, and elliptic geonn^try, see A. Finzel, Mathe- 
matische Aniialeii, Vol. LXXII (1012), p. 202. 

140. Hyperbolic geometry of three dimensions. A hyperbolic space 
of three dimensions is the interior (cf. Ex. 2, § 129) of a nonruled 
quadric surface, called the absolute quadric, and the hyperbolic geom- 
etry of tliree dimensions is the set of theorems stating juoperties of 
this space which are not disturbed by the projective collineations leav- 
ing the quadric invariant. The definitions of the terms displacement,'’ 
'' congruent,” ” perpendicular,” etc. are obtained by direct generaliza- 
tion of the definition in § 132 and the corresponding definitions in the 
chapters on Euclidean geometry. They will l)e taken for granted in 
what follows, without being formally written down. 
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The fundamental theorems on congruence may be obtained from 
the observations (1) that any displacement of space leaving a plane 
invariant effects in this plane a displacement or a symmetry in the 
sense of § 132, and (2) that no two displacements of space leaving a 
plane invariant effect the same displacement or symmetry in this 
plane. From this we infer, by reference to § 135, 

Theorem 11 . In the real three-dimensional hyperholic geometry 
Assumptions I- XVI of §§29 and 66 are all true except Assump- 
tion IXy which is false. 

By § 100 there is a simple isomorphism between the displacements 
of a hyperbolic apace and the direct circular transformations of j the 
inversion plane. Hence the theorems of inversion geometry or oflthe 
theory of ])rojectivities of complex one-dimensional forms can all\be 
translated into theorems of hyperbolic geometry. Tlie reader who 
carries this out in detail will find that many of the theorems of 
Chap. VI assume very interesting forms when carried over into the 
hyperbolic geometry. 

In particular, if an orthogonal line reflection y or half turuy is defined 
as a line reflection (§ 101) whose directrices are polar vdth respect to 
the absolute, it follows at once that every displacement is a product 
of two orthogonal line reflections. Witli this basis the theory of dis- 
placements is very similar to the corresponding theory in Euclidean 
geometry, but many of the proofs are simpler. 

The formulas for distance and angle are identical with those of 
§ 138, and the differential formulas with those of § 139 if /(X, X') 
be understood to be a bilinear form in x^, x^y x^) and (a;', x[y x'^y x^). 


EXERCISES 

1. The product of three half turns is a half turn if and only if their three 
ordinary directrices have a common intersecting perpendicular line. 

2. If a simple hexagon he inscribed in the absolute, the common int(‘r- 
secting perpendicular lines of pairs of opposite edges are met by a common 
intersecting perpendicular line (cf. § 108). 

3. Determine the projectively distinct types of displacements. 

*4. Defining a horospliere as a real quadric interior to the absolute and trans- 
formable into the absolute by means of an elation whose center is on the absolute 
and whose plane of fixed points is tangent to the absolute, prove that the hyper- 
bolic geometry of a horosphere is equivalent to the Euclidean plane geometry. 
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*6, Classify the quadric surfaces from the point of yiew of hyperbolic 
geometry. 

*6. Given the existence of a hyperbolic space, define a set of ideal points 
such that the extended space is projective. Cf. R. Bonola, Giornale di Mate- 
matiche, Vol. XXXVTll (1900), p. 105, and F. W. Owens, Transactions of the 
American Mathematical Society, Vol. XI (1910), p. 140. 

* 7. Obtain theorems analogous to those in the exercises of §§ 122, 128 with 
regard to th(* hyperbolic displacements. 

*8. Study the theory of volumes in hyperbolic geometry by methods of 
diff(U'ential geometry. 

141. Elliptic plane geometry. Definition. The geometry corre- 
sponding to the group of projective collineations in a real* projective 
plane tt which leave an imaginary ellipse invariant is called the 
two-dimensional elliptic geometry or elliptic plane geometry. The im- 
aginary conic E'^ is called the ahsolnte conic or the absolute. The 
prc> 3 ective plane tt is sometimes referred to as the elliptic plane. 

The order relations in this geometry are of course identical with 
those of the projective plane (Chap. II). The congruence relations 
are defined as in § 132, with suitable modifications corresponding to 
the fa(jt tliat E^ is imaginary. Some of the theorems wliich run par- 
allel to the corresponding theorems of hyperbolic geometry are put 
down in the following list of exercises. 

The formula for the measure of angle used in hyperbolic geometry 
may be taken over witliout change, i.e. 

«(//,) = - log B 

where and are intersecting lines and i^ and i^ are tangents to 
tlu^ absolute in the same flat pencil with l^ and l^. The formula for 
distance may also be taken from hyperbolic geometry : 

d = Dist (FQ) = 7 log Q . ). 

In order that this sliall give a real value for the distance between two 
real points, 7 must be a pure imaginary. So we write 



* This geometry can in large part be developed on the basis of Assumptions A, 
E, S, r aloiu‘, the imaginary conic being replaced by the corresponding elliptic 
polar syst(‘in, the existence and properties of which are studied in § 89. As a 
inattei* of fact there is considerable interest attached to the elliptic geometry in a 
modular plane, but the point of view which we are taking in this chapter puts 
order relations in the foreground. 
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and in order to have formulas in the simplest possible form, we may 
choose k = \, so that 

rf = _|logR(P<?,P.(2.). 

The discussion in § 138 is applicable at once to elliptic geometry 
if f{X, X') be taken to be a bilinear form in three variables such 
that / (X, X) = 0 is the equation of the absolute of elliptic geometry. 
Thus we have 

, 20 ) 


(21) ^ log »)^(». »>)’ 

^ ’ '' '' 2 " F{u, u) F(v, v) i 


(22) 

d 

COS - = 

k 

(23) 

cos^ = 


r f{y,Z) 

k ^f{Y, Y)f{Z,Z)’ 
u) F{Vy v) 


EXERCISES 

1. The principle of duality holds good in the elliptic gr^oinetry. 

2. The ellijitic geometry is identical with the set of th(‘orcins about the 
g(*ometry of the jdane at iiifinit}’^ in three-dimensional Kucli(h*an g(‘()Tnetry. 

3. The pairs of jierpendicular lines at any jioint are jiairs of an elliptic 
involution. 

4. The lines jx*rpendicular to a line / all meet in the pole of I with r(^s[)ect 
to the absolute. Through any point except the pole of 1 there is one and but 
one line perpendicular to 1. 

5. Defining a ray as a segment whose ends are conjugate with res})ect to 
the absolute, prove that Assumption X, § 66, holds in the single elliptic 
geometry if the restrictions be added that A and B are on the same ray. 

6 . Assumptions XT and XIIl of § 66 hold for single elliptic geometry. 

7. How may Assumptions XTT, XTV, and XV be modified so as to be valid 
for single elliptic geometry ? 

8. A circle is a conic touching the absolute in two conjugate imaginary 
points. 

9. A circle is the locus of a point at a fixed distance from a fixed line. 

10. If A, B, C are three coll inear points, 

Dist (A, B) + Dist {BC) + Dist (CM) = tt. 

In other words, the total length of a line is tt. 

11. The sum of the angles of a triangle is less than w. 
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12. Let be a circle in a Euclidean plane, and let [C®] be the set of 
circles which meet if* in pairs of points on its diameters. An elliptic plane is 
determined by defining as “ elliptic points ” all the Euclidean points iiit€‘rior 
to A" 2 and all the pairs of Euclidean points in which is met by its diameters, 
and defining as collinear any set of elliptic points on a circle C^. 


142. Elliptic geometry of three dimensions. The three-dimensional 
elliptic geometry is the set of theorems about a three-dimensional 
projective space which state properties undisturbed by the projective 
collineations leaving invariant an arbitrary but fixed projective polar 
system, called the ahsohtte polar system, in which no point is on its 
polar plane. It is a direct generalization of the elliptic geometry of 
the plane and may be based on a similar set of assumptions. 

In a real space this polar system is that of an imaginary quadric 
(called the absolute quadric) with respect to which each real point 
has a real polar plane, and the equation of the absolute quadric may 
be taken to be 

^0 ^*8 = 0 . 


A displacement is defined as a direct* projective collineation 
(cf. § 32) wliich leaves the absolute polar system invariant ; a sym- 
meiry is defined as a nondirect projective collineation leaving the 
absolute polar system invariant. The definitions of congruence, per- 
pendicularity, distance, etc. follow the pattern of the hyperbolic and 
parabolic geometries, and the same method may be used, as in those 
geometries, to extend the theorems on congruence from the plane 
to space. 

It can easily be proved by means of the theorems on the quadric in 
Chap. VI that any displacement is a product of two line reflections 
whose axes are polar with regard to the absolute. From this proposi- 
tion a series of theorems on displacements can be derived, just as in 
the parabolic and hyperbolic geometries. 

Through a given point not on a given line I there is no line parallel 
to I in the sense in which the term is used in parabolic or hyperbolic 
geometry. There is, however, a generalization of the Euclidean notion 
of parallelism to elliptic three-dimensional space which preserves 
many of the properties of Euclidean parallelism and is, if possible, 
more interesting. 


* Without appealing to order relations, the direct collineations may be charac- 
terized as those which do not interchange the regiili on the absolute quadric. 
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Any real line I meets the absolute in two conjugate imaginary points, 
and through these points there are two lines of one regulus and 
two lines of the other regulus. The lines p^y p^ are conjugate 
imaginary lines of the second kind (§ 109), and I is one line of an 
elliptic congruence of which p^y p^ are directrices. A similar remark 
applies to the conjugate imaginary lines q^y q^. Any line of the 
elliptic congruences having p^y p^ or q^y q^ as directrices is called 
a Clifford parallel^ of Z or a paratactic^ of 1. Thus there are two 
Clifford parallels to I through any point not on Z, and Z is a Cliff'ord 
parallel to itself. 

The two Clifford parallels to any line through any point not on it 
may be distinguished as follows : Let li^ and be the two reguli on 
the absolute. Two real lines Z, m meeting two conjugate imagiiijary 
lines p^y p^ of iZf are riyliUhanded Clifford parallels, or paratactics ; and 
two real lines Z', meeting two conjugate imaginary lines q^y q^ of 
are left-handed Clifford parallels, or paratactics. 

The distinction between right-handed and left-handed Clifford paral- 
lels may be drawn entirely in terms of real elements by means of 
the notion of sense-class (§ 32), and thus connected with the intui- 
tive distinction between right and left. This matter will be taken uj) 
again in the next chapter. In the meantime it may be remarked that 
the definition in terms of the two reguli on the absolute is inde- 
pendent of all question of order relations and is based on Assumptions 
A, E, P alone. 

From the definition it follows immediately that if Z is a riglit-Iianded 
Clifford parallel to m, m is a rigliLhanded Clifford parallel to Z; that 
if m is also a right-handed Clifford parallel to /i, Z is a right-handed 
Clifford parallel to n. In general, two lines have one and only one 
common intersecting perpendicular; but if they are right-handed 
Clifford parallels, there is a regulus of common intersecting perpen- 
diculars, and the latter are all left-handed Clifford parallels. 

The product of two orthogonal line reflections whose axes are 
Clifford parallels leaves each line of the congruence of Clifford parallels 
perpendicular to the axes invariant, and is called a trandation, A 

♦ Cf . Clifford, A Preliminary Sketch of Biquateriiions, Mathematical l*apers 
(London, 1882), p. 181, and Klein, Antop^raphierte Vorlesiingen liber nicht-euklidische 
Geometrie, Vol. II (Gottingen, 1892), p. 245. 

t E. Study, Jahresbericht der Deutschen Matheinatikervereinigung, Vol. XI 
(1903), p. 319. 
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translation is right-handed or left-handed according as the congruence 
of its invariant lines is right-handed or left-handed. Any displace- 
ment can be expressed as a product of two translations. 

For a discussion of Clifford parallels and related questions see 
Appendix II of the book by Bonola referred to above, F. Klein, 
Matheniatisclie Annaleii, Vol. XXXVIl (1890), p. 544, and tlie other 
T'efereiices given above in tliis section. 

143. Double elliptic geometry. The geometry (Corresponding to 
the group of ])rojective collineations transforming a sjehere in a 
Euclidean three-space into itself is called spherical or double elliptic 
plane (jeometnj. The sphere S is called the double ellij)tic plane. The 
circles in which is met by planes through its center are called lines^ 
and two figures are said to be congruent if conjugate under the group 
of direct projective collineations transforming the sphere into itself. 

The plane which is called elliptic in § 141 is sometimes called 
single elliptic to distinguish it from the double elliptic plane here 
described. Since the plane at infinity tt* of a Euclidean space is a 
single elliptic plane, and since each line through the center of 
meets in two points and tt* in one point, there is a correspondence 
between a single elliptic plane and a double elliptic plane, in which 
each point of the first corresponds to a pair of points of tlie latter. 
By means of this correspondence any result of either geometry can 
he carried over into the other geometry. 

These remarks can all be gemeralized to 7 ?.-dimensions. For a set 
of assumptions for double elliptic geometry as a separate science, see 
J. R. Kline, Annals of Mathematics, 2d vSer., Yol. XIX (1916), p. 31. 

144. Euclidean geometry as a limiting case of non-Euclidean. In 
the two-dimensional (*as(^ we have seen that the equation of the abso- 
lute may be taken as 

(24) xl 4 - — 4 = 0, 

or in line coordinates, as 

(25) ^-(< + <^= 0 . 

q. y 

The formulas of hyperbolic geometry arise if y is real and not zero, 
and of elliptic geometry if 7 is imaginary. If we set c = = 0, 

(25) may be regarded as the equation of the circle at infinity of the 
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Euclidean geometry in the form used in § 72. Moreover, if we set 
(5 = 0 in the formulas of §§ 138 and 141, we obtain 


and 


cos e = ^ 



// ,'C, + - i {u^v^ - u^v^) ’ 


which agree with the formulas of I<2uclidean geometry given in § 72. 
In like manner, if we set c = 0 in the formula for the differential of 
distance in § 139, we obtain ds^ =:^ du^ + dv^. The generalization of 
these remarks to three or n dimensions is of course obvious. ! 

If c changes by continuous variation from a positive to a negative 
value, it must pass through zero. Since the corresponding geometry 
is elliptic while c is positive, parabolic when c is zero, and liyperbolic 
while c is negative, the parabolic geometry is often spoken of as a 
limiting case both of elliptic and of hyperbolic geometry. 

This point of view is reenforced by observing that the formula (10) 
makes the measure of a fixed angle a continuous function of c, so that 
for a small variation of c the value given by (10) for 0 suffers a 
correspondingly small variation. A like remark can be made about 
the distance betw^een a fixed pair of points. 

This has the consequence that for a given figure F consisting of a 
finite number of points and lines, and for a given number e, a num- 
ber 3 can be found such that if c varies between ~ S and 3, the dis- 
tance of point-pairs and the angular measure of line-pairs of F do not 
vary more than e. Nevertheless, in this interval of variation of c the 
geometry according to which the distances and angles are measured 
changtis from elliptic through parabolic to hyperbolic. 

For example, if F were a triangle, and the sum of the angles were 
found by physical measurement to be between tt -f- € and tt — c, the 
geometry according to which the measurements were made might 
be either parabolic, hyperbolic, or elliptic. Further refinements of 
experimental methods might decrease e, but according to current 
physical doctrine could not reduce it to zero. Hence, while experi- 
ment might conceivably prove that the geometry at the bottom of 
the system of measurements was elliptic or hyperbolic, it could not 
prove it to be parabolic. 
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For the details of showing that the Euclidean formula for distance is 
a limiting case of the non-Euclidean formula, see Clebsch-Lindemann, 
loc. cit., Vol. II, p. 630. 

145. Parameter representation of elliptic displacements. Suppose 
the coordinate system so chosen that the equation of the absolute is 


^0 + iCi + 

The projective colHneations which leave the lines of a regulus on 
the absolute invariant have been proved to have matrices of the form 
(50) or (51) in § 126. Let be the regulus on the absolute left in- 
variant by the transformations of type (50),[ind invariant 

by those of type (51). The transformations of type (50) are the 
translations leaving systems of right-handed Clifford parallels in- 
variant, and those of type (51) the translations leaving systems of 
left-handed Clifford parallels invariant. 

Sin(!e any transformation leaving the quadric invariant is a product 
of one leaving the lines of Jib'f invariant by one leaving the lines of 
/i\j invariant, any displaciement is a product of a transformation of 
ty])e (50) by one of ty])e (51). Denoting (50) by J and (51) by B, 
the matrix A of any displacement can be written 




^2 


1 "'o 

“l 

«2 




-^2 


«o - 



/3, 

^0 



«3 

«0 




/3o' 

\-«8 

-«2 


A-^.A 

i 

®»«1 


A^2«8- 

^A 



(26) A — i/ • .1 — j ^ /•< M I I (t rr ^ a 


■ + ^2^2 

, - - ^««2 - - ^ 2 «l - ^ A + ^ 0«8 - ^.*2 

- -® 2 «, + ^>« 2 - ^ 0*8 - + ^ 2 ««- ^ 0«2 

-®«*2 - + ^ 2 “o + + -®,«2 - ^^ 2 "! + 

- + ^8“.. - ^2«, - ^.*8 + ^0«2 - - -^2*0 

- ^2*2 + + ^««0 + - A,«2 - ^ A 

- - ^A + ^2«2 + W 


If b! — is the matrix of a second displacement, and and A! 
are of the types (50) and (51) respectively, 

(27) A' . A = B^J^BA = B'B • A! A, 

i)ecause any displacement leaving all lines of invariant is com- 
mutative with any displacement leaving all lines of Bl invariant. 
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Thus any displacement 


(28) 


Xq — ^ 00^0 ® 01^1 ^ 02^2 ^ 08 ^ 3 » 

x[ = 4- + a^^x^, 

X ^ = ^ 20^0 ^ 21^1 4 ” ^ 22^2 4 “ ^ 28^8 > 

= «80'^0 4- + ^82^2 + «88«8 


is given parametrically in terms of two sets of homogeneous parameters 
^o> ^i» ^ 2 * ^8 ^o» ^ 1 ’ ^ 2 ’ ^8 means of the formulas obtained 

l)y equating to the corresponding element of the last matrix in 
Equation (26). 

The formulas for the j^arameters of the product of two displace- 
ments are determined by (27), for if A" = = A'A, then = 

and — A' Ay and hence 


(29) 


(30) 


<' = 

= ala^ + a[a^ -f — a'a:^, 
a!J = a 'a , — a[a^ + 4- 

= ^3^3 -h + <4^0 > 

/Si' - m + A'/Sa + , 

^i'==/3o'/33-A'A + /8i/3,4-/3iA>. 


The formulas for the a’s are, by § 127, the same as for the multi- 
} dication of quaternions, and the formulas for the /S’s are given by 
the following quaternion formula: 

m (y8, - - /3Jc) = ~ /3'[i - ffjj - 

Now let Xj and X^ be two symbols defined by the multiplication table 






(31) 



0 



0 



and the conditions \^q = ^X^, \q = q\^y where q is any quaternion. 
If we write 


(32) [\(a' 4- a[i + a'J + a'^k) + Xj(/3' - - fi'J - ^^7c)] 

• [\K + + \(/3o - - Ay - A*)] 

= X^(a" + a'^i + a"y + a'^k) + X,(A" - A"^' - A'/ " A"^)- 

the a"’.s and A^s are given in terms of the a’s. As, «'’s, and A’s hy 
the equations (29) and (30). 
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The number system whose elements are \q^, where q^ and q 

are quaternions, is one of the systems of biquaternions referred to in 
the footnote of § 130. It is often given a form which may be derived 
as follows : 

Let 
(83) 








Then and obey the multiplication table 

m ^ 

e, 

and we have 2(\q^+X^g^)={e^+ e^)q^ + (e^- e^)q^ 

+ «>) +\Wo- 

- + {—^y + (-%-)/ + (^•) *) 


Let us write 


(35) 


7„ = 


«o + ^o 


7i = 




n;., — /8., 




s ^ g°_. , 8 =^l±A, s_ 

0 <> 19 2 9 


. g = «»+/3, 


The rule for multiplying biquaternions, 

[«1 (7o + 7,'^ + y!j + 7^^') 4- 6^(8' + 6,'i + S'y + s;^)] 

• [«,(7„4- 7i^ + rj + 7 /)+ es(5o+ Sy + BJ + S,^:)] 

- ^ {y'J + y['i + + *2 («;' + + «.^7 + 

gives tlie following equations : 

7o'= 7o7o- 7i'7i- 7272- 7,78+ SJS„- 8(8, - 8(8,- 8(8„ 
7 " = 7,l7i + 7i7o+ 7 ( 7 *- 7^72+ ^ 0^1 + 5,' So + KK- K^2> 
7"= 7o72- 7i'78+ 7.(7o+ 737i+ ^0^2“ ^I'^s + ^2^0+ ^8^1. 
7"= 7 o78+ 7(72“ 7(71 + 7(70+ ^0^8+ ^1^2 — ^2^1 + K ^ o > 
K'= 7(^0 - 7l'^l - 7(^2 — 78^8 + ^o78- ^i'7i- ^(72- ^^78. 
^l'= 7(^, + 7(^0 + 7(^8 - 7(^2 + 5(7 j+ ^i'7o+ ^278- 5^72. 
«"= 7^8, - 7(83 + 7(8„ + 7(8. + 8(7,- 8(7,+ 8(7,+ 8(7,, 

K '= 7(^8 4- 7{^2— 7(^1 4- 78^0 4- S(78 4- ^(72— ^i7i4- S(7o* 
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The 7 's and S’s given by (36) may be regarded as a new set of 
parameters for the elliptic displacements. Since the a’s and /S’s are 
separate sets of homogeneous variables, they may be subjected to 
the relation 

(37) + 0^1 + 4- = ^0 4- A* + ^2 4“ • 

By means of (35) the relation (37) becomes 

(38) 7o3o+ 7,3, + 7A+ yzK= 0- 

The formulas for the coefficients of a displacement (28) in terms 
of the new parameters are found by substituting 

“o='yo+^o> * 1 = 7,+ 3,, a^= 7j+3j, a,= 78+3*, 

in the formulas for in terms of the a’s and )8’s. In other words, the 
matrix of the displacement corresponding to ( 7 o, 7 i, 72 > 78 ; %) ^ 



and the formulas for the composition of two displacements are (36). 


EXERCISE 


The elliptic displacements are orthogonal transformations in four homo- 
geneous variables. Work out the parameter representation determined by 


the formula 


/2 = ( 1 - 6 ^)( 1 + 


of § 12.0. 


146. Parameter representation of hyperbolic displacements. Let 

the equation of the absolute be taken in the form 
(39) 

If /i is real, the corresponding geometry is elliptic; and if /x is a 
pure imaginary, the corresponding geometry is hyperbolic. No gener- 
ality is lost by taking /t = 1 (as in the section above) for the elliptic 
case and /a = V— 1 in the hyperbolic case. For the sake of the limit- 
ing process referred to at the end of the section, we shall, however, 
carry out the discussion for an arbitrary fi. 



§ 146 ] 


HYPERBOLIC GEOMETRY 


381 


By precisely the reasoning used in § 126 it is seen that any colline- 
ation leaving one regulus on tlie absolute invariant has the matrix 



and any collineation leaving the other regulus invariant has the matrix 

I / 3 „ ,i/3\ 

\-lff, /9./ 

I 

Hence any displacement has a matrix BA. In other words, if 
«00 = 

«01 = - ^ 3 « 2 )' 

«02 = (^o“2 - + ^2“o + 

«0. = (A" 3 + ^1«2 - ^2«, + ^Z%)’ 

«10 = - ^ (^.«0 + ^O«i + ^3«2-^2«»)> 

«U = - + ^0^ + ^3^3 + ^2*2> 

«.2= -^l«2-^0«8 + ^3«U-^2«.> 

®.«= - ^,“« + ^0«2- ^3«. - ^2®0> 

%= - ^(^2«0- +^0«2 + ^.«,)' 

“»1 = - ^2*1 - ^ A + - ^,®2• 

“22=-^2*2+^»®2+^0««+^I“^- 

“2« = - A - 

««,= -^(^8“o + ^2“l- ^l“2 + ^0“.)' 

r 

“.1= -^S«l + ^2“o- ^«®2> 

'*88= -/38“8+^2*2+^I«'. + ^0«0> 
the transformation (28) is a displacement. 
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As we have already seen in the elliptic case, if A! and R' are 
matrices analogous to A and B, 

B^A!^BA^B^B-A!A, 


Hence the product of two displacicments BA and B^A! is a displace- 
ment such that ^ 

A" = A A 

and B^'^B^B, 


On multiplying out the two matrix products A^A and B^B, it 
is evident that the elements of A!^ and i?" are given by the 
formulas (29) and (30) fouud above for the elliptic case. Tfiese 
formulas are associated with the biquaternions determined by the 


table (31). 


\ 


The remark must now be made that if ^=V— 1, the parameter 
representation above does not give real values of for real values of 
the a’s and /3’s. Suppose, however, that we transform the biquater- 
nions + \q^ as follows : 


€j=A,,+ \, 






«a= M(\- \). 


„ Me, - 


Then and obey the multiplication table 


(41) 



and we have 2 fi {\q^ + \q^) = (/xe^ + e,) g, + (/xe^ - €^)q„ 

= M(?,+ 95)ej + (?,- q^)e„, 


or 

where 

( 42 ) 


\ («„ + a,i + «J + a,*) + \ (^0 - - ^.Z’) 

= «, (7,, + 7i» + yj + 7,*) + *2 + 8Jc), 

(«o+^o) («-^,) («a-/3a) («»-/3,) , 

7« 2 2 2 2 

g Mq ^0 ^ g d~ ^ ^ g Mg -f" ^ 

^ 2 fi ’ 2/Lt * 2 fi ® 2/li 
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The rule for multiplying biquaternious 

ei(7i'-f-7r» + 7i7 + 78*)+ c,(Si'+ 4- 8*7+ K'^) 

= [ei(7i +7li + y'J +7i*) + Cj(8o + SJ* + + 5^*)] 

• K(7o+ 77 + 77 + 7,*)+ c,(So + 8,1 + 87 + 8 , i)], 
according to (41), gives the following equations : 

7i'= y'oJo- 7i'7i- 72 72- 7^7,+ M*( 8 o 8 „- 8 {S;- S'S^- 8^3,), 
7l'= 7^71+ 7i'7o+ 7,78- 7^7,+ M*( 8 'S,+ 8 ( 8 ^+ 8 ^ 8 ,- 8 ; 8 j), 

7, = 7^7,- 7j78+ 7,70+7^71+ ^*(^' 8 .,- 8 { 8 ,+ 8 ' 8 „+ 8 ^ 81 ), 

, 43 . 7, = 7^7.+ 7 ( 72 - 7*71+ 7, 7o+ M*( 8 o 8 ,+ 8 { 8 ,- 8 ' 8 ,+ 8 ' 80 ), 

K' = 7iSo - yiS, - 7 ' 8 , - 7 'S, + 8 ' 7 „- 8 ( 7 ,- 8 ' 7 „- 8 ^ 7 ,, 

K' = 70^1 + 7i'So + 72^8 - 7^ ^2 + ^i7i+ S!7 o+ ^2 7,- Kri, 

^2 = 7^5* - 71 '^, + 72^0 + 7,' + *o72- Si'78+ ^27o+ 8g7i. 

2J' = y^S, + 7(^2 -72^1 + 78'^o + ^^7,+ St' 72- ^*'71+ S'7„- 

For /A = 0 these equations reduce to (64) and (65) of § 180, and 
for /i^ = l they reduce to (36). For /x*= — 1 they give the standard 
formulas for combining hyperbolic displacements. Thus there are 
three essentially distinct systems of biquaternions, determined respec- 
tively by the conditions 1, = 1, /i = 0. The first corresponds 

to the elliptic, the second to the hyperbolic, and the third to the 
parabolic geometry. The geometry in each case is determined by an 
absolute whose equation in point coordinates is (39), and in plane 
coordinates, 

(44) -I- 4* -h ^8 = 0. 

Since the same geometry corresponds to any two real values of /a, 
there must be a simple isomorphism between any two systems of 
biquaternions corresponding to positive values of and a like state- 
ment holds with regard to the systems of biquaternious corresponding 
to negative values of /a*. The biquaternions for which /a = 0 may 
be regarded as a limiting case between those for which is positive 
and those for which /a* is negative, just as the parabolic geometry is 
regarded as a limiting case between the hyperbolic and elliptic (§ 144). 

In these remarks it is understood that the coefficients 7 ^, 7 ^, 7 ^, 7 ^, 
K* ^ 2 » ^8 always real. From the geometrical discussion above 
it is clear that if these coefi&cients were taken as complex, the 
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biquaternions for which /u.^=l would be isomorphic with those for 
which = 

The multiplication table (41), in case /a® = — 1, is satisfied if we take 
€^=1 and € 2 =V^. Hence the biquaternions with real coefficients, 

^i(7o+ 7ii + + 78^) + €.,(S,+ + hj+ BJc), 

are equivalent, in case /i“= — 1, to the ({uaternions with ordinary 
complex coefficients, 

l4-^ + /3y- 1 + 1 )j 4- 

The biquaternions for which /a = 0, when taken with complex 
coefficients, may be regarded as a number system of sixteen units 
with real coefficients. This is the number system (§ 130) which 
is needed to study the displacements in the complex Eucliciean 
geometry, and it may be regarded as containing the other systems 
of real biquaternions. 



CHAPTER IX 


THEOREMS ON SENSE AND SEPARATION 

147. Plan of the chapter. The theorems and definitions of 
Olrapter II are for the most part special cases of more general 
concepts of Analysis Situs. The present chapter develops these 
ideas further, so that the two chapters together lay the founda- 
tion for the class of theorems wliich are particularly of use in 
the application of geometry to analysis, and vice versa. 

In most of the chapter attention is confined to theorems which 
can be proved without the use of the continuity assumptions (C, E). 
Many of the theorems are proved on the basis of A, E, S alone and 
otliers on the basis of A, E, S, P. 

In the first sections (§§ 148-153) of this chapter we prove some 
of the general theorems about convex regions. These are followed 
{§§ 154-157) by the definitions of some very general concepts, such 
as curve, region, continuous group, etc. It will not l)e necessary (or 
possible in the remaining pages) to develop the corresponding gen- 
eral theory to any considerable extent. Nevertheless, these general 
notions underlie and give unity to the rest of the chapter, which 
may in fact be regarded as a study of certain continuous families of 
figures by special methods. 

In §§158-181 the theory of sense-clas.ses is developed in consid- 
erable detail for the various cases considered in earlier chapters and 
for other cases, the principal idea involved being that of an ele- 
mentary transformation. Finally (§§ 182-199), we prove the funda- 
mental theorems on the regions determined in a plane by polygons 
and in s])ace by polyhedra. 

148. Convex regions. Theouem 1. If I is a line coplanar mth a 
triangular region R a7id containing a point of R, tlie points of ^ on I 
constitute a segment. 

Proof A line coplanar with a triangle and not containing more 
than one vertex meets the sides of the triangle in at least two and 
at most three points. These points, by § 22, are the ends of two or 

386 
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three segments. By Theorem 20, Chap. II, the points of any one 
of these segments are in the same one of the triangular regions deter- 
mined by the triangle, and two points in different segments are in 
different triangular regions. 

Corollary. The points common to a tetrahedral region and a line 
containing one of its points constitute a linear segment 

Proof. A line not on one of the planes of a tetrahedron meets 
these planes in at least two and at most four points. The rest 
of the argument is the same as for the theorem above, replacing 
Theorem 20, Chap. II, by Theorem 21 of the same chapter. 

Convex regions on a line have been defined and studied in § 23. 

Definition. A set of points in a plane is said to be a two-dimen- 
sional (or planar) convex region if and only if it satisfies the foliow- 
ing conditions : (1) Any two points of the set are joined by an 
interval consisting entirely of points of the set, (2) every point of the 
set is interior to a triangular region containing no point not in the set, 
and (3) there is at least one line coplanar with and not containing 
any point of the set. 

A triangular region, a Euclidean plane, and the interior of a conic 
are examples of planar convex regions. 

Theorem 2. If I is a line coplanar with a two-dimensional convex 
region R and containing a point of R, the points of R on I constihite 
a linear convex region. 

Proof. The definition of a linear convex region is given in § 23. 
That the points of R on / satisfy (1) of that definition follows directly 
from (1) of the definition of a planar convex region. To prove (2) tliat 
any point P of R on / is interior to a segment of points of R on /, 
we observe that by (2) of the definition of a planar convex region 
P is interior to a triangular region consisting entirely of points of R 
and that by Theorem 1 the points common to I and this triangular 
region are a linear segment. Condition (3) of the definition of a 
linear convex region is satisfied by the points of R on Z because I 
contains one point of the line coplanar with R and not containing 
any point of R. 

Definition. A set of points in space is said to be a three-dimen- 
sional (or spatial) convex region if and only if it satisfies the following 
conditions: (1) Any two points of the set are joined by an interval 
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consisting entirely of points of the set, (2) every point of the set is 
interior to a tetrahedral region containing no points not in the set, 
and (3) there is at least one plane containing no point of tlie set. 

A tetrahedral region, a Euclidean space, and a hyperbolic space are 
examples of three-dimensional convex regions. 

Theorem 3. If a line I contains a point of a three-dimensionol 
convex region R, the points of R on I constitute a linear convex region. 

The proof of this theorem follows the same lines as that of Theo- 
rem 2, the corollary of Theorem 1 being used instead of Theorem 1 
in showing that the points of / in R satisfy Condition (2) of the 
definition of linear convex region. 

In consequence of Theorems 2 and 3 the definitions (l)etwecn, 
precede y ray, sense, etc.) and theorems of § 23 are applicable to col- 
hnear sets of points in two- and three-dimensional convex regions. 
In the rest of tliis chapter the segment AB where A and B are in a 
given convex region R always means the segment A Z? of points of R. 

Theorem 4. If ABC are three noncoll incar 2 )oints of a conrex 
region R, I) a point of R in the order [BCB], and E a point of R 
in the order {CEA}, there exists a point F of R in the orders {AFB] 
and {DEF], 

Proof Let F be defined as the point of intersection of the lines 
I)E and AB (fig. 77, p. 351). By (3) of the definition of a two- or 
three-dimensional convex region there is a line h coplanar with A, B, 
and C and containing no point of R. Hence L does not meet any of 
the segments AB, BC, CA. Hence (Theorem 19, Chap. II) the line 
BE which meets the segment CA and does not meet BC must meet 
AB. TAenoQ{AFB}. 

The line L does not meet any of the segments FB, BD, DF, and 
the line A C meets the segment BD and does not meet the segment 
BF. Hence AC meets the segment DF. Hence {DEF}. 

Theorem 5. A three-dimensional convex region R satisfies As- 
sumptions I~~VIII of the set given for a Euclidean space in § 29. 

Proof. Assumptions I, II, III, V, VIII are direct consequences of 
Theorem 3 and the theorems of § 23. Assumptions VI and VII are 
consequences of Condition (2) of the definition of a three-dimensional 
convex reg[ion. Assumption IV is a consequence of Theorem 4. 
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The theory of order relations in convex regions can be based en- 
tirely on Theorem 5. This amounts to developing the consequences 
of Assumptions I~VIII of § 29. Since both the Euclidean and the 
hyperbolic spaces satisfy these assumptions, this method of treating 
convex regions is of considerable interest from the point of view of 
foundations of geometry (cf. references in § 29). The methods required 
to prove the theorems on this basis are but little different from those 
used in tlie next section. 

Corollary. In a real projective space a convex region also satisfies 
Assvmptioyi XVII of § 29. 

EXERCISES I 

1 . Tlie set of all points common to a set of convex regions which ate all 
contained in a single convex region is, if existent, a convex region. (In other 
words, the logical product of a s(‘t of convex regions contained in a coiivex 
region is a convex region.) 

2 . Prove on the* basis of Assumptions T-VTll of § 29 that for any set of 
})oints Pj, /^ 2 > ’ * *’ Pn» fi*hte in number, there is a linti I such that 1\, 

are all on the same side of /. 

* 3 . A set of points in a projective spfice such that any two points of the 
set are joined by one and onhj one segment consisting entirely of points of tlie 
set and such that every point of the set is interior to at least one tetrahedral 
region consisting entirely of j)oints of tlui S(*t, is a convex region. 

* 4 . Study the set of assumjdious for projective gecuiietry consisting of 
A, E and the assumption that in the projective space therc^ is a s(*t of 
points satisfying the Assumptions T-VITT, XVTI for a convex region. 

149. Further theorems on convex regions. Theorem 6. If J, 7>^ P 

are three noncollinear points of a convex region R, they are the 
vertices of one and only one triangular region consisting entirely of 
2 xnnts of R. This triangular region consists of all points on the 
segments joining A to the points of the segment BC. 

Proof. By Theorem 4 a line joining B to a point of the segment 
CA meets a segment joining A to any point of the segment BC\ 
and by the same theorem any point of the segment AA^ is joined 
to B by a line meeting the segment CA. Hence the set of points 
[P] on the segments joining A to the points of the segment BC 
is identical with the set of points of intersection of lines joining A 
to points of the segment BC with lines joining B to points of the 
segment CA. By similar reasoning [P] is the set of points of inter- 
section of lines joining A to points of the segment BC with lines 
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joining C to points of the segment AB, The points [P] form a 
triangular region because they are all the points not separated irom 
a particular P by any pair of the three lines AB, BC, CA. 

The other three triangular regions having A, By C as vertices 
contain points of the line wliich by (3) of the definition of a convex 
region is coplanar with ABC and contains no point of R. Hence 
[P] is the only triangular region satisfying the conditions of the 
theorem. 

In the rest of this section the triangular region determined by 
three noncollinear points B, C of a convex region R according to 
Theorem 6 shall he called the triangular region ABC, It is also 
called the interior of the triangle ABC, 

Corollary. If A BCD are four noncoplanar j>oints of a convex 
region R, they are the vertices of one and only one tetrahedral region 
consisting entirely of points of R. This tetrahedral region consists of 
the segments of points of R joining A to povnts of the triang%dar 
region BCD, 

Proof, Ijet be the set of segments joining A to points of the 
triangular region BCD and [7^] the set ot all points on tlie segments 
[a]. Any 7* is also on a segment joining B to a point of the tri- 
angular region A CD, as is seen by applying the theorem above to 
the figure obtained by taking a section of the tetrahedron A BCD 
by the plane ABF, In like manner any P is on a segment joining 
C to a })oint of the triangular region DAB, and on a segment join- 
ing P to a point of the triangular region ABC, 

The same argument shows that any point of intersection of a 
line joining A to a point of the triangular region BCD with a line 
joining P to a point of the triangular region CAD is in the set 
[7"] and that every P is a point of this description. From this it 
follows that [7^] contains all points not separated from a particular 
P by the faces of the tetrahedron A BCD. Hence by Theorem 21, 
Chap. II, [P] is a tetrahedral region. 

Any tetrahedral region having ABCD as vertices and distinct 
from [P] contains points not in R, because it either contains points 
on the segments complementary to \a] or on the lines joining A 
to the points of the triangular regions different from BCD in the 
plane BCD. 
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Theorem 1, If a plane tt contains a point of a three-dimensional 
convex region R, the points of R on rr constitute a planar convex 
region. 

Proof, The points of R on tt satisfy Conditions (1) and (3) of 
the definition of a planar convex region because R satisfies Con- 
ditions (1) and (3) of the definition of a three-dimensional convex 
region. To prove that the points of R on tt satisfy (2) of the defini- 
tion of a planar convex region, let P be a point of R on tt and I a 
line on P and tt. By Theorem 3 there are two points of R 

on I such that the segment APA^ is composed entirely of points of R. 
Let a be a line on A^ and tt but distinct from I, By the same 
reasoning as before there are two points P, C of R on a such that 
the segment BAfO is composed entirely of points of R. By Theoreiipi 6 
the triangular region having Ay By C as vertices and containing P 
contains no points not in R. Hence the points of R on tt satisfy 
Condition (2) of the definition of a planar convex region. 

Theorem If I is any line coplanar with and containing a 
point of a planar convex region R, the points of R not on I con- 
stitute two convex regions such that the segment joining any point 
of one to any point of the other meets the linear convex region which 
/ has in common with R. 

Proof, By definition there is a line m coplanar with R and con- 
taining no point of R. By Theorem 18, Cor. 1, Chap. II, all points 
of the plane not on / or m fall into two classes [0] and [P] such 
that (1) two points O, P of different classes are separated by I and 
m and (2) two points of the same class are not separated by I and 
m. The region R contains points of both of these classes. For let 1 
be any point of R on 1. By Theorem 2 any line through I coplanar 
witli R and distinct from I contains a segment of points of R of 
whic.h I is one point. If A and B are two points of this segment 
in the order {AlB}y A and B are separated by I and m and also 
are points of R. Hence there exist two mutually exclusive classes 
[O'] and [P'], subsets of [O] and [P] respectively, which contain 
all points of R not on I, 

Since any O' and any P' are separated by I and m and no 
segment O'P' contains a point of my every segment O'P' contains 
a point of I, 
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Since two points of the same class ([O'] or [P']) are not separated 
by I and m, and since the segment joining them does not contain 
a point of m, it does not contain a point of L 

It remains to show that any point of either of the classes, say 
[O'], is interior to a triangular region consisting entirely of points 
of this class. Let p be any line on a point O' and coplanar with R. 
Let O' and 0.^ be two points of R on in the order {O'O'Og} and 
such that the segment O' O' does not contain a point of L Let q be 
any line distinct from p, coplanar 
with R and on 0^, and let O', 0[ 
be two points of R on ^ in the 
order {O'O^O^} and such that the 
segment O' O' does not contain a 
point of 1. Ry Theorem 6 there 
is a unique triangular region with 
Oj, Og, 0[ as vertices consisting 
only of points of R and containing 
all points of the segment O'O^. 

Since I does not meet any of the 
segments OjO', 0^0', 0^0', it can- 
not meet any segments joining 
()[ to a point of the segment ()[()[ (Tlieorem 4). Hence the 
triangular region O'O'O^ consists entirely of points of [t/]. 

CoROLLAKY 1. // TT is (mif plane containing a point of a three- 
dimensional convex region R, the points of R not on tt constitute 
two three-dimensional coriver regions such that the segment joining 
amy point of one to any 'pavnt of the other meets the planar convex 
region which ir has in common with R. 

Proof. The proof is a strict generalization of that of the theorem 
above to space, using the corollary of Theorem 6 instead of 
Ilieorem 6. 

Corollary 2. For a given line I {or plane tt) and a given convex 
region R, there is only one pair of regions of the sort described in 
Theorem 8 {or Cor. 1). 

Proof If O is any point of R not on I, the class containing 0 must 
include all points joined to 0 by segments not meeting 1. Hence it 
must be identical with one of the classes given by the theorem. 
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Definition. The two convex regions determined according to 
Theorem 8 by a line in a planar convex region are called the sides 
of the line relative to the convex region. The two convex regions 
determined accoj-ding to Cor. 1 by a plane in a convex region are 
(‘-ailed the two sides of the plane relative to the convex region. 

Definition. Two sets of points [J*], [(>] in a convex region or 
in a [)rojective plane or space are said to be separated by a set [S] if 
i*.v(‘ry siignuiiit of the convex region or of the projective plane or 
s])a(‘.e which joins a F to a Q contains an S. 


EXERCISE 

j 

(xiven two lines containing points of a (convex region hut intersecting in a 
point outside the region. Construct the line joining P to a point Q in \he 
region by means of linear constructions involving only points and lines in tin* 
region. Cf. Ex. 4, § 20, Vol. 1. 

150. Boundary of a convex region. Definition. A point F is a 
houmlary point of a set of points [/*] if every tetrah("-dral n^gion 
conlaiiiing /> contains a point !* and a ])oiiit not in [/"j. Tlie s(‘t 
of all boundary points of [/*] is called the hoimdary of [P]. 

Theorem 9. All houndary points of a set of points on a line 
I are on 1. All boundary 2 )oints of a set of points on a plane 
IT are on it. 

Proof. If Q is a point not on a line /, any tetrahedron one of wliose 
fac( 3 .s contains I and none of whose faces contains Q will deterrniiu* 
a tetrahedral region (§ 26) which contains Q and does not contain 
any jioint of /. Hencje Q is not a boundary point of any set of points 
on 1. A like argument proves the second statement in the theorem. 

Corollary 1. A boundary point B of a set of points [7^] on a 
line I /s* any point sneJi that any seyment of I eonfaininy B contains 
a P and a point not in [7^]. 

Corollary 2. A boundary point B of a, set of points [/*] on a 
plane it is any point such that any triaaiyulur reyion of tt contain- 
in j B contains a P and a point not in [P]. 

Theorem 10. Let <t be the convex reyion common to a line I and a 
planar convex region R and let and R^ be the convex reejions 
fanned by the points of R which are not on a. The boundaries of R^ 
and of R.^ contain <t and all honndaru noinfs of a. Earh boundary 



UW COJSVKX REGIONS :m 

point of R is a boundary point of or of R^, and each 
boundary point of R^ or of R^ which is not on I is a boundary 
point of R. 

Proof If Q is any point of <t, and m a line on Q coplanar with 
R^ and distinct from /, any segment of m containing Q contains 
points both of R^ and of R^. Since any triangular region contain- 
ing Q contains a segment of vi containing (f it contains points 
both of and of Heiuic Q is a boundary point both of R 
and of R.^. If B is a boundary point of o*, any triangular region 
containing B contains a point Q of o-, and heiu^e, by the argument 
just given, contains points both of R^ and of R.^. Hence B is a 
boundaiy point both of R^ and of R^. 

Let yf be a boundary j)oint of R. Any triangular region T con- 
taining A contains at l(‘ast one point not in R^ or R^, namely, A 
itself. Since A is a boundary ])oint of R, T contains at least one 
point of R, wliicli may be in R^ or in R., or in a. In the latter 
case T contains points of R^ and R^ both, by the parngni])h above. 
Hence in every ease T c.ontains points of R^ or R.,. If every trian- 
gular region containing A (*ontains points of R^ and of R.,, A is a 
boundary point of both R^ and R.^. If tliis does not happen, some 
triangular region containing x\ contains ]M)ints of one of R^ and 
R^ (say Rj) and not of the other. Any triangular region T contain- 
ing A then contains points of R^ because by an easy construction 
we obtain a triangular region T' containing A and contaiiu'd in 
both T and T^; and since T' contains Ay it contains points of R, 
which because they are in must be points t)f R^. Hence A is a 
boundary point of R^. 

L(‘t C be a boundary point of R^ which is not on /. Any trian- 
gul ar region T containing C contains points of R, because it contains 
]>oints of Rj. It also contains points not in R^. One of these points 
is not in R unless T consists entirely of j)oints of R^, R.^, and /. 
If tlie latter case should arise, since C is not on / a triangular 
region T' could be constructed containing C, interior to T, and not 
containing any point of 1. T' then would contain points of both Rj 
and R^ and hence would contain a segment joining a point of R^ to 
a point of R.^; which segment, by Theorem 8, would contain a point 
of /, contrary to hypothesis. Hence T contains points not in R, and 
C is a boundary point of R. 
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Coroll All Y. Let a he the convex region common to a plane ir and 
a three-dimensional convex region R, and let and. R^ he the convex 
regions formed by the points of R which are not on tt. The boundaries 
of Rj and R.^ contain cr and all ho nndary points of a. Each boundary 
point of R is a boundary point of R^or of R.„ and each boundary point 
of Rj or of R,^ which is not on ir is a boundary point of R. 

It is to be noted that we have not proved that a convex region 
always has a boundary. Cf. Ex. 7, below. 

EXERCISES 

1. If A and H are two points of the boundary of a convex region R, one of 

the segiiKuiis joining them consists entirely of points of R or entirely of poiiits 
of the boundary of R. ^ 

2. A line has no ])()ints, one point, two points, or one interval in common 
with tin* boundary of a convex region. 

3. If a s(‘gm(mt consists of boundary points of a given set, its ends are also 
boundary points. 

4 . Using the notation of Theorem 10, no ])oint of I not in <7 or its bound- 
ary can be a boundary point of R. Hence if is a }>oint of a two- or three- 
dimensional convex region R, and P a boundary point of R, th(‘ })oints P and 
B are joiiKni by a s(‘gm(‘nt consisting entindy of points of R. 

5. Using the notation of the corollary of Theorem 10, no point of tt not in 
O' or its boundary can lx*- a boundary point of R. 

6. Using tli(^ notation of Theor<‘-m 10, if R and its boundary are contained 
in another convex region R', then no i>oint of the boundary of Rj not on o’ or 
its boundary (!an be on the boundary of Rg. 

7 . Hive an examjde of a space containing a convex region which has no 
boundary. 

8 . A ray whose origin is in the interior of a triangle met*ts tlu*- boundary 
of this triangular region in one and only one ])()int. 

* 9 . Let () lx* an arbitrary 2 X)int of a Euclidean plane, and R^, an ar})itrary 
convex region containing 0 and having a boundary which is met in two 
points by every line which contains a point of R„. Let any set of j)oints into 
which the boundary of R^^ can be transformed by a homothetic transforma- 
tion (§ 47) be calh'-d a circle. Let the point to which 0 is transform(*-d by the 
homotheti(! transformation which carries the boundary of R^j into any circle 
be called the center of this circle. Lot two point-pairs AB and A'B' be said 
to be conc/rnent if and only if there is a circle with A as cenb^r and passing 
through B which can be carried by a translation into one with A' as center 
and passing through B'. The geometry based on these definitions is analo- 
gous to the Euclidean plane geometry. Develop its main theorems. Cf. the 
memoir of H. Minkowski by D. Hilbert, Mathematische Annalen, Vol. LXVIIJ 
(1910), p. 445. 
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151 • Triangular regions. The theorems of the last sections can 
be used to complete the discussion of the regions determined by a 
triangle. We shall continue to use the notation of §26 and shall 
denote the sides AB, BC, CA by c, a, and b respectively. The points 
of the plane which are not on a form a convex region, of which a 
is the boundary. By Theorem 8 the points not on a or & fall into 
two convex regions, of each of which a and b together (by Theorem 10) 
constitute the boundary. The line c meets a and b in the points B 
and A respectively and hence has the segment 7 in common with 
one of the regions and 7 in common with the other. By Theorem 8 
the region containing 7 is separated into two convex regions, each 
having 7 on its boundary, and the other into two, each having 7 on 
its boundary. Tlius the three lines a, b, c determine four planar 
convex regions which are identical with the four triangular regions 
of Theorem 20, Chap. II. Since the lines enter symmetrically, each 
of the segments a, )8, 7, a, yS, 7 is on the boundary of two and only 
two of the triangular regions. 

The three vertices A, B^ C are on the boundaries of all four tri- 
angular regions, because every point of tlie jdane can be joined to 
these three points l)y segments not meeting the lines a, c. No point 
not on ((y by or c can be a boundary point of any of the triangular 
regions, because such a point is an interior point of one of them. 

Since any line m which meets one of the four planar convex regions 
meets it in a segment the ends of which are the only j)oints of m 
on the boundary, the three segments which bound one of the four 
triangular regions cannot be met by the same line. The boundaries 
of the four regions therefore consist respectively (cf. fig. 16) of the 
vertices of the triangle, together with 

a, yS, 7 for Region I, 
a, y9, 7 for Region II, 
a, yS, 7 for Region III, 
tty yS, 7 for Region IV. 

In addition to what has already been stated in Theorem 2, the 
discussion above gives us the following information : 

Theorem 11. ^ triangular region is bounded by the three vertices 
of the triangle y together with three segments joining them which cannot 
all be met by a line. 
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If A OB and AFC are two noucollinear segments they may be 
denoted by a and The two segments whose ends are B and C 
may be denoted by 7 and 7 , 7 being the one met by the line OP. 
As w'e have just seen, a, /3, and 7 , together with the vertices of the 
triangle, are the boundary of a convex region, and there is one and 
only one of the four convex regions of whose boundary a and l3 
form part. Hence 

Thkokem 12. For any two noncollinear segments a, /3 having a 
common end there is a unique triangular region and a unique seg- 
ment 7 such that a, /3, and 7 , together with the ends of a and ^^form 
the houndary of the triangular region. 

(yOHOLLAliY 1. On any 'point coplanar with hut not in a g'hven 
t ria ngnlnr region T, there is at least one line composed entirely \of 
points not in T. 

Corollary 2. The triangular region determined according to 
Theorem 12 hy two noncollinear segments CB’A and CA' H consists 
of the points of intersection of the lines joining B to the points of the 
first segment with the lines joining A to the points of the second seginent. 

The complete set of relations among the points, segimmts, and tri- 
angular regions determined by three noncollinear parts A, />', C may 
be indicated by the following tables. 


H,: 


where in the first table a ‘* 1 ” or a “ 0 ” is placed in tlm •z’th row and 
yth column according as the point whose name appears at the lie- 
ginning of tlie zth row is or is not an end of the segment whose 
name appears at the top of theyth column ; and where in the second 
table a “ 1 ” or a ‘‘ 0 ” is placed in the ^th row and/th column according 
as the segment whose name appears at the beginning of the zth row 
is or is not a part of the boundary of the triangular region whose 
name aptHiars at the top of theyth column. 
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EXERCISES 

1. The lines polar (§ 18, Vol. I) with respect to a triangle ABC to the 
points of one of the four triangular regions determined by ABC constitute 
one of the four sets of lines determined by ABC, according to the dual of 
Theorem 20, Chaj). II. The points on these lines constitute the set of all points 
coi>lanar with but not on the given triangular region or its boundary. 

2. Divide the lines of the plane of a cornjdete (piadrangh* into class(‘s 
according as the ])oint j»airs in which they meet the pairs of oj>posite sidi*s 
se})arate one another or not. Apply the I’esults to the problem : When can a 
real conic be drawn through four given |X)ints and tangent to a given line ? 
Dualize. 

152. The tetrahedron. The discussion in § 151 generalizes at once 
to space. Let us use the notation of § 26. The points not on con- 
stitute a convex region of which is the boundary. By Theorem 8, 
Cor. 1, tlie points not on and constitute two convex regions, of 
eacli of which, by Theorem 10, (x^ and form the boundary. 

The plane has ])oints in each of the three-dimensional convex 
regions bounded by and and hence by Theorem 7 has a f)lanar 
convex region in common with each of them. By Theorem 8, (Jor. 1, 
each of these jdaiiar (convex regions separates the spatial convex re- 
gion in wliich it lies into two S})atial convex regions, of each of whhdi 
(Theorem 10, Cor.) it forms part of the boundary. Thus the, points 
not on a;,, form four spatial convex regions. Since any plane 
not on meets a^, and in a triangle, it meets each of these 
four s})atial convex regions in a triangular region. Thus, since the 
})Ianes enter symmetrically% we have 

Tukokem 18. Definition. Thres planes meet hy pairs 

in three lines, and each pair of these lines hounds tu'o planar convex 
reyions, Tlie points not on a^, a^, and a^form four spatial convex 
reyions {called, trihedral regions) each hounded hy the three liries and 
three of the pla)iar convex reyions. The relations amony these reyions 
are fully represented hy the, 7natrices of § 161 if the three lines are 
denoted hy A, B, C, the planar convex regions hy a, 7, d, 7, ami 
the three-dimensional reyions hy I, II, III, IV. 

Each of the four spatial convex regions determined by a^, 
is met by in a triangular region and separated by it into two 
convex regions each of which is partially bounded by the triangular 
region. Hence the points not on a^, form eight convex 
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spatial regions which must be identical with the tetrahedral regions 
of Theorem 21, Chap. II. Since the planes cc^, enter sym- 

metrically, there are sixteen triangular regions each of wliich is on 
the boundary of two and only two three-dimensional regions ; and, 
moreover, each tetrahedral region has one and only one triangular 
region from each of the four planes on its boundary. 

Since any point not on a^, can be joined to any of the 

pHiits A^, A^ by a segment not containing any point of 

points A^, A^, A^, A^ are on the boundary of all 
eiglit tetrahedral regions ; and by similar reasoning each segment 
which bounds a triangular region also bounds each of the tetrahedral 
regions bounded by the triangular region. 

Theorem: 14 . The boundary of a tetrahedral region consists of its 
four vertices, together urith four triangular regions and the six seg- 
iiheiits hounding the four triangular regions and hounded hy the four 
vertices. 

Corollary. Three noncoplanar segments having a common end are 
on the boundary of one and only one of the tetrahedral regions having 
their ends as vertices. 

The complete set of relations among tlie points, segments, triangular 
regions, and tetrahedral regions determined by A^, A^, A^ may be 

indicated by three matrices analogous to those employed in §151. 
Th;it the points A^ and jij are ends of the segments and is 
indicated in the first matrix, a “P' in the yUi row and yth column 
signifying that tlie point whose name appears at tlie beginning of 
the ^th row is an end of the segment whose name appears at the 
to]) of tlie yth column, and a ‘‘ 0 ” signifying tliat it is not. 
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The four triangular regions in the plane a.{i = \, 2, 3, 4) 
determined by the lines in which the other three planes meet 
may be denoted by Applying the results of 
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1 151 to each plane we have the following mattix, in which a 
.‘1” or a “O” appears in the ith row and itli column according 
as the segment whose name is at the begiimiug of the ith row 
is or is not on the boundary of the triangular region whose 
name is at the top of the ji\\ column. 
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Let us denote the eiglit tetrahedral regions by and con- 

struct a matrix analogous to the preceding ones, in wliich a “ 1” or 
a 0 ” appears in the Ah row and ytli column according as the tri- 
angular region whose name is at the beginning of the Ah row is or 
is not on the boundary of the tetrahedral region whose name is at 
tlie top of the yth column. By definition there is a plane tt which 
meets all the six segments and none of the segments There 
is one and only one tetrahedral region not met by tt. Let us assign 
the notation so that this region is called T^. As tt cannot meet the 
segments and triangular regions on the boundaries of T^, these seg- 
ments must be the six segments and these triangular regions must 
be those bounded by cr». The latter can be found by means of the 
matrix H.,. This determines the first column of the matrix to be 
constructed. The other columns are found by considering succes- 
sively the ])lanes of the seven other classes of planes described m 
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§ 26 . Thus, for example, is the region on whose boundary are the 
segments 
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EXERCISE 

The planes polar (§18, Vol. T) with respect to a tetrahedron A BCD to 
the points of one of tlie tetrah(*dral regions determined by A BCD consti- 
tnt(» oTHi of the four sets of planes determined by A BCD according to § 2(). 
The points on th(\so jilanes constitute the set of all ])oints not on the given 
tetrahedral region or its boundary. 

* 153. Generalization to n dimensions. The generalization to 
n dimensions of the point pair, triangle, and tetrahedron is the 
{n + \)-point in n-space. This is any set of + 1 points no n of 
which are in the same (n— l)-space, together with the lines, 
planes, 3-spaces, etc. which they determine by pairs, triads, tetrads, 
etc. By a direct generalization of § 26 one proves that the points 
not on the n —1 spaces of an (>a 4- l)“point fall into 2^* miitnallv 
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exclusive sets R^, . . such that any two points of the same set 

are joined by a segment of points of the set and that any segment 
joining two points not in the same set contains at least one point 
on an (n — l)-space of the 4- l)-point. Any one of the sets 
called a simplex or n-dimensional segment. 

Thus tlie simplex is a generalization of the linear segment, trian- 
gular region, and tetrahedral region. By replacing triangular and 
tetraliedral regions by simplexes throughout §§ 148-152 we obtain 
iiniuediately tlie theory of 7/>-dimensional convex regions. A like proc- 
ess applied tt) §§ 154-157, below, gives the theory of ^wlimensional 
c.onnected sets, regions, continuous families of sets of points, con- 
tinuous families of transformations, continuous groups, etc,. We 
leave both series of generalizations to the reader. 

154. Curves. Definition. Let [T] be the set of all points on 
an interval of a line 1. A set of points [P] is called a con- 

tinuous CUT re or, more wsimjdy, a curve, if it is in such a correspond- 
ence r with [T] that 

( 1 ) for every T there is one and only one P such that P = F ( T) ; 

(2) for every P there is at least one T such that 7^= r(7'); 

(3) for every T, say T\ and for every tetrahedral region R con- 
taining r (T'), there is a segment <r of I containing J" and such 
that for every Tin cr, r(7'} is in R. 

A curve is said to be closed if r(7'y)= r(7'^). It is said to be 
simple if F can be chosen so as to satisfy (1), (2), (3) and so that if 
F(T')=7^ r(T") unless the pair T'T'' is identical with the 
pair Tj;. 

The point F(7’) is said to describe tlie curve as T varies. The 
curve is said join the points r(7'^^) and F(T^). 

In view of the definition of the geometric niiinber system in Chap. Vol. I, 
and the theorems in Chap. 1, Vol. IT, this definition could also be stated in 
tlio following form: Let (/) be the set of numbers such that 0^/ —1. A set 
.)f j)oints [7^3 is called a curve if it is in such a corr(‘spondencc T with [^] that 
(1 ) for every t there is one and only one P = F (t), (2) for every P there is a1 
least one t such that P = F (f), and (,3) for every /, say f, and for every tetra- 
luidral region R containing F (/') there is a number 8 > 0 such that if 
f—S<<<C+8, F0 is in R. 

Tn the Euclidean or non-Kuclideaii spaces (3) may he replacc^d hv the con- 
dition : For every t' and every positive number c there is a positive number 8 
sueh that iff' — 8<f<^'+8, the distance between F (0 and F (f) is le^ss than c. 
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The most obvious examples of simple closed curves are the 
projective line and the point conic. The proof that these are simple 
closed curves will be given for the planar case, and may be extended 
at once to the three-dimensional case by substituting tetrahedral 
regions fur triangular ones. 

Theorem 15. A projective line is a simple closed curve. 

Proof. Let [2^] be the set of points on a projective line and let 
P^, P^, ij, be four particular values of [7^] in the order {P^Pf^P^^. 
Let i;, Tj, 1\, 1\ be five collinear points in the order {T fl\T fl\T 
and let [T] be the set of all points of the interval If 7’ 

is on the interval TfTfT^y let T (T) be the point to which T is 
carried by a projective correspondence* which takes the points 
Tj, 7^ into /J, P respectively ; and if T is on the inter- 
val let r(7’) be the point to which T is carried by a 

projectivity which carries the points 7^, into 7^, 7^ 

respectively. 

The correspondence V is defined so that there is one and only 
one point P=r(7') for each T\ and also so that r(7'') F (T"), 
unless T'= r", or T'= 7; and 1\, or 1\ and 7^"= 1\. 
Thus [7^] satisfies conditions (1) and (2) of the definition of a curve 
and the condition that a curve be simple. 

Let R be any triangular region containing a point 7^'— r(T'). 
By Theorem 1 there is a segment of the projective line [7^] con- 
taining P' and contained in R; let P"=r(7’'') and 7^'"== F (7"'") 
be the ends of this segment. This segment is the image either of 
the points T between 7'" and 7'"' or of the points T not between 
7^" and 7"'". Hence if o- be any segment of the line con- 

taining T' and not containing T" or 7’"', every point T on a is siicli 
that F(7") is in R. Hence [7^] satisfies Condition (3) of the defini- 
tion of a curve. 

Theorem 16. A point conic is a simple closed curve. 

Proof, The proof is precisely the same as that of Theorem 15 
excej)t that [P] is the set of points on a conic, and the following 
lemma is used instead of Theorem 1. 

♦This does not use Assumption P, because it requires only the existence of a 
projectivity, and this may be set up as a series of pcrspectivities (cf.Chap. Ill, Vol I). 
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[ 154 ] 

Lemma. If a point F of a conic is in a triangular region R 
coplanar with there is a segment cr of which contains F and 
is contained in R. 

Proof, If is entirely in R the conclusion of the theorem is 
obvious. If not, let Q he a point of not in R. Ey § 75 the points 
of the line PQ interior to (7^ constitute a segment having F and Q 
as ends. T^et li he a point 
of this segment which is 
also on the segment con- 
taining F (Theorem 1), 
which the line FQ has in 
common with R (fig. 81). 

Let T he the common 
])oint of the tangents at 
J* and Q and let 'F and 
he points of R in the 
order {TFFF'). Let X' 
and S" 1)0 the points in 
which QT' and meet 
77i'; so tliat 
Let >V and be points 
interior to R, interior to and in the oixler 
(Theorem 1). The lines and nuH‘t TP in two j)oints and 
7^ resj)ectively in the order {TT^Tf*TfT^']. Since these points are 
on tlie s(»gment FFT’^ they are in R. Since Q is on the conic 
the lines Ql\ and QT^ meet C“ in two iioiiits J{ and F, respectively. 

Since is interior and (a point of a tangent) exterior to C", 
we have the order Ihit and J\ are in R and Q is not in R. 

Hence hy I'heorem 1, is in R. In like manner 7^ is in R. 

The segment F^PIl of the conic (F is now easily seen to consist 
entirely of points of R. For if F is any punt of this segment, and 
T and S the points in w^hich QF meets FT and RT respectively, 

rrim Ti VTT-J^ I ES>\S.,. 

Hence T is on the segment and S is on the segment 

Hence T and S are interior to R, and S interior to F, Since T is 
exterior to it follows that S and T separate F and Q, Therefore, 
as Q is not in R, F is in R. 
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EXERCISE 

The boundary of a triangular region is a simple closed curve. 

155. Connected sets, regions, etc. A set of points is said to be 
connected if and only if any two points of the set are joined by a 
curve consisting entirely of points of the set. A connected set is 
sometimes called a continuous family of points. In a space satis- 
fying Assumptions A, E, H, G (or A, E, K or A, E, J) a connected 
set is also called a continuum. A connected set in a plane such that 
every point of the set is in a triangular region containing no points 
not in the set is called a planar region. A connected set of points 
in space such that every point of the set is in a tetrahedral region 
containing no points not in the set is called a three-dimensip7ial 
region. \ 

A one-to-one transformation F carrying a set of points [X] in\o a 
set of points [Y] is said to be contimious if and only if for every X, 
say A"', and every tetrahedral region T (‘.ontaining r(A''), there is a 
tetrahedral region R containing AT' and such that for every A" in R, 
r(A') is in T. 

If a linear interval joining two points A, B is subjected to a con- 
tinuous one-to-one reciprocal transformation, it goes into a curve 
joining the transforms of A and B (§ 154). The set of points on the 
curve, excluding the transforms of A and i>, is called a 1-cell. 

If a triangular region and its boundary are subjected to a con- 
tinuous one-to-one reciprocal transformation, the set of j)oints into 
which the triangular region goes is called a simply connected clement 
of surface, or a 2- cell. 

If a tetrahedral region and its boundary are subjected to a (con- 
tinuous onotoone reciprocal transformation, the set of points into 
which the boundary goes is called a simply connected surface, or simple 
surface, and the set of points into which the tetrahedral region goes 
is called a simply connected three-dimensional region, or a 3-cell. 

EXERCISES 

1. A region contains no point of its boundary. 

2. If A and B arc* any two points of a planar region R, there exists a finite 

number of triangular regions • • •, such that has a ]>oint in coininon 

with ^ + 1 (i — 1, • • % A/ ~ 1) and /j contains A and contains B. This property 
could be tak(*ii as the definition of a region in a plane. 
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3. Given any set of regions all contained in a convex region. The set of 
all points in triangular regions whose vertices are in the given regions is a 
convex region. This region is contained in every convex region containing the 
given set of regions (J. W. Alexander). 

4. The set of all points on segments joining pairs of points of an arbitrary 
region R contained in a convex region constitutes a convex region R'. The 
region R' is contained in every convex region containing R. 

5. The boundary (§ 150) of a region in a plane (space) separates (§ 140) 
the set of all points in the region from the set of all points of the plane (space) 
not in the region. 

6. A continuous one-to-one reciprocal transformation of space transforms 
any region into a region. 

156. Continuous families of sets of points. The notion of con- 
tinuous curve has the following direct generalization : 

Definition. Let [T] be the set of all points on an interval 
of a line L A set of sets of coplanar points [S] is called a con- 
f/inuotcs one-parameter family of sets of points if it is in such a 
correspondence F with T that 

(1) for every T there is one and only one set S such that S = r(r) ; 

(2) for every set S there is at least one T such that S = r(7’); 

(3) for every T, say T\ and for every triangular region R includ- 
ing a point of the set r(T'), there is a segment a oi I containing 
and such that if T is in o- at least one point of the set r(5’) is in R. 

The definition of a continuous one-parameter family of sets of 
points in space is obtained by replacing the triangular region R in 
the statements above by a tetrahedral region. 

If the sets S are taken to be lines, planes, conics, quadrics, etc., 
this gives the definition of one-parameter continuous families of 
lines, planes, conics, quadrics, etc., respectively. Cf. Exs. 1-5, below. 

Definition. A connected set of sets of points or a continuous 
family of sets of points is a set of vsets of points [S] such that any 
two sets Sj, are members of a continuous one-parameter family 
of sets of [S]. 

For example, the discussions given below in terms of elementary 
transformations establish in each case that a sense-class is a con- 
nected set of sets of points. Cf. also Exs. 6-7, below. 

The definition of a continuous family may be extended in an obvious way 
so as to include sets >\hoae elements are points, sets of points, sets of sets of 
[>oints, etc. 
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EXERCISES 

1. Defining an envelope of lines as the plane dual of a curve, prove that an 
envelope is a continuous one-parameter family of lines. 

2. The space dual of a curve is a continuous one-parameter family of i)lanes. 

3. Pencils of lines and planes are continuous one-parameter families. 

4. A line conic or a regulus is a continuous one-parameter family of lines. 

5. A pencil of i)oint conics is a continuous one-param(;ter family of curves. 

6. The set of all lines in a plane or s])ace or in a linear congruence or a 
linear com])lex is a connected set of sets of points. 

7. The set of all planes in space or of all planes tangent to a (quadric is a 
connected set of sets of points. 

157, Continuous families of transformations. Let [T] be the set 
of all points on an interval of a line 1. Let [11 y] be a set of 
transformations of a set of points [7^]. If (1) to every T there cor- 
responds one and only one transformation 11 y., and (2) for evdry 
point F the set of points [ny,(P)] is a curve for which the detiniug 
correspondence F (in the notation of § 154) may be taken to be 
the correspondence between T and ny.(P), then [Ily,] is said to l)e a 
continuous 07ie~parameter family of transformatioyis. The curves 
[ny.(P)] are called the path curves of [11 y.]. 

The term '' continuous one- parameter family of transformations ” 
may also be apjdied to a set of transformations [11 y,] of a set S of 
points P and of sets of points S (e.g. N may l)e a set of figures as 
defined in § 13, Vol. 1). In this case (1) and (2) must be satisfied, 
and also the following condition: (3) lor every set of points S, 
[ny,(S)] is a one-parameter continuous family of sets of points for 
which the defining correspondence F (in the notation of § 15G) may 
be taken to be the correspondence between T and lly,(S). 

If the set of correspondences [11 y,] is both a group and a continuous 
one-parameter family of transformations, it is called a one-parameter 
eontinuou>s group. 

A set of transformations [11] of a set of points and of sets of points, 
such that any two transformations of [11] are members of a con- 
tinuous one-parameter family of transformations of [11], is called a 
continuous family of transformations. If [11] is also a group, it is 
called a continuous group. 

If [Ily,] is a continuous one-parameter family of one-to-one recip- 
rocal transformations of a figure F, and if ITy,^ is the identity, then F 
is said to be moved, or deformed, to the figure through the set 
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of intermediate positions [ny(i^)]. Any one of the transformations 
Hj, is called a deformation) if is a set of points and all the 
transformations of the family [H^,] are continuous, the deformation 
is said to be a continuous deformation. 


158. Affine theorems on sense. Let us recapitulate some of the 
main propositions about sense-classes in Euclidean spaces by 
(uiuinerating the one-dimensional propositions of which they are 
generalizations. 

The group of all projectivities + h on a Euclidean line 

has a subgroup of direct projectivities for which a > 0. This sub- 
group is self-conjugate, because if a transformation of the group be 
denoted by 2, and any other transformation x' ^ ax ^ by T, then 
T2T-^ is 


a;' = a X ~ 4- -h /3, 


a transformation in wlii(4i the coefficient of x is positive. From 
the fact tliat the subgroup is self-conjugate, it follows as in § 
tliat the same subgroup is defined by the condition a > 0. no 
matter how the scale is chosen, so long as Poo is the jxnnt at 
infinity. These statements are generalized to the plane in § 30 and 
to spaces of any dimensionality in § 31. The generalization consists 
in replacing a by the determinant 


for tlie two-dimensional case, and by the corresponding 7i-rowed 
determinant in the 7i-dimensional case. 

A sense-class ^\AB) is the set of all ordered pairs of points 
into wliich a pair of distinct points can be carried by direct pro- 
jectivities (§ 23). This proposition is generalized to the jdane in 
§30 and to 7i-space in § 31. 

A particular arbitrarily chosen sense-class shall be called positive 
and the other sense-class shall be called negative. This statement 
reads the same for any number of dimensions. In the three-dimen- 
sional case the positive sense-class is also called rightAiandcd and 
the negative sense-class left-handed (see the fine print in § 162). 

In the one-dimensional case a noiihomogeneous coordinate sys- 
tem is called positive if is positive. In the tw^o-dimensional 
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case a nonhomogeueous coordinate system is called positive if 
S{OXY) is positive when O = (0, 0), Ar=(l, 0), and r= (0, 1). In 
the three-dimensional case a nonhomogeneous coordinate system 
is called positive or right-handed if S{OXYZ) is positive when 
0= (0, 0, 0), Ar= (1, 0, 0), F= (0, 1, 0), and (0, 0, 1). 

On the Euclidean line two ordered pairs of points AB and A’B' 
are in the same sense-class if and only if 

la j la' 

1 h 1 V 

have the same sign, a, hj a', being the nonhomogeneous coordinates 
of A, B, A\ B' respectively. Hence, if the coordinate system is posi- 
tive, S{AB) is positive or negative according as {b — a) is positive or 
negative. Similar criteria for the plane and space are givei^ in 
§§ 30, 31. It follows immediately that if the coordinate system 
in the plane is positive, S(ABC) is positive or negative according 
as the determinant 


is positive or negative, where A = (a^, a^), B = (b^, b^), C= (c^, c^). 
If the coordinate system in space is positive, S{ABCI>) is positive 
or negative according as the determinant 




is positive or negative, where A=(a^, a^, aj, B = (b^, b^, bj, (7 = 

In the one-dimensional case B is on one or the other of the rays 
having A as origin according as S{AB) is positive or negative. 
In a Euclidean plane C is on one side of the line AB ox the other 
according as S {ABC) is positive or negative (§ 30). In a Euclidean 
space D is on one side or the other of the plane ABC according as 
S (ABCD) is positive or negative. 

The projectivities of the Euclidean line are in one-to- 

one reciprocal correspondence with the points (a, b) of the Euclidean 
plane. The direct projectivities correspond to the points on one 
side of the line a = 0 and the opposite ones to those on the 
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other side. From this it readily follows that the set of all direct 
projectivities forms a continuous group, whereas the set of all projec- 
tivities is a group wliich is not continuous. 

In like manner the transformations 

x' = + a^^,, 

y' = « 21 ^ + « 22 y + ^^20 

can be set in correspondence with the points of a six-dimensional Euclidean 
s})ace, the direct and opposite collineations respectively corresponding to 
points of two regions separated by the locus 

^11^22 ^12^21 ~ 

Similarly, the direct and opposite collineations in a Euclidean space of three 
dimensions may be represented by joints of two regions in a sj)ace of twelve^ 
dimensions. In all three cases the set of all direct collineations forms a con- 
tinuous groiij), but the set of all collineations does not. 

Another w’ay of coming at the same result is this : Let the ordered pairs 
of ])oints .lyi of a Euclidean line be re]jresent<‘d by thti points («, b) of a Euclid- 
ean i)lan(*, (I being the nonhomogeneous coordinate of A , and b that of B. Under 
this convention the points representing })airs of the ])ositive sense-class are 
on one side of the line 6 — a = 0 and those rejtresenting pairs of the negative 
sttnse<dass on tlie other side of this lin(‘. The on(‘-dimensional affine projec- 
tivities are in one-to-one reciprocal correspondence with the ordered point 
[jairs to which they carry a fixed ordered point ]>air PQ. The direct ))rojec- 
tivities thus correspond to point pairs represented by ])oints on one side of 
tlie line b — (i — 0 and the opj)osite projectivities to point pairs represented 
by j)oints on the other side. 

159. Elementary transformations on a Euclidean line. Definition. 
Given an ordered pair of points AB of a Euclidean line, the oper- 
ation of replacing one of tlie points by a second point not separated 
from it hy the other point is called an elementary transformation 
of the pair AB.* 

Thus AB may l)e transformed into AB' if {ABB^} or {AB^J>\. In 
other words ((if. § 23) B can be transformed to any point B’ such 
that S{AB)=- S{AB^), and into no other. Hence it follows that if 
AB is transformable to A^B^ by any sequence of elementary trans- 
formations, S{A B) = S {A^B ^) . 

Conversely, if S{AB) = S{A'B'), it is easy to see, as follows, that 
by a secjuence of elementary transformations AB can be transformed 

* The transformations which we have considered heretofore have usually been 
transformations of the line, plane, or space as a whole. Here we are considering a 
transformation of a single pair of pointis 
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to From the theorems on linear order in Chap. II it follows 

that there are two points and -B" satisfying the order relations 

{ABA"B"} and 

By elementary transformations AB goes to AB"; AB" to A"B"; A" B" 
to A'B"; and A'B" to A'B'. Hence we have 

Thkorem 17. On a Euclidean line the set of all ordered pairs 
of points into which an ordered pair of distinct points A B can he 
transformed hy elementary transformations is the se7ise-class S{AB), 

An eltMuentary transformation may be regarded as a special type of con- 
tinuous deformation (§ 157). If AB is carried by an elementary transformation 
to AB\ the point B may be tlionglit of as moved (§ 157) along the segjnent 
BB' from B to B\ and since this segment does not contain A, the motion is 
snch tliat the pair of distinct points never degenerates into a eoincident\^air. 
Thus we may say that a sense-class consists of all pairs obtainable from a 
fixed pair by deformations in which no pair ever dc^gtuujrab^s. 

When the ordered point j)airs an* repres(mt(id by points in a Euclide,an 
j)lane, as exjdained at the (uid of tin; last s(‘ction, an el(‘mentary transforma- 
tion corresponds to moving a i>oint (a, h) parallel to the «-axis or the //-axis 
in such a way as not to intersect the line a = />. 

Definition. An elementary transformation of a pair of ixfints 
AB is said to be restricted with respect to a set of points [P] if and 
only if it ciirries one of the pair, say B, into a point B^ such that 
the segment />// does not contain any one of the points P. (Any 
one of these points may, however, be an end of the segment P>P>\) 

It is evident that any elementary transformation can be effected 
as a resultant of a se(][uence of elementary transformations which 
are restricted with respect to an arbitrary finite set of points. Hence 
Theorem 17 has the following corollary: 

Corollary. Let P^^ he any finite set of points on a 

line L Two ordered pairs of points are in the same sense-class if and 
only if one can he carried into the other hy a sequence of elementary 
transformations restricted with respect to P^, P^, • • •, 

The concept of a restricted elementary transformation is intimately con- 
nected with the idea of a « small motion.” In the metric geometry the points 
Pj, Pgj * * *> can be chosen so as to be in the order { P^, * "» 

that the segments PiPi+i are arbitrarily small. Any elementary transforma 
tion of a pair of points on the interval P,Pi 4 i will be <;ffe(;ted by a small 
motion of one of the points in the j)air. 
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160. Elementary transformations in the Euclidean plane and space. 

Definition. Given an ordered set of three noncolliiiear points in 
a Euclidean plane, an elementary transformation is the operation 
of replacing one of them by a point which is joined to it by a 
segment not meeting the line on the other two. 

As ill tlin one-dimensional case, an elementary transformation may be 
regarded as (‘ffected by a continuons deformation of a point triad. A path is 
si>ecili(‘d along which a ]>oint may be moved without alh>wing the triad to 
degenerate into a collinear one. 

Let J, B, 0 be three noncolliiiear points and let C' and />*' be 
points of the segments AJJ and CA respectively. Then by elemen- 
tary transformations (cf. fig. 84, p. 428) ABC goes to C’BC] and 
this to ifBB'\ and this to C'CB^\ and tliis to BCB'\ and this to 
BCA, In like manner it can be shown that ABC can be carried 
to CAB by a sequence of elementary transformations. Hence any 
even j)ermutation of three noncolliiiear points can be effected by 
elementary transformations. 

By Theorem 27, § 80, an elementary transformation leaves the 
sense of an ordered triad invariant. Hence, by Theorem 26, § 30, 
no odd permutation can be effected by elementary transformations. 

If A\ B\ C' are any three noneollinear points, AJiC can be 
(‘.arric'd into some jiermutation of A'B'C' by elementary transforma- 
tions. For since at most one side of the triangle A^B'C^ is parallel 
to tlie line AB, this line meets two of the sides in jioints which we 
may denote by A'' an<l 7^". By one-dimensional ehmientary trans- 
formations on the line .///, the ordered ]>air AJ> can he carried 
either to or to These one-dimensional elementary 

transformations determine a sequence of two-dimeaisional elemen- 
tary transformations leaving invariant and carrying AB<J to 
A" B' A' or to B^LM'C. The point C can be carried by an obvious 
elementary transformation to a point C'^ such that A^^CB is not 
parallel to any side of .17?' C, and then can be carried to 

two of the points, say in which the line yl"(^" meets the 

sides of the triangle A!B'C\ The points A^^'B^^CA^^ are on the 
sides of the triangle A^B'C\ and the one-dimensional elementary 
transformations on the sides which carry them into the vertices 
determine two-dimensional elementary transformations which carry 
4"7?"(''" to some permutation of A!BfC\ 
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Sincse ABC cannot be carried into A!&C^ if S{ABC)4=^ S(A^B'C'), 
and since all even permutations of A'B'C^ can be effected by elemen- 
tary transformations, it follows that ABC can be carried into A'B'C^ 
by a sequence of elementary transformations if S(ABC) = S(A^B'C'), 
Hence we have 


Theorem 18. In a Euclidean plane S{ABC) = S{A'B'C') if and 
only if there exists a finite set of elementary transformations carrying 
the noncollinear points A, B, C into the points A\ B\ Cf respectively. 


Definition, (liven an ordered set of four noncoplanar points, an 
elementary transformation is the operation of replacing one of them 
by another point which is joined to it by a segment containing no 
point of the plane on the other three. j 

Let ABCD be four noncoplanar points. Holding D fixed, ABC may 
be subjected to precisely the sequence of elementary transformatWs 
given above in the planar case for carrying ABC into BCA. T^is 


effects the permutation 


(A B C D\ 
\B C A Dr 


the symbol for each point being written above that for the point into 
which it is transformed. In like manner we obtain the permutations 

I A B C D\ (A B C I)\ (A B C D\ 

\B D C a) \C B D a) \A C 1) Br 

and it is easily verifiable that any even permutation of ABCD is a 
product of these permutations. Hence any even permutation of a 
set of four points may be effected by elementary transformations. 
By Theorem 23, § 27, an elementary transformation of four points 
(^ 1 * l^^ves the sign of 



invariant, and hence leaves their sense-class invariant. Hence (§31) 
no odd permutations of four noncoplanar points can be effected by 
elementary transformations. 

An ordered tetrad ABCD of noncoplanar points can be carried 
into some permutation of an ordered tetrad A^B^C^D^ of noncoplanar 
points. For the line AB is not parallel to more than two planes of 
the tetrahedron, and hence by the one-dimensional case AB can be 
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carried into two points " of the planes of the tetrahedron A! 

By repeating this argument it is easily proved that C and D can also 
be carried to points on these planes. By the two-dimensional 

case it follows that the ordered tetrad of points on the 

planes of the tetrahedron A^B'C^I)^ can be carried into some permu- 
tation of its vertices. Since ABCD cannot be carried into A'B^C^D\ 
if S{ABCD)^ S{A'B'C'B) it follows by the last paragraph but one 
that it can be carried into A^B^C^D^ if S(ABCI>)=: S{J'B'C^Z)^). 
Thus we have 

Theorem 19. In a Euclidean space S (yiBCD)=S (A' BU if and 
only if there ej/isfs a finite set of elementary transformations carrying 
the noncoplanar points Ay B, C, I) into the points A\B\ respectively. 

The theorems and definitions of the last two sections can be re- 
garded as based on any one of the sets of assumptions A, E, IT, C, B 
or A, K, K or A, K, P, S. Assumption P is used wlierever cochdinates 
are employed, but it is possible to make tl\e argument without the aid 
of coordinates and tlius to base it on A, E, S alone (cf. Ex. 2, § Ifil). 

161. Sense in a convex region. Definition. Given a set of three 
noncollincar ])oints of a planar convex region R, the operation of 
n'^dacing any one of them by any other point of R on the same 
side of the line, joining the other two is called an elementary 
transformation. The set of all ordered triads obtainable by finite 
sequences of elementary transformations from one noncollinear 
ordered triad of points ABC is called a sensc-class and is denoted 
by S{ABC). 

This definition is in agreement with the j)ropositions about sense 
given for the special case of a Euclidean plane. Moreover, if R is any 
convex region, and L is any line coplanar with R but containing no 
])oint of R, two triads of points of R are in the same sense with 
respect to R if and only if they are in the same sense with respect 
to the Euclidean plane containing R and having L as singular line. 
Hence the theorems of § ICO may be taken over at once to convex 
regions in general. This result may be stated as follows : 

Theorem 20. In a planar convex region there are two and only 
hno senses. Sense is preserved by even and altered by odd permu- 
tations of three noncollinear points. Two points C and J) are on 
opposite sides of a line AB if and only if S{ABC)d=^ S{ABD). 
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Definition. Given a set of four noncoplanar points of a three- 
dimensional convex region R, the operation of replacing any one of 
them by any point of R on the same side of the plane of the other 
three is called an elementary transformation. The set of all ordered 
tetrads obtainable by finite sequences of elementary transformations 
from one noncoplanar ordered tetrad of points ABCD is called a 
sense-class and is denoted by S{ABCD). 

The theories of sense in a three-dimensional convex region and in 
a three-dimensional Euclidean space are related in just the same 
way as the corresponding planar theories. Hence we have 

Theorem 21. In a three-dimensional convex region there arc two 
arid only two senses. Sense is preserved hy even and altered hy odd 
permutations of four points. Two points 1) and E are on opposite 
sides of a plane ABC if and only if S (ABCD) --4=^ S(ABCE). 


EXERCISES 

1. The whole theory of order relations can be developed by dt^fininpf sense- 
class on a lin(i by means of ehimentary transformations instead of as in Chaj). TI. 

*2. Develop the theory of ord(‘r in two- and thr(M‘-dim(*nsional conv(‘x n - 
j^ions, defining sense-tdass in terms of elementary transformations and using 
Assumptions E, S or Assumptions I— VIII of §20 (cf. Theorem o, § IIS) 
as basis. 

3. An elementary transformation of a triad of points AIW is said to 

be restricted with respect to a set of points /q, Pgi***? carriers a j>oint 

of the triad, say f into a jKunt C' such that the segment CC' do«‘s not 
contain any point collinear with two of the ]ioints • • • , Two 

{»rdered triads of j)oints are in the same sense-class if and only if ther(‘ is a 
s(*,(pience of restricted ehuuentary transftirmations carrying the one triad 
into the other. 

4. Generalize the notion of restricted elementary transformation to space. 

162. Euclidean theorems on sense. The involutions which leave 
the point at infinity of a Euclidean line invariant may be called 
point refections. The product of two point reflections is a parabolic 
projectivity leaving the point at infinity invariant, and may be called 
a translation. A point reflection has an equation of the form 

(1) X + &, ” 

and a translation has one of the form 
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The point reflections interchange the two sense-classes of the Euclid- 
ean line, and the translations leave them invariant. 

In generalizing these propositions to the plane, the point reflec- 
tions may be replaced by the orthogonal line reflections (Chap. IV) 
or, indeed, by the set of all symmetries, and the one-dimensional 
translations by the set of all displacements in the plane. Since an 
orthogonal line refletition in the plane interchanges the two sense- 
classes, any symmetry interchanges them, but any displacement 
leaves each of tliem invariant. The generalization to three-dimensions 
is similar. 

The equations of a displacement in two or three (or any number 
of) dimensions are a dir(‘ct generalization of the one-dimensional 
equations, namely, 

(3) r' = +h„ (i = 1, 2, . . 7 i) 

where the matrix (a^) is orthogonal and the determinant is -f-1. 
The equations of a symmetry satisfy the same condition except that 
the determinant is —1 instead of +1. 

It is worthy of comment that the distinction between displace- 
ments and symmetri(\s holds in the complex space just as well as 
in the ixial, whereas tlie distinction between direct and opposite 
colli neations holds only in the real space. Algebraically, this is 
be(*-ause the distinction of sense depends merely on the sign of the 
determinant whereas the distinction between displacements and 
symmetries is between collineations satisfying the condition = 1 

ami |ay| = — 1. In the representative spaces of six and twelve dimen- 
sions referred to in § 158, [«^| = 1 and |ay.| = — 1 are the equations 
of noiiintersecting loci. 

From the jK)iiit of vit'w of Euclidean geometry, as has betui said above, 
the two sense-classes art» indistinguishable.* In the applications of geometry, 
however, a number of extra-geometrical elements enter which make the two 

* This does not contradict the existence of a geometry in which one sense-class 
is specified absolutely in the assumptions. The group of such a geometry is unlike 
the EncJideaii group in that it does not include symmetries though it does include 
hisplac.ements. Its relation to the Euclidean geometry is similar to that of the 
geometries mentioned in the fine print in § 110. Those geometries, however, corre- 
spond to groups which are not self-con jugate under the Euclidean group, whereas 
Ihis one corresponds to a self-conjugate subgroup. On the foundations of geometry 
in terms of sense-relations taken either absolutely or relatively, see the article by 
bchweitzer referred to in § 16. 
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sense-classes play essentially different rdles. Thus any normal human being 
who identifies the abstract Euclidean space with the space in which he views 
himself and other material objects may 
single out one of the sense-classes as 
follows: Let him hold his right hand 
in such a way that the index finger is 
in line with his arm, his iniddlt* finger 
at right angles to his index finger, and 
his thumb at right angles to the two 
fingers (fig. 82). Let a point in his palm 
be denoted by 0, and the tips of his 
thumb, index finger, and middle finger 
by Xf y, Z res] )ec lively. The sense-class 
S {OXYZ) shall be called right-handed 
or positicey and the other left-handed or 
negative. This designation is unique be- 
cause of the mechani(!al structure of 
the body. 

A nonhomogeneous coordinate system 
is called right-handed or positive if and 
only if S(OXyZ) is i>ositive when 

o ^ (0, 0, 0), A=(i, 0, 0) , r=(o, 1,0), 

and Z = (0, 0, 1). The reader will find it convenient whenev(‘r an arbitrary 
sense-class is called ]K)silive to identify it with the intuitivtdy rightrhaiided 
sense-class.* 

163 . Positive and negative displacements. On a Euclidean line, 
if a translation canies one point A to a point B such that S{AB) 
is positive, it carries any point ^ to a j)oint B such that S(AB) is 
|X)sitive. Such a translation is called positive. Any other translation 
is called negative and has the property that if it carries C to Z>, 
S{CD) is negative. Any translation carries positive translations into 
positive translations; i.e. if T’ is a positive translation and T any 
translation, TT T~^ is a positive translation. A translation x'= -f I 
is positive or negative according as h is positive or negative, provided 
that the scale is such that S(F^F^ is positive. The inverse of a 
positive translation is negative. 

The distinction between positive and negative translations is quite distinct 
from that l>etween direct and opposite projectiyities, for all translations 
are direct. 

* All interesting account of the way in which this choice is made in various 
braneluis of mathematics and other sciences is to be found in an article by K. Study ^ 
Archiv dcr Mathematik und Physik, 3d series, Vol. XXI (1913), p. 193. 
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A like subdivision of the Euclidean displacements of a plane 
which are neither translations nor point reflections nor the identity 
may be made as follows: A rotation leaving a point 0 fixed and 
carrying a point A to a point B not collinear with 0 and A is said to 
he positive if S{OAB) is positive and to be negative if S{OAB) is 
negative. It is easily proved that if S{OAB) is positive for one 
value of A it is positive for all values of A. The inverse of a positive 
rotation is negative. Any displacement transforms a positive rotation 
into a positive rotation. 

A rotation is a product of two orthogonal line reflections 
and {mM^} such that the lines I and m intersect in 0, Hence the 
ordered pairs of lines which intersect and are not perpendicular fall 
into two classes, which we shall call positive and negative respec- 
tively, according as the rotations which they determine aie positive 
or negative. 

In a three-dimensional Euclidean apace let A be a point not on 
the axis of a given twist which is not a halMwist, let 0 be the 
foot of a perpendicular from A on the axis of the twist, and let A' and 
O’ be the points to which A and O respectively are carried by the twist. 
Th(i twist is said to be positive or HghtAianded if S{0j\0’A’) is posi- 
tive or right-handed and to be negative or left-handed if S{OAO’A’) 
is negative. 

It is easily seen that S{OAO'A’) is the same for all choices of yl, so 
that the definition just made is independent of the choice of A. The 
inverse of the twist carrying O and A to O' and A’ carries O' and A’ 
to 0 and A, and thus is positive if and only if S{0’ A’ 0 A) is positive. 
Since S(0’A'0A) = S(0A0’A’), the inverse of a positive twist is posi- 
tive. Any direct similarity transformation carries a positive twist 
into a positive twist. 

With the choice of the right-handed sense-class described in the fine print 
in § 1()2, the definition here given is such that a right-handed twist is tlio 
flisplacement suffered by a commercial right-handed screw driven a sliort 
distance into a piece of wood. 

Since a twist is a product of two orthogona’ line reflections, 
it follows that the pairs of ordinary lines Im which 
are not parallel, intersecting, or perpendicular fall into two classes, 
according as the twist {mw«} • {lU} is positive or negative. We 
shall call the line pairs of these two classes positive and right-handed 
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or negative and left-handed respectively. Since the inverse of a 
positive twist is positive, the ordered pair ml is positive if Im is posi- 
tive. Hence a pair of lines is right-handed or left-handed without 
regard to the order of its members. Any direct similarity transfor- 
mation carries a right-handed pair of lines into a right-handed pair 
and a left-handed pair into a left-handed pair. 

EXERCISES 

1. The collineations which are commutative with a positive displacement 
(or with a negative displacement) are all direct. 

2. By the definition in § GO, 0<2iAOB<ir or tt < 4. D>R< 2 tt according as 

S(^OA]l) is positive or negative, provided that the points 0, are so 

chosen that is positive. j 

3. By the defiiiition in § 72, 0<m (/,/o) < ^ or ^ <wi ) <7r according as the 

ordered line pair is positive or negative. “ “ \ 

4. Let us define an elemeutary transformation of an or(l(‘r(*d line pair'/^/j in 
a plane as being either the o]>eration of replacing or ^ hue parallel to 
itst'lf, or the ojieration of replacing or /^j, say by a liiu* through the point 

which is not separated from f by and th(‘ lim* tlirough perjiendicu- 
lar to /jj. Two ordered jiairs of nonparalh'l and nou}>erj)endicular lines are 
equivahmt under elementary transformations if and only if tlu^y are both in 
the positive or both in the negatives class. 

5. Let us define an elementary transformation of a 2 >air of nonj>arallel and 
nonperjxmdicular lines in s}>a(;e as the operation of r(*]>latdng one of tin* 
lines, say /j, by a line inters(*cting and not S(‘])arate(i from by tlie plane 
through the ])()int of inters(*ction j»erpendicular to f and the jdane through 
this point and 'I'he pair can be transform(*d into a ])air of lines m^m^ 
by a seipience of (dementary transformations if and only if both pairs are 
riglii>-handed or both pairs are left-handed. 

164. Sense-classes in projective spaces. It lias been seen in 
Chap. 11 (cf. §§18 and 32) that the distinction between direc^t and 
opposite collineations can be drawn in any projective s])ace of an 
odd number of dimensions which is real or, more generally, which 
satisfies A, E, S, This depends (§ 32) on the fact that the sign of 
a determinant |ay.| (i,J =0, !,•••, n) cannot be changed by multi- 
plying every element by the same factor if n is odd, and can be 
changed by multiplying every element by — 1 if ti. is even. 

In a real projective space of odd dimensionality the direct collin- 
eations form a self-conjugate subgroup of the projective group and 
thus give rise to the definitions of sense-class in §§ 19 and 32. 
The same remarks are made about the independence of this deiinition 
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of the frarae of reference as in the Euclidean cases, and the criteria 
for sense in terms of products of determinants are given in §§24 
and 32. If one forms the analogous determinant products for the 
projective spaces of even dimensionality, it is found that the sign of 
the j)roduct may be changed by multiplying the coordinates of one 
])()int by — 1, which verifies in a second way that there is only one 
sense-class in a projective space of an even number of dimensions. 

The i)rojectivity ^ ^ a^^ic -f 

may be represented by means of a point in a pro- 

jective space of three dimensions. The points representing direct 
projectivities are on one side of the ruled quadric 


and those representing opposite projectivities on the other side. 
This representation of projectivities by points is in fact identical 
with that considered in § 129. It can be generalized to any num- 
ber of dimensions just as are the analogous representations in § 1 58. 

It readily follows that the group of all projective collineations in 
a r(*al S})acc of n dimensions is continuous if n is even, and not 
continuous if n is odd. If is odd the group of direct collineations 
is c.ontinuous. 

In the following sections (§§ 165-167) we shall discuss the 
seiivse-classes of ])rojective sj>aces by means of elementary transfor- 
mations, the latter term being used as before to designate a particular 
type of continuous deformation. After this (§§ 169-181) similar 
(U)nsiderations will be ap[)lied to other figures. 

165. Elementary transformations on a projective line. Definition. 
(livtm a set of tliree eollinear points A, 7i, an elementary transfor- 
mation is the operation of replacing any one of them, say ^/, by another 
point j]! su(‘li that tluu’e is a segment yl.l' not containing B or i\ 

Tiieokem 22. Two ordered triads of points on a real projective 
line iiave the same sense if and only if one is transforinahle into 
the other hy a finite ninnher of elementary transformations. 

Proof. Comparing the definitions of elementary transformation 
and of segment (§ 22), it is clear that a single elementary trans- 
formation cannot change the sense of a triad of points. Hence two 
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triads of points have the same sense if one can be transformed into 
the other by a finite number of elementary transformations. The 
converse statement, namely, that a triad A, B, C can be transformed 
by elementary transformations into any other triad A!b!C' in the 
same sense-class, follows at once if we establish (1) that ABC can 
be transformed by elementary transformations into BCA and CAB 
and (2) that any ordered triad of points A, By C can be transformed 
by elementary transformations into one of the six ordered triads 
formed by any three points A\ B\ C\ 

(1) Let D be a point in the order {ABCD}, Then by elementary 
transformations we can change ABC into ABDy then into ACDy 
then into BCDy and then into BCA. By repeating these steps once 
more ABC can be transformed into CAB. 

(2) If A^ does not coincide with one of the points A, B, c\ it is 
on one of the three mutually exclusive segments (§ 22) of which 
they are the ends; and by (1) the points ABC may be transformed 
so that the ends of this segment are B and C. Hence we have 
[ABA^ C}, and by elementary transformations ABC goes successively 
into AA'C, BA^Cy BA! Ay BA!C. If A^ does coincide with one of tlie 
points A, By Cy the triad ABC may be transformed according to 
(1) so that A' = A. In like manner the three points A'BC can be 
transformed into A\ B\ C in some order, and then ^'7^' 6’ into A'B'C' 
in some order. 

I'he proof given for this theorem holds good witliout change on the basis 
of Assumptions A, E, S. Cf. § 15. 

Definition. An elementary transformation of a triad of points 
ABC of a line I is said to be restricted with respect to a set of 
points J\y 7^ if it carries one point of the triad, say Cy into 

a point C" such that C and (7' are not separated by any pair of the 
points I\y 7J, . . 7^. {C or C" may coincide with any of the points 

Pv; P.-) 

It is obvious that any elementary transformation whatever is the 
resultant of a finite number of restricted elementary transformations. 
Hence Theorem 22 has the following immediate corollary: 

Corollary. Let ij, • • ^ any finite'set of points on a line I 

Two ordered triads of points of I have the same sense if and only if 
one is transformable into the other by a finite number of elementary 
transformations restricted with respect to ij, ij, • • •, P^. 
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The concept of *' restricted elementary transformation ’’ connects with the 
intuitive idea of small motions.** Eet a line be set into projective corre- 
spondence with a conic, say a circle. For any n there is a set of points 
circle such that the intervals etc. are equal. 

By increasing n these intervals can be made arbitrarily small, and thus 
the ehunentary transformations restricted with respect to Pj, - P„ can 
be made arbitrarily small. 

166. Elementary transformations in a projective plane. Definition. 
(Jiveii a set of four points in a projective plane, no three being col- 
linear, an elementary transformation is the operation of replacing one 
of tlieni by a point of the same plane joined to the point replaced 
by a segment not meeting any side of the triangle of the other 
three ])oints. 

Tiii:c)IIKM If A B(U) and are any two complete quad- 

rangles in the same ] projective plane^ there e.nsts a finite set of elemen- 
tary transformations changing the points A, B,C\ I) into A\ />', T', 
rc'pect irel y, 

J*roof. It can l)e shown by means of the result for the one-dimen- 
sional ('ase, just as in tlie proof of Theorem 18, first that the ordered 
tetrad A BCD can be carried by elementary transformations into ar 



ordered tetrad of points on the sides of the quadrangle 

A'B'C'D' and then that can be carried by elementary 

transformations into some permutation of 
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To complete the proof it is necessary to show that any permuta- 
tion of the vertices of a complete quadrangle can be effected by 
elementary transformations. 

Given a complete quadrangle A^A^A^A^, let be the point of 
intersection of the linas A^A^ and A^A^, and let and be two 
points in the order {A^B^C\I>^A^}. Let A^ be the point of intersec- 
tion of A^C^ with A^D^ and let D^, B^, C^, B^ be the points 

defined by the following perspectivities (fig. 83) : 


A 




A A 

4 CfiJiAA 4 

A 44812A 48616 


By Theorem 7, Chap. II, it follows that no two of the pairs of ppints 
A^A^y A^A^y A^A^y A^A^y and A^A^ are separated by tlie lines joining 
the other three of the points A^y A^, A^y A^, A^. Hence there exist 
elementary transformations changing each of the following sets of 
four points into the one written below it: 


Hence the permutation 


A A A ^ 

-^1 “^3 

Aj A^ A 
A^ A^ A 

A A A ^ 

A^ A^ A^ A 


4 

6 

6 

6 

6 

8 



can be effected by elementary transformations, 
notation in H^ it is clear that 


By changing the 




./AAAA) 

[aaaa/ 


can be effected by elementary transformations. Hence the product 
H^Hj^ (i.e. the resultant of H^ apj)lied twice and followed by H^^, 


which is 


(AAAA\ 

[aaaaJ 


can also be effected by elementary transformations. Hence any 
two vertices of the quadrangle can be interchanged by a sequence 
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of elementary transformations, and hence any permutation of the 
vertices can be effected by means of elementary transformations. 

167. Elementary transformations in a projective space. Definition. 

Given a set of five points in a projective space, no four of the points 
being coplanar, an elementary transformation is the operation of 
replacing any one of them by a point joined to it by a segment not 
meeting any plane on three of the other four. 

It follows from § 27 that the determinant product (25) of § 32 is 
unaltered in sign by any sequence of elementary transformations of 
the points whose coordinates are the columns of (21) in § 32. Hence 
a sequence of elementary transformations cannot carry an ordered 
pentad of points from one sense-class into the other. 

Hence the odd permutations of the vertices of a complete five- 
point cannot be effected by elementary transformations. That the 
even {)ermutations can be tlius effected 
may be seen as follows: I^et the 
vertices be denoted by Ay By (7, />, E 
and let the line BE meet the plane 
ABC in a point F. This point is not 
on a side of the triangle ABC, Ijet 
A' be the point of intersection of the 
lines FA and BCy B' tliat of FB and 
CAy and C' that of FC and AB, Let 
be a point in the order {BA^A'C} 

(fig. 84) and B^ the point in which the line FA^ meets ACy so that 
{ABJiB!}, Let 7^2 ^ point in the order {AB^BJJ'C], 

We now can transform ABODE by elementary transforma- 
tions succesvsively into AAfU)Ey AA^^BEy BAfAJ)Ey BCBJ^E, 
BCADE, Thus the even permutation 

/ABCDE\ 

\bcade) 

can be effected by elementary transformations. It is easily verifiable 
that any even permutation is a product of even permutations of 
this type. 

It can be proved by the same methods as in Theorems 18 and 19 
that any five points no four of which are coplanar can be carried 
into some permutation of any other such set of five points. The 


B 
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details of this proof are left as an exercise to the reader. When this 
is combined with the paragraph above, we obtain 

Theorem 24. In a real projective space^ S(ABCDI!J)=S{A'B'C'D'U') 
if and only if there exists a sequence of elementary transformations 
carrying the points A, B, C, D, E into A', D\ respectively. 

The proof just outlined for this theorem holds good on tlie basis 
of Assumptions A, E, S, P. Assumption P comes in because of the 
use of a coordinate system. This, however, can be avoided ; and tlie 
construction of a proof on the basis of A, E, S alone is recommended 
to the reader as an interesting exercise. 

*168. Sense in overlapping convex regions. The discussion of 
sense in convex regions by means of elementary transformations 
(as made in §§159'-161) is essentially the same for any numbd^ of 
dimensions. Now if two regions of the same dimensionality have a 
point in common, they have at least one convex region of that dimen- 
sionality in common. Assigning a positive sense in tins region deter- 
mines a positive sense in each of the given regions. Tlius if we have 
a set of convex regions including all points of a space, we should 
have, on assigning a positive sense to a tetrad of points in one region, 
a positive sense determined for any tetrad of points in any of the 
regions. Since, however, it is in general possible to pass fi*om one 
region to another by means of different sets of intermcnliate regions, 
the possibility arises that this determination of sense may not be 
unic^ue. In other words, it is logically possible that a given tetrad 
in a given region might, according to this definition, liave both posi- 
tive and negative senses. 

The determination of sense by this method is uni(|ue in projective 
spaces of odd dimensionality and is not unique in projective sj)aces 
of even dimensionality. We shall prove this for tlie two- and thriH'- 
dimensional cases, but since it reduces merely to a question of even 
and odd permutations tlie generalization is obvious. 

Theorem 25. There exists a unique determination of sense for 
all three-dimensional convex regions in a real projective three-space, 
hut not for all two-dimensional convex regions in a real projective 
plane. 

Proof. Consider first the plane and in it a triangle ABC decom- 
posing it into four triangular regions, which we shall denote by the 
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notation of § 26, Chap. IL Any one of these regions, say Region 1, 
is contained in a convex region, say I' (e.g., a Euclidean plane witli 
line at infinity not meeting Region I), which contains the boundary 
of the triangular region. So the determination of sense for Region I 
extends to all the points of its boundary and also to a portion of 
Region II. 

Let the sense of ABC with respect to Region I be positive. The 
segimmt 7, one of llie segments AB (tig. 1 6), is common to the bound- 
aries of I and II and lien(‘,e is contained in Region V. If C" is anv 
point common to I' and II, C and C' are on opposite sides of tlie line 
AB in Region I'. Hence, according to §29, S{BAC^) is positive 
in Region IL Hence S(BAC) is positive with respect to Region 11. 

Regions II and IV have in common a segment BC, and thus by 
a repetition of tliis argument S{CAB) is positive witli respect to 
Region IV. The latter region has a segment AC in common with 
Region I, and lienee S{A('B) is positive with respecit to Region I. 
But by hypothesis S{AJ>C) is positive with respect to Region I. 
Hence there is not a unique determination of sense in a real 
projective plane. 

To show that there is a unhpie determination of sense for a real 
])r()jective three-space, let a given sense-class t:>{AB(n>B) (cf. §164) 
l)e designated as right-handed, and in any convex region let a sense- 
('lass S{A' B' (Aj)') be right-handed if S{OA^B^C'iy) is positive, where 
0 is interior to the tetrahedron A^B^C^JA. This convention satisfies 
the rc(]uirements laid down above for overlapping convex regions 
«mid, by §167, is unique for the projective three-Rjiace. 

Any two-dimensional region whatever is, liy definition (§155), the 
set (»f all [)oints in an infinite set of triangular regions, i.e. in an 
infinite set of convex regions. In like manner, any three-dimensional 
region is the set of all points in a set of three-dimensional regions. 
The method given above may be applied to determine the positive 
sense-class in all convex regions in a given region R, and R may bo 
said to be two-sided or one-sided according as this determination is 
or IS not unique. Another, slightly different, method of treating this 
question is given in § 173. 

*169. Oriented points in a plane. By the principles of duality 
the lines of a flat pencil or the planes of an axial pencil satisfy 
the same theorems on order as the points of a projective lin(\ 
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This proposition is valid whether the pencils are considered in a 
projective or in a Euclidean space.* 

Definition. In a plane any point associated with one of the sense- 
classes among the lines on this point is called an oriented pointy and 
a line associated with one of the sense-classes among its points is 
called an oriented line. Two oriented points are said to be similarly 
oriented with respect to a line I if their sense-classes are perspective 
with the same sense-class in the points of L By Ex. 1, § 26, if two 
oriented points are similarly oriented with respect to a line they are 
similarly oriented with respect to a line m if and only if I and m do 
not separate tlie two points. 

By § 30 a direct coUineation of a Euclidean plane transforms any 
oriented point into one which is similarly oriented with respect to 
the line at infinity. Hence the oriented points fall into two classes 
such that any two oriented points of the same class are equivalent 
under direct collineations and that the two classes are interchanged 
by any non direct coUineation. 

No such statement as this can be made about the oriented lines 
in a Euclidean plane, because any oriented line can be carried by a 
direct coUineation to any other oriented line. This is obvious be- 
cause (1) an affine coUineation exists carrying an arbitrary line to 
any other line and (2) the two sense-classes on any line are inter- 
changed by a harmonic homology whose center is the point at infinity 
of the line. 

It is a cofoUary of the last paragraph that any oriented Une of a 
projective plane can be carried into any other oriented line of the 
projective plane by a direct coUineation. By duaUty the same propo- 
sition holds for oriented points in a projective plane. 

The oriented points determined by associating the points of a seg- 
ment 7 with sense-classes in the flat pencUs of which they are centers 
fall into two sets, all points of either set being similarly oriented 
with respect to any Une not meeting 7. These two sets shaU be 
called segments of oriented points and may be denoted by 7^'‘'^ and 
7^~\ If A and B are the ends of 7, the two oriented points deter- 
mined by A and B and oriented similarly to 7^“^^ with respect to a 

♦In general, the geometry of a Euclidean space or, indeed, of any space of 
u dimensions involves the study of the projective geometry of n — 1 dimensions, in 
order to describe the relations among the lines, planes, etc. on a fixed point. 
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line I not meeting 7 or either of its ends are called the ends of 7^“^^ 
and may be denoted by and The other two oriented points 
determined by A and B are the ends of 7^"^ and may be denoted by 
A^-'^ and 

In terms of these definitions it is clear that each of the two classes 


of similarly oriented points determined by a Euclidean jjlane satisfies 
a set of order relations such that it may be regarded as a Euclidean 
plane. 

The situation in the projective plane is entirely different. T^t us 
first consider a projective line, and let 7 and S be two complementary 
segments whose ends are A and B. Let A^'*‘\ B^'^\ A^''\ B^~\ 7^”^ 


be defined as above, and let 
and be the two segments 
of oriented points determined 
by S and oriented similarly to 
A^^^ and^^“^ respectively with 
respect to a line m not meeting 
0 or either of its ends. Since A^'^^ 
and B^'^^ are similarly oriented 
with respect to I, and A andB 
are separated by I and m, 



and B^”^ are similarly oriented 

with respect to m (cf. Ex. 1, § 26, and fig. 85). Hence the ends of 
are and B<-\ and the ends of are and B^-^\ Hence 


the oriented points and segments are arranged as follows : 


7 ^+>, B^-^\ S^~\ A^-\ 7 ^'■^ 


the symbols for segments and their ends being written adjacent. 

Let A^, B^, A^, B^ be four points in the order ^ 

jective line or on a conic. They separate the line (§ 21) into four 
mutually exclusive segments 7^, 8,, \ arranged as follows: 

^ 2 > 

the symbols for segments and their ends being written adjacent. 
Letting A^ correspond to A^^\ 7, to y^^\ etc., it is obvious that there 
is a one-to-one reciprocal correspondence preserving ordei between 
the points of a real projective line or conic and the oriented points 
of a real projective line. 
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Thus, if an oriented point be moved along a projective line in such 
a way that all oriented points of any segment described are similarly 
oriented with respect to a line not meeting the segment, the oriented point 
must describe the line twice before returning to its first position. A motion 
of this sort will obviously carry any oriented point of the projective plane 
into any other oriented point. Thus the oriented points either of a pro- 
jective line or of a projective plane constitute a continuous family in the 
sense of § 156. 

Let TT denote the projective plane under consideration here and 
let us suppose it contained in a projective space S, and let S' be a 
Euclidean space obtained by removing from S a plane different from 
TT which contains the line AB, Let be a sphere of S' tangent to tt 
at a point P^, let O be the center of and let P^ be tlie other point 
in which the line OP^ meets the sphere. Let P^"^^ and P^~^ be the 
two oriented points of tt determined by P^, ' 

A correspondence F between the points of the sphere and the 
oriented points of the projective plane tt may now be set up by the 
following rule : Let P^ correspond to and P^ to P ^~^ ; if X is 
any point of tt not on the line at infinity, denote by and A'^ the 
points in which the line OX meets the sphere, assigning the notation 
so that each of the angles AP^OX^ and AP^OX,^ is less than a right 
angle (i.e. so that the points A'^ are all on the same side as of 
plane through O parallel to tt, and the points X^ are on tlie oth(‘r 
side of tliis plane) ; and denote by X^^^ the oriented ])()int of tt deter- 
mined by X and joined to P^^^ by a segment of oriented points con 
taining no point of the line at infinity AB^ and by the other 
oriented point determined by X. T^^t X^ correspond to X^'^\ and X,^ 
to X'^~\ If Y is any point of the line at infinity A/>, and 
one of the oriented points determined by it, is an end of a 

segment of points whose other end is and (^f a seg- 
ment of points A^^"^ whose other end is P^~\ The line () Y meets 
the s])here in two points one of which, F,., is an end both of a seg- 
ment of points X^ corresponding to and of a segment of points 
X^ corresponding to cr^~\ Let Y. correspond to F^^l This construc- 
tion evidently makes the oriented point other tlian Y^^^ which is 
determined by Y correspond to the point other than F,. in which OY 
meets the sphere. 

The correspondence F is one-to-one and reciprocal and makes ea(‘h 
segment of oriented points of tt correspond to a segment of ] joints 
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on S\ In view of the correspondence between the sphere and the 
inversion plane, this result may be stated in the following form : 

Theorem 26. There is a one-to-one reciprocal correspondence pre- 
serving ord^er-rclations between the oriented points of a real projective 
plane and the points of a real inversion plane. 

The treatment of oriented })oints in this s(‘ction does not generalize directly 
to three dimensions, lu'cause there is only one sense-class in a projective plane 
and, thereforii, also only one in a bundle of lines. The discussion of sense in 
terms of the set of all lines through a point is therefore possible along these 
lines only in spac(‘s of an even numb(*r of dimensions. 

A discussion which is uniform for spaces of any number of dimensions can, 
how^ever, be made in terms of rays. An outline of the theory of i)encils and 
bundle.s of rays which may be used for thi.s }>urpose is given in the next three 
seedious, and an outline of oiui w’ay of generalizing the contents of the present 
section is given in § 17*‘b 

Another ty[)e of gmieralizatioii of tin*, theory of oriented points in the plane 
is the theory of doubly oriented lines in three dimensions which is given in 
IHO, below. 

^170. Pencils of rays. The term '^ray is defined in § 23 for 
a linear convex regioTi and extended to any convex region in § 148. 
The definition of angle in § 28 will be carried over to any convex 
region. 

1)I':finition. The set of all rays with a common origin in a 
planar convex region is called a pencil of rays. The common origin 
i.s called the center of the pencil 

Tlie order relations in a pencil of rays are essentially tlie same 
as those among the points of a projective line. This can be shown 
by setting up a correspondence between the rays through tlie center 
of a circle and tlie points in which they meet the circle, as in § 69. 
It can also be done on the basis of Assumjitions A, E, P alone by 
proving Theorems 27~33, below. The firoofs of the theorems are not 
given, because they are not very different from those of other theo- 
rcmis in this chapter. A third way of deriving these relations is 
indicated in Theorems 34, 35, and a fourth in Theorems 37-41. 

Theorem 27. If a, h, c are three rays of a pencil, and if any seg- 
ment joining a point of a to a point of c contains a point of h, then every 
scgnient joining a point of a to a point of c contains a point of h. 

* In some books the term ray ” is used as synonymous with '' projective line,” 
and pencil of rays” with ” pencil of lines.” 
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Definition. If a, 6, c are three rays of a pencil, h is said to be 
between a and c if and only if (1) a and c are not coUinear and (2) 
any segment joining a point of a to a point of c contains a point of 6. 

Theorem 28. If h is any ray between two rays a and c, any other 
ray between a and c is either between a and b or between b and c. 
No ray is both between a and b and between b and c. Any ray 
between a and b is between a and c. 

Theorem 29. There is a one-to-one reciprocal correspondence pre- 
serving all order relations between the points of a segment of a line 
and the rays between two rays of a pencil. 

Theorem 30. If three rays a, b, c of a pencil are such that no 
two of them are collinear and no one of them is between the\ other 
twOy then any other ray of this pencil is between a and b or between 
b and c or between c and a. ' 

Definition. Given a set of three distinct rays a, b, c of a pencil, 
by an elementary transformation is meant the oj)eration of replac- 
ing one of them, say c, by a ray c' not collinear with c and such 
that neither a nor b is between c and c\ The class consisting of all 
ordered triads into which abc is transformable by finite sequences 
of elementary transformations is called a sense-class and is denoted 
by S{abc). 

An elementary transformation of abc into ahd is said to he restricted 
with respect to a set of rays • • *, a^ of the pencil if none of 

the rays a^, between c and c'. 

Theorem 31. Let a^y • • he an arbitrary set of rays of a 
pencil. Two ordered triads of rays of the pencil are in the same 
seiise-class if and only if one can be transformed into the other by a 
sequence of elementary transformations which are restricted with 
respect to a^y • • •, a^. 

Theorem 32. Let a^y a^, a^ be three distinct rays of a pencil such 
that no one of the three is between the other two. There exists a one- 
to-one reciprocal correspondence F between the rays of the pencil and 
the points of a projective line such that to each elementary trans- 
formation of the rays which is restricted vdih respect to a^y a^y 
there corresponds an elementary transformation on the projective 
line which is restricted with respect to the points corresponding 
to a^y a^y a,. 
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The correspondence T required in this theorem may be set up as 
follows : Let three arbitrary collinear points be the corre- 
spondents of respectively ; let be a projectivity which 

carries the lines which contain the rays between and to the 
points of the segment complementary to A^A^A^ and carries the 
line containing to A^; for the rays between and let T be 
the correspondence in which eacli ray between and corresponds 
to the point to which the line containing it is carried by let 
F^ be the j)rojectivity which carries the lines which contain the rays 
between and to the points of the segment complementary to 
A^A^A^ and carries the line containing to A ^ ; for the rays between 

and let F be the correspondence in wliidi ea(*]i ray corre- 

s]K)nds to the point to which the line containing it is carried by 
F^; let Fg be a projectivity which carries the lines which contain 
the rays between and to the points of tlie segment complemen- 
tary to A^A,^A^ and carries the line containing a.^ to A^; for the rays 
between and let F be the correspondence in which each ray 
corresponds to the point to which the line containing it is carried 

t'y 

Corollary. TJure is a one-to-one reciyroviil correspondence between 
the 2}oints of (i line and the rays of a pencil such that two 

o7'dcred triads of r(n/s of the are in the same sense-class if 

and only if the corresponding triads of jwints are in the same sense- 
class on the line. 

Theorem .S3. If a, b, c are three rays of a pencil and a\ b\ d are 
the respectively opposite rays, S{abc)=- S{a%^d). 

IiEFiNiTiON. If a and b are any two noncollinear rays of a 
pencil, by an elementary transformation of the ordered pair ah is 
ineant the operation of replacing one of them, say b, by another 
ray, V , of the pencil, such that no ray of the line containing a is 
Ix^tween h and V or coincident with V. The set of all ordered pairs 
(i.e. angl('s) into which an ordered pair of rays ab can be carried 
1>> seciuences of elementary transformations is called a sense-class 
and is denoted by S (ab). 

Theorem 34. If 0 is the center of a pencil of rays and 
A, 7>\ 0, D are points of rays a, h, c, d respectively of the pencil, 
then S (a^)= S (cd) if and only if S {OAB)^ S (OCD). 
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Theorem 35. If a and b are any two noncollinear rays of a 
pencil, S{ah)^S(ba). Every ordered pair of iioncollinear rays in 
the pencil is either in 8 (ab) or in 8 (ha). If a' is the ray opposite to 
a, 8 (ah) ^ 8 (a^b). 

Theorem 36. If a, b and a\ V are two ordered pairs of rays of 
a pencil and c and 6*' are the rays opposite to a and a' respectively, 
then 8 {ab)=^ 8 (a'b') if and only if 8 (ahc)— 8 (a'Vd). The same 
conclusion holds if c is any ray between a and b and d any ray 
between a' and V. 

Theorem 37. Definition. The points not on the sides or vertex 
of an angle 21 ab fall into two classes having the sides and vertex as 
boundary and such that any segment joining a point of one class to 
a point of the other contains a point of the sides or the vertex. If the 
angle is a straight angle, both of these classes of points are c^ivcx 
regions. If not, one and only one of them is con re and is call at the 
interior of the angle ; the other is called the exterior of the angle. 

Theorem 38. If A' is any jyoint of the side OA of an angle 
4 A OB, and B’ is any point of the side UB, then S (OAB) -- 8 (OA^ Bj. 
If C is any point interior to the angle, 8 (OAB) — 8(0 A O) — 8 (OCB), 
and any point C satisfying these conditions is interior to the ((nglc. 

Theorem 39. Any ray haring the vertex of an angle as origin, and 
not itself a side of the angle, is entirely in one or the other of the two 
classes of points described in Theorem 37. If it is %n the interior 
it contains one and only one gKvint on each segment joining a point 
of one side of the angle to a. point on the other side. 

Definition. Two rays a, b of a pencil are said to be separated 
by two other rays h, k of tlie same pencil (or by tlie angle 4.hk) 
if and only if a. is in one and b in the other of the classes of 
points determined according to Tlieorem 37 by A-hk. A set of 
rays having a common origin are said to be in tlie order {a/zj(p^ 
a J if no two of the rays are separated by any of the angles 

Theorem 40. A set of rays in the order 
(dso in the orders . 

Corollary. Any two rays a, b having a common origin are in 
the orders {ab\ and \ba). Any three rays a, h, c haring a common 
origin are in the orders {abc), {bca] , {cab}, {acb} , {bac) , {cha}. 
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Theorem 41. To any fiwite mimher n ^ 2 of rays having a com- 
mon origin may he assigned a notation so that they are in the order 

. . . aj. 


"^171. Pencils of segments and directions. The notion of a ray 
belongs essentially with that of a convex region, but the theorems 
of the last section may easily be put into a form which is not 
limited to convex regions. The proofs are all omitted for the same 
reasons as in tlie section above. 

Definition. A set of all segments having a common end and 
lying in the same ])lane is called a 2)enrll of segments. The common 
end is (*.a.lhHl the center of the ])encil. Two si^gments or intervals 
having a (‘.ommon end A are said to be similarly directed at A ii either 
of tliein is entirely contained in the otlier. The set of all segments 
siniilaily directed at a given point with a given segment is called a 
direciion-chtss or, more simi)ly, a direction. The set of all directions 
of the segments of a pencil at its center is called a imncil of direc- 
tions. The dircu'Xions of two collinear segments having a common 
end A and not similarly directed are said to be opjtosite, and the 
two s(\gments are said to be oppositely directed at A. 

Thus if AIUA) are four collinear points in the order {A BCD) the 
segments ABO and ABD are similarly directed, while ABO and ADO 
luv. oppositely directed. At a given point on a given line there are 
obviously two and only two directions, and these are op]K)site to 
each other. IVo noncollinear segments with a common end are con- 
taiiu*d in one and only one ])ciicil, namely, the one having the common 
(Mid as center and lying in the plane of the two segments. 

Definition. A segment cr is said to be between two noncollinear 
sc^gments cr^, if the tliree segments are in the same pencil and 
(T is similarly directed with a segment which is in the pencil and 
contained entindy in the triangular region determined by and cr.^ 
(Theorem 1 2). A direction d is said to be between two noncollinear 
directions d^, if there exist three segments <7, cr^ in the direc- 
tions d, d^y d^ respectively such that <r is between and cr^. 

This extension of tlie notion of betweenness to directions is 
justified by the following theorem. 

Theorem 42. If a and y3 are two noncollinear segments with a 
wmmon end 0, and a' and are similarly directed with a and ^ 
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respectively at O, th^ segments between a and y8 are similarly directed 
with the segments between a' and 

Definition. Let a ^ be three segments of a pencil no two 

of them being similarly directed. By an elementary transformation 
is meant the operation of replacing one of them, say by a seg- 
ment which is in the pencil and such that neither nor cr^ is 
between and or similarly directed with A class consisting 
of all ordered triads into which is transformalde by finite 

sequences of elementary transformations is called a sense-class and 
is denoted by If d^, d^ d^ are three directions of a ])cncil, 

and o-j, three segments in the directions respec.- 

tively, the sense-class S{df^fl^ is the class of all triads of direettions 
which are the directions of triads of segments in the senseWass 

Theorem 43. If <7^, are three segments of a pencil^ no two 

of them being similarly directed^ and o-' is similarly directed with 

Theorem 44. There is a one-to-one reciprocal correspondence he^ 
tween the directions of a pencil and the points of a line snch that 
two triads of directions are in the same sense if and only if the 
corresponding triads of points have the same sense. 

We now take from §§ 21-23 of Chap. II the definitions of sepa- 
ration, order, etc., and on account of Theorem 44 we have at once 

Corollary 1. The Theorems of §§ 21-23 remain valid when 
applied to the directions of a pencil instead of to the points of 
a line. 

Corollary 2. Two pairs of opposite directions separate each other. 

Definition. Let and be two noncollinear segments of a 
pencil; by an elementary transformation is meant the operation of 
replacing one of them, say by any segment of the j)encil such 
that no segment collinear with is between and The set of 
all ordered pairs of segments into which is transformable by 
sequences of elementary transformations is called a sense-class and 
is denoted by S{apf 

Theorem 45. If a pair of segments is transformable by 

elementary transformations into a pair then is transform/^ 
able by elementary transformations into 
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Theorem 46. If a segment is similarly directed loith a segment 
<r' and not collinear with a segment which has the same origin 
as o-^, ^K(r^) = N(<r^(r'). 

Tiieorp:m 47. If are segments of a pencil and is 

not collinear with <7^, 7tor with then either S{a‘jT^ or 

= V opposite to o-^, and cr' to 

^8> if if S{(T[a^a^^S{(T[<T^a^, 

Definition. Let d^ and d^ be two directions of a pencil and let 

and cr^ be two segments in the directions d^ and d^ respectively. 
By the sense-class S{d^d^) is meant the class of all ordered pairs of 
directions which are the directions of ordered pairs of segments 
in the sense-class 

It is evident that the last two theorems may be restated, without 
material cliaiige, in terms of directions instead of segments. 

*172. Bundles of rays, segments, and directions. Definition. The 
set of all rays in a three-dimensional convex region which have a 
common origin 0 is called a handle of rays. The point 0 is called 
the center of the bundle. 

Let a, 6, c be three noncoplanar rays of a bundle. By an elemen- 
tary transformation is meant the operation of replacing one of the 
rays, say a, by a ray a' such that no ray of the plane containing h 
and c is between a and a\ The set of all ordered triads of ra}s 
into which ahe can be carried by sequences of elementary trans- 
formations is called a sense-class and is denoted by S{ahc). 

Theorem 48. If ahe and a'Vd are two ordered triads of non- 
coplanar rays hmnng a common origin 0, and J, i?, (7, A', B', C' are 
points of the rays a, h, c, a\ ?/, d respectively, then S{ahc)= S{a/dd) 
If a7id only if S{OABC) = S{()A^B^C), 

Theorem 49. If a, h, c are three noncoplanar rays of a bundle, 
S{((hc) = S(J)ca) ^ S{ach). If a', h\ d are any other three noncoplanar 
rays of the handle, either S{a'Vd) — S{ahc) or S(a'dc/) = S (ach). 

Theorem 50. If a, h, c are three iioncoplanar rays of a handle 
and a' is the ray opposite to a, S{ahc) ^ S{a'hc). 

Theorem 51. If ahe are three noncoplanar rays of a bundle, the 
set [..e] of rays of the bundle which satisfy the relation S (xah) = 
S (xhe) — S (xca) are in such a one-to-one reciprocal correspondence 
r with the points of a triangular region that if rays x^, x^, 
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x^, Xj correspond to points X^, X^, X^, X^, X^, A'^ respectively, 

«S(W3) = if == If 

A, By C are points of the rays a, h, c respectively y and the triangular 
region is the interior of the triangle ABC, T may be tahen as the 
correspondence in which each x corresponds to the point in which it 
meets the triangular region. 

Theorem 52. If ay by c, d are four rays of a bundle such that any 
plane containing two of them contains a ray between the other twoy 
any other ray of the bundle is between two rays of the set <7, by c, d or 
in one of four sets [x^y [^], [z], [//;] such that [.t;] satisfies the condition 
S(xbc) —S(xcd) — S(xdb)y satisfies S{yac) = S{ycd)— S{yda)y [:;] sat- 
isfies S{zab) — S{zbd) = /:> {zdafi [r’] satisfies S{ 2 vah) = S(wbc) = S{tvcn). 

Corollary. Under the conditions of the theorem if Ay />*, C, /> 
are points of the rays ay by Cy d respect Irelyy the center of the bundle 
is interior to the tetrahedron AH CD. 

Definitions A set of all segments having a common end is called 
a bundle of segments. The set of all directions of the segments of a 
bundle is called a bundle of directions. 

Definition. Let <t-.„ cr^ be three segments of the same bundle, 
but not in the same ])encil ; the ojieration of replacing any one of 
them, say < 7 ^, by a segment <t^ of the bundle sucli that no siigment 
of the pencil containing cr^ and is betweem and or coinchdent 
with (7^ is called an elementary transformation. A class consisting 
of all ordered triads of segments into which can be carri(‘d by 

finite secjuences of elementary transformations is called a sense-class 
and is denoted by S{<T^cr^(r^. 

The generalization of Theorems 48-52 to the corresponding 
Lh(»orems for a bundle of segments presents no dilFiciilty. 

*173. One- and two-sided regions. A discussion of tlie order rela- 
tions in projective spaces which is closely analogous both to § 1()8 
and to § 169 may be made according to tlie following outline. The 
details are left as an exercise for the reader. 

Let O be any point of a planrr region R. Let Ay By C be the 
vertices of a triangular region T containing 0 and contained in R, 
and let cc, /3, 7 be the segments in R joining” O to Ay By C respec- 
tively. Then S (ayS) = S(^y) = S(ya). 

Tf D' is any other point of T, and a', /S' the segments of R joining 
O' to A and B respectively, S{a^) is said to be lihe S{a'/3'); and 
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if S{afi) is like and like then S{a/3) is said 

to be like /S(a"/3"). A region for which a given sense-class at one 
point is like the other sense-class at that point is said to be one- 
sided. Any other region is said to be two-sided, 

A convex region is two-sided. A projective plane is a one-sided 
region. 

Let O be any point of a three-dimensional region R. Let 7 ^, 
C, D be the vertices of a tetrahedral region T containing 0 and 
contained in R, and let a, y9, 7 , 8 be the segments in R joining () 
to A, By Cy D respectively. Then S{a^j) = S{^a8) = = S{y8a). 

If O' is any other point of T, and a', /3', y' are the segments of 
R joining O' to Ay By C respectively, S{a/3y) is said to be like 
S{a'^'y'); if S{a^y) is like S{a'^'y')y and S{a'fi'y') is like S{a''^"y'^)y 
then S(a^y) is said to be like S{a"^"y"), 

One- and two-sided regions are defined as in the two-dimensional 
tjase. 

Any region in a three-dimensional projective space is two-sided. 

174. Sense-classes on a sphere. The theorems in § 172 can be 
regarded as defining the order relations among the points of a sphere 
if carried over to the sphere by letting each point of the sphere 
correspond to the ray joining it to the center of the sphere. Another 
way of treating the order relations on a sphere and one which 
connects directly with § 97 is as follows: 

Dkfinition. Let A, By C, D be four points of a sphere n(jt all 
on the same circle. By an elementary transformation is meant tlie 
operation of replacing one of them, say Ay by a point A' on the 
same side of the circle BCD. The set of all ordered tetrads into 
which ABCD transformable by sequences of elementary transfor- 
mations is called a smse-class and is denoted by S{ABCD). 

TilKOREM 53. There are two and only two sense-classes on a sphere. 
S{ABCD)-^S{ABDC). 

Theorem 54. S{ABCD)^ B{A'B' C'D') if and only if hV>Oy 
ichere Ci?) = a + &V3i, C'D’)= a' + V^-1, and 

a, a\ by b' are real. 

175 . Order relations on complex lines. In view of the isomor- 
l)hism between the geometry of the real sphere and the complex 
projective line (cf. §§ 91, 95 , and 100 ) the theorems of the section 
ubove and of § 97 determine the order relations on any complex line 
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One very important difference between the situation as to order 
in the real and the complex spaces is the following : In a real plane 
or space one sense-class on a line is carried by projectivities of a 
continuous group into both sense-classes on any other liue. So that 
fixing a particular sense-class on one line as positive does not deter- 
mine a positive sense-class on all other lines. On a complex line, 
however, an ordered set of four points ABCD is in one sense-class 
or the other according as h is positive or negative, where a + h 
V~ 1 = R {ABy CD) and a and I are real (Theorem 54). In conse- 
quence of the invariance of cross ratios under projection, a given 
sense-class on one line goes by projectivities into one and only one 
sense-class on any other line. Hence if one sense-class is; called 
positive on one line, the positive sense-class can be determined on 
every other line as being that sense-class which is projective with 
the positive sense-class on the initial line. 

This connects very closely with the convention for purposes of 
analytic geometry that by Vc is meant that one of the square roots 
of c which takes the form a + V— 1, where a and h are real and 
h>Qy or if 6 = 0, a> 0. The symbol is taken to represent 

that one of the square roots of — 1 for which 0 1 V— J ) is 
positive. 

176. Direct and opposite collineations in space. From the algebraic 
definition of direct collineation in terms of the sign of a determinant, 
we obtain at once 

Theorem 55. Any collineation of a real three-dimensional pro- 
jective space which haves a Euclidean space invariant is direct if and 
only if the collineation which it effects in the Euclidean space is direct. 

In a Euclidean space a point T> is on the same side of a plane 
ABCD with a point if and only if S{ABCD) = S{ABCE), Hence 
a homology whose center is at infinity is dinuit or opposite according 
as a point not on its plane of fixed points is transformed to a point 
on the same or the opposite side of this plane. Extending this result 
to the projective space by the aid of the theorem above we have 

Theorem 56. A homology which carries a point A to a point A\ 
distinct from A, is opposite or direct according as A and A' are 
separated or 'not separated hy the center of the homology and the 
point in which its plane of fioced points is met hy the line AA^. 
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Corollary 1. A harmonic homology is opposite. 

Corollary 2. The inverse of a direct homology is direct. 

Since any collineation is expressible as a product of homologies 
(§ 29, Vol. I), it follows that 

Corollary 3. The inverse of a direct collmeation is direct 

Siiu'-e an elation is a product of two harmonic homologies having 
the same plane of fixed points it follows from Cor. 1 that 

Corollary 4. A 71 elation is direct 

Since a line reflection (§ 101) is a product of two harmonic 
liomologies, 

Corollary 5. A line reflection is direct. 

Theorem 57. A collineation leaving three shew lines invariant 
is direct 

Proof Denote the lines by l^, l^, l,^ and the collineation by F. 
The projectivity on which is effected by F is a product of two or 
three liyperbolic involutions (§ 74). Each involution on l^ is effected 
])y a line reflection whose directrices are the lines which pass through 
the double points of the involution and meet and Z^. The product 
n of these line reflections leaves Z^, invariant and effects the same 
transformation on Z^ as F. Hence H^^F loaves Z^, and all points 
on Z^ invariant. It also leaves invariant any line meeting Z^, Z^, and 
Zj^, and hence leaves all points on Z.^ and Z^ invariant. Hence 
is the identity, and hence F = 11. Since the line reflections are all 
direct, F is direct. 

Corollary 1. Any collmeation leaving all points of two skew 
lines invariant is direct. 

J*roof. Such a collineation leaves invariant three skew lines 
meeting the given pair of invariant lines. 

Corollary 2. Any collineation transforming a regulus into itself 

Proof. Such a collineation is a product of a collineation leaving 
all lines of the given regulus invariant by one leaving all lines of 
the conjugate regulus invariant. Hence it is direct, by the theorem. 

Corollary 2 is also a direct consequence of Cor. 5, above, and 
dlieorem 34, Chan. VI 
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Corollary 3. Any collineation carrying a regulus into its con- 
jugate regulus is opposite. 

Proof. The two reguli are interchanged by a harmonic homology 
whose center and axis are pole and polar with regard to the regulus. 
This harmonic homology is opposite by Cor. 1, Theorem 56, and 
since its product by any collineation F interchanging the two reguli 
leaves them both invariant and hence is direct by Cor. 2, it follows 
that r is op])osite. 

Definition. By a douUy oriented line is meant a line I associated 
with one sense-class among the points on I and one sense-class 
among the planes on 1. The doubly oriented line is said to be on 
any point, line, or plane on L ■ 

A doubly oriented line may be denoted by the symbol (APCflsif^y) 
if A, 7i, C denote coliinear points and a, /3, y planes on the line AB. 
Foi* this symbol determines the line AB and the sense-classes S{AB(') 
and jS{a^y) uniquely. Since there are two sense-classes S{ABC) 
and S(ACB) among the points on a line AB and two sense-classes 
S(a^y) and S {ay^) among the planes on AB, there are four 
doubly oriented lines, (^ABC a^y) 

{ACB, ayU), 

{ABC, ay^), 

{ACB, a^y), 

into which AB enters. 

Theorem 58. The eollineations which transform a douhly oriented 
line into itself are all direct. 

Proof. Let {ABC, a^y) be a doubly oriented line, F a collineation 
leaving it invariant, I any line not meeting AB, and /'= F(/). Tlie 
line V cannot meet AB, because AB is transformed into itself by F* 
If V does not intersect I, let m be the line harmonically se])aratcd 
from AB by I and V in the regulus containing AB, I, and If /' 
meets I let m be the line harmonically separated by I and V from 
the point in which the plane IV is met by AB. In either case AB 
does not intersect m, and if A is the line reflection whose directrices 
are AB and m, K{V) = 1. Hence AF leaves both AB and m invariant. 
Since A and F preserve sense both in the pencil of points AB and 
in the pencil of planes a^, AF preserves sense both on AB and 
on m. Hence by § 74, AF effects a projectivity on AB which is a 
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product of two hyperbolic involutions, and it effects 

a projectivity on m which is a product of two hyperbolic involutions, 

K> h the lines P^Q^, p^Q^, p^Q^ 

respectively. The product 

m-m-A.r 

leaves all points on AB and on m invariant and is therefore direct 
by Cor. 1, Theorem 57. All the collineations in this product except 
r are direct by Cor. 5, Theorem 56. Hence T is direct. 

Corollary 1. A7ii/ collmeation which reverses hath sense-classes 
of a dovMy oriented line is direct. 

Proof. Let F be a collineation reversing both sense-classes of a 
doubly oriented line {ABC, a/3y). Ixit a and b be two lines meeting 
JB but not intersecting each other. The line reflection {ah} reverses 
bf)tli sense-classes of {ABC,a^y) and is direct. Hence . F leaves 
them both invariant and is direct by the theorem, lleiuie F is direct. 

Corollary 2. A^iy collineation xohicli traoisforms ea,ch of tvm shew 
lines into itself and effects a direct 'pf^ojectivity on each is diirct. 

(>)ROLLARY d. Any collmeation which transfornis each of two 
shew lines into itself and effects an opposite projectivity 07i each is 
direct. 

177. Right- and left-handed figures. The theorems of the last 
section can be used in showing that other flgures than the ordered 
{)entad8 of points may be classified as right-handed and left-handed. 
P'or this purpose the following theorem is fundamental. 

Theorem 59. If the collineatio7is carrying a figure into itself 
are nil direct, the figures equivalent to wnder the group of all 
ctdlineations fall into two classes such that any collineation ca7*rying 
a fiyare of one class into a figure of the same class is direct a7id a7iy 
collincaiio 7 i carrying it into a figure of the other class is opposite. 

Proof. Let [F] be the set of all figures into which F^^ can be 
carried by direct collineations. There is no opposite collineation 
carrying F^ into an F; for suppose F were such an opposite collin- 
eation, let P be one of the direct collineations which by definition 
of [F] carry F^ into F; then P’'^F would be an opposite collineation 
(‘.arrying F^^ into itself. In like manner it follows that any colliiiea- 
tion carrying any F into itself or any other F is direct. 
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Let [F'] be the set of all figures into which is carried by oppo- 
site coUineations. An argument like that above shows (1) that any 
collineation carrying F^ into an F' is opposite and (2) that any 
collincation carrying an JP' into itself or another F^ is direct. It 
follows at once that any collineation carrying an F into an F' or 
an F' into an F is opposite. 

Since the direct coUineations form a continuous family of trans- 
formations, we have 

Corollary. The figures conjugate to F^ under the group of direct 
coUineations form a continuous family. 

The propositions about the sense-classes of ordered tetrads ctf non- 
collinear points are corollaries of this theorem because the^ only 
collineation carrying an ordered pentad of noncollinear points' into 
itself is the identity. 

By Theorems 57 and 59 all triads of noncollinear lines fall into two 
classes such tliat any collineation carrying a triad of one class into 
a triad of the same class is direct and any collineation carrying a 
triad of one class into a triad of the other class is opposite. It is to 
be noted particularly that tlie triads of lines here considered need not 
be ordered triads, since by Cor. 2, Theorem 57, the collineation 
effecting any permutation of a set of tliree noncollinear lines is direct. 

Similar propositions hold with regard to doubly oriented lines, 
reguli, congruences, and complexes (cf. § 178). 

Let us now suppose that a particular sense-class S(ABCIJ) in 
a Euclidean space lias lieen designated as right-handed (cf. § 102). 
Any ordered tetrad of points in tliis sense-class is also called right- 
handed and any ordered tetrad in the other sense-class is called 
left-handed. 

Let F be a ])oint interior to the triangular region BCDy Q the 
[)oint at infinity of the line APy /8 the plane AFB, y the plane APCy 
and S the plane A P/). All doubly oriented lines into which {APQ, 
^yS) is carried by direct coUineations shall be called right-handed 
and all others shall be called left-handed. 

The set of points ABCDQ and the sense-class S{ABCDQ) in the 
projective space A BCD shall be called right-handed and aU other 
ordered pentads of noncollinear points and the other sense-class 
shall be caUed left-handed. 
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These conventions give the same determination of right-handed 
doubly oriented lines and ordered pentads of points no matter what 
point of the triangular region BCD is taken as P, because any col- 
lineation leaving A, P, C, D invariant and carrying one such P into 
another is direct. In like manner these conventions are independent 
of the choice of ABCD, so long as S{ABCiy) is direct. 

A triad of skew lines Z^ sliall be said to be right-handed or 
left-handed according as the doubly oriented line {ABC, a^j) is 
right-handed or left-handed, x>rovided tliat m is a line meeting Z^, 
L> A, B, C are the ])oints ml^, respectively, and a, 

J3, 7 are the planes resj^ectively. 

This convention is indexiendent of the choice of m, by Tlieorems 
57 and 58. By the same theorems any collineation carrying a 
right-handed triad of noncollinear lines into a right-handed triad 
of lines is direct, and any collineation carrying a right-handed 
triad of lines into a left-handed triad is ox^posite. 

The reader should verify tliat a ]>air of skew lines Im in a Euclid- 
ean sjiace is right-handed or left-handed in the sense of § 163 
according as hnl^ is right-handed or left-handed, Z^ being the line 
at infinity which is the absolute ])olar of the X)oint at infinity of Z. 
If is the absolute x><^dar of tlie X)oint at infinity of m, hnni^ is 
right-handed if and only if Iml^ is right-handed. 

Let A be a j)oint of the axis of a twist T in a Euclidean space, 
let B= r(^), and let C be the point at infinity of the line^^P; let 
a be any xdane on the line AB, ^ = r(Q:), and 7 the x>lane on AB 
])erpendicular to a. Then T is light-handed in the sense of § 163 
if and only if the doubly oriented line {ABC, a^j) is right-handed. 
This is easily verified. 

178. Right- and left-handed reguli, congruences, and complexes. 

By Cor. 2, Theorem 57, every triad of lines in a regulus is right- 
handed or every triad is left-handed. In the first case the regulus 
shall be said to be right-handed and in the second case to be 
/ eft-handed. 

Theorem 60. The collineations which leave an elliptic linear con- 
gruence invariant are all direct. 

Proof. An elliptic congruence has a pair of conjugate imaginary 
lines as its directrices (§ 109), and there is one real line of the 
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congruence through each point of a directrix. Any collineation F 
which carries each directrix of the congruence into itself effects a 
projectivity on that directrix. This projectivity is a product of two 
involutions (§ 78, Vol. I). Each involution may be effected by a 
Line reflection whose lines of fixed points are the (real) lines of the 
congruence through the (imaginary) double points of the involution ; 
since such a line reflection leaves both directrices invariant, it leaves 
the congruence invariant. Hence there exist two line reflections 
A^, Ag, each transforming the congruence into itself, such that 
AgA^r leaves all points on a directrix invariant. Hence A^A^F 
transforms each line of the congruence into itself. By Theorem 57, 
A.^A^r is direct, and by Theorem 56, Cor. 5, A^ and A^^ are direct. 
Hence F is direct. \ 

If I is any real line not in the congruence, the lines of the\ con- 
gruence meeting I form a regulus, and the directrices are double 
lines of an involution in the lines of the conjugate regulus. If V 
is the line conjugate to I in this involution, the line reflection {IV) 
must interchange the two directrices. Hence if F' is any colline- 
ation interchanging the directrices, {IV} * F' is a collineation which 
leaves each of them invariant. Hence by the paragraph above 
{//'} • F' is direct. Hence F' is direct. Hence any real collineation 
leaving an elliptic linear congruence invariant is direct. 

Corollary 1. TJce triads of lines of an elliptic linear congruence 
are all right-handed or all left-handed. 

For any triad can be carried into any other triad by a direct 
collineation. 

Corollary 2. If four linearly independent lines are such that 
all sets of three of them are right-handed or such that all sets of 
three of them are left-handed, the linear congruence which contains 
them is elliptic. 

An elliptic congruence shall be said to be right-handed if every triad 
of lines in it is right-handed ; otherwise it is said to be left-handed. 

A pair of conjugate imaginary lines of the second kind (§ 109) 
is said to be right-handed or left-handed according as it is deter- 
mined by a right-handed or a left-handed congruence. 

A pair of Clifford parallels (§ 142) is said to be right-handed or 
left-handed according as the congruence of Clifford parallels to which 
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they belong is right-handed or left-handed. This distinction is in 
agreement with that introduced in § 142, because according to both 
definitions a collineation carrying a system of right-handed Clifford 
parallels into a system of right-handed ones is direct, and a collinea- 
tion carrying a system of right-handed Clifford parallels into a 
system of left-handed ones is opposite. 

Theorem 01 . The coUineations which leave a nondegencratc linear 
comjdex invariajit are all direct. 

Proof. Let F be a collineation leaving a comjdex C invariant, 
and let I be any line of C and /' = F (/). Let /" be any line of C not 
meeting I or V. The lines of C which meet I and Z" constitute a 
regnlus, and three lines of this regulus together with / and V con- 
stitute a set of five linearly independent lines (§ 100, Yol. I) upon 
which, tlierefore, all tlie lines of C are linearly dependent. Hence 
a collineation F' which hnives this regulus invariant and inters 
changes I and leaves (' invariant. Let F^^ be a collineation. simi- 
larly obtained, which iiiterclianges Z" and Z' nud leaves C invariant. 
The product FT"F leaves C and Z invariant, and F' and F" are 
direct. 

Any collineation leaving C and Z invariant leaves invariant the 
projectivity 11 between the points on Z and the ])lanes cori*es]>onding 
to them in the null system determined by C. The jnojectivity 11 
transforms an arbitrary sense-class among the points on Z into an 
arbitrary sense-class among the planes on Z. These two sense-classes 
determine a doubly oriented line, Z. The other sense-edass of the 
points on Z is carried l)y IT into the other sense-class of planes on 
/, and these tw^o sense-classes determine a doubly oriented line Z. 
Since any collineation leaving C and Z invariant leaves II invariant, 
it either transforms this doubly oriented line into itself or into the 
one obtained by reversing both its sense-classes. Hence any sucli 
collineation is direct by Theorem 58 and its first corollary. In 
particular FT'T is direct, and since F' and F" are direct, it follows 
that F is direct. 

By Theorem 61 all the doubly oriented lines analogous to Z which 
are determined by C are all right-handed or all left-handed. In the 
first case C shall be called right-handed, and in the second case C 
‘^hall be called left-handed. 
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The algebraic criteria in the exercises below are taken from the 
article by E. Study referred to in § 162. See also F. Klein, Auto- 
graphierte Vorlesungen iiber nicht-Euclidische Geometrie, Vol. II, 
Chap. I, Gottingen, 1890. 

EXERCISES 

1. Classify parabolic congruences (§107, Vol. I) as right-handed and left- 
handed. 

2. For two lines p and // let 

{p, p') =P^^P'^ + Pi^p\^ + PuP'v> + + P^^P'n + Pi^P'iv 

where art' the l^lucker coordinates (§109, Vol. I) of p, and those of p'. 
Three lines p^ //, //' are right-lianded or left-handed according as 

ip^p') • {p'>p'') • (p">p') 

is j)Ositive or negative. 

3. A pair of conjugate imaginary lines of the second kind whose Plticker 
coordinates are p^j and p^j respectively are right-hand(*(l or h’ft-handed ac- 

^ P 12 P 12 Pia/ha “i" Pu Pu PziPsi P 42 P 42 P 23 P 28 

is positive or negative. 

4. The linear line complex ’whose equation in PI ticker coordinates is 
(§110, Vol. I) 

^ 12/^12 ■(’ ^14^14 ^Z4PZ4 ^42^42 ^2sP2Z ~ ^ 

is right-handed or leftrhanded according as 

«12"34 + «i:/h2 + «14«28 

is positive or negative. 

5. A twist given by the j)arameters of §130 is rightdianded if aQpQ>0 
and the coordinate system is right-handed. 

6. The linear complex dete.rmined by a twist according to Ex. 7, § 122, 
is right-handed or left-handed according as the twist is right-handed or hdt- 
harided. 

*179. Elementary transformations of triads of lines. T^et be a 
figure such that all the collineations which transform it into itself 
are direct, and let [F"] be the set of all figures equivalent to F under 
direct transformations. From the fact that the group of all direct 
collineations is continuous, it can be proved that [i^] is a continuous 
family of figures. 

This can also be put into evidence by generalizing the notion of 
elementary transformation to other figures. This is essentially what 
has been done in §§169 and 173. For triads of skew lines the 
following theorem is fundamental 
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Theorem 62. If Z^, Z^ are three skew lines^ and is a line 
coplanar with and such that the points in which and meet the 
plane If^ are not separated hy the lines and Z^, then Z^Z^Z^ can he 
carried to Z^Z^/^ hy a direct collineation. 

Proof, Let a be a line meeting Z^, Z^, and Z^ (fig. 86) in points 
A^ respectively, which are all distinct. Let a be the plane con- 
taining Zg and the point B of intersection of Z^ and Z^. If A^ is in a, 
an elation with A^ as center, a 
as plane of fixed points, and 
carrying A^ to A^ will carry Z^, 

Z^, Zg into l^y Z.^, l^ respectively. 

By Theorem 56, Cor. 4, this 
elation is direct. 

If A^ is not in a, the points 
A^ and A^ are not separated by 
A^ and the point A in which a 
meets a ; for by hypothesis A^ 
and the point in which Z.^ meets the line BA are not separated by the 
lines Zg and Z^. Hence the homology with as center and a as plane 
of fixed points whi(*h carries Z, to is direct (Theorem 56). This 
homology carries Z^, Z^, Z^^ into Z^, Z^, Z^ respectively. 

An elementary transformation of a triad of skew lines may 
be defined as the operation of replacing one of them, say Z^, by a 
line Z^ which is coplanar with Z^ and such that Z^ and Z^ do not sepa- 
rate the points in which their plane is met by Z^ and l^. 

By Theorem 62 an elementary transformation may be effected 
by a direct collineation. A sexiuence of elementary transformations 
therefore carries a right-handed triad into a right-handed triad and 
a left-handed triad into a left-handed triad. 

Conversely, it can be proved that any right-handed triad can be 
carried into^ any right-handed triad by a sequence of elementary 
transformations and that the two classes of lines determined by a 
pair of skew lines ah according to Ex. 2, § 25, are the lines [a;] such 
that ahx is right-handed and the lines [y] such that ahy is left-handed. 

These propositions are left to the reader. 

*180. Doubly oriented lines. The theory of sense-classes in three 
dimensions could be based entirely on that of doubly oriented lines 
(§ 176). We shall prove the earliest theorems of such a theory in 
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this section. The proofs are based on Assumptions A, E, S and do 
not make use of the preceding discussions of order in three-space. 

Definition. Two doubly oriented lines are said to be douhly 
'perspective if they can be given the notation {ABCy cc0y) and 
{A'B^C'y respectively in such a way that A, B, C, a, / 8 , 7 are 

on a', /S', 7 ', A^, B\ C' respectively. Two doubly oriented lines 
and I are said to be similarly oriented if and only if tliere exists a 
sequence of doubly oriented lines such that l^ is doubly 

perspective with l^ with • • •, with and Z„ with L Two 
doubly oriented lines which are not similarly oriented are said to 
be oppositely oriented. 

From the form of this definition it follows immediately that 

Thfa)KKM 03. If a dovhly orie/nted line l^ is similarly oriented 
with a do ally oriented line and Z^ 'with a douhly oriented lihe Z^, 
Z^ is similarly oriented with Z^. 

Theorem 64. If three douhly oriented lines m^, no two of 

which arc coplanar, are such that is douhly perspective with 
and in^ 'ivith then m^ is douhly perspective either with or with 
the douhly oriented Ibie obtained hy changing both sense-classes on m^. 

Proof. Let ABC be an ordered set of points of the sense-class ol 
i)oints of and let Z^, Z^, l^ be the three lines on A, P>, C respectively 
which meet rn^ and The 
sense-class of jdanes of 
contains either the ordered 
triad of planes ^ 2 ^% 

or the ordered triad 
Ijn^, \m^. In the first case 
(fig. 87) let = A 

Z^m^ = 7 . In til e second case 
(fig. 88 ) let a, 
l^m^ — 7 . In botli cases let 
A^y be the points Z^m^, 

respectively, a^, 

Yj the plaues 

respectively, A^, the points respectively, and 

the planes l^m^, respectively. 

In the first case {ABC, a^y) is doubly perspective with (A^B^Cj, 
«j/S, 7 i) and this with {A^B^C^, Since to, = {ABC, a^y), and 
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m., is doubly perspective with and since 

TO, is doubly perspective with = But 

by construction 

is doubly perspec- 
tive with {ABC, affy), 
i.e, is doubly perspec- 
tive with 

In the second case 
{A B Cy a^y) is doubly per- 
spective with {A^C^B^, 

Since 

'm^ = {ABC, a/37), fl-iid 
is doubly perspective 
with rn^^{A^C^B^y 

<'i,^i7i); since is douldy perspective with 
a, ^72^2)* construction {AJiJ\^y doubly ]HU\sjH‘c.tivt‘ 

with (uiCB, ay^)] i.e. is doubly perspective witli llie doubly 
oriented line obtained by changing both sense-cJasses of 'm^^. 

Theorem 60. A doMi/ oriented line {AB(\ a/37) similarl// 
oriented with {ACB, czyfi) and opponitely oriented to {A/>(\ ct')^) <nid 
{ACB, a 0 y). 

Proof. Lc‘.t l^y l^y be three lines distinct from AB and such thnt 
is on A and a, on B and 7, f on C and /3. Let in^ and ?//.^ be 
two lines distinct from AB, each of which meets l^^, and /,. Let 
A^, B^, be the ])oints i‘t3Si)ectively and a„, 7., 

the ])lanes respectively; let J.,, be the points 

Ijn^ respectively and a^, 7.^ the planes ' 

i’(isj>e(*.tively. Then by construction (fig. 88) and definition th<‘ 
oriented line {ABC,a^y) is doubly perspe(*tive with (Af\/>\, 
and tliis with {AJi^C^, {ACB, ay^). Hence 

{ABC, a/37) is similarly oriented with {ACB, ay^), Ly a change of 
notation it is evident that {ABC, ay^) is similarly oriented with 
{ACB, a^y). It remains, therefore, to prove that {ABC, a^y) is not 
similarly oriented with {A CB, a/37). 

If these two oriented lines were similarly oriented, there would 
i>e a sec[uence of doubly oriented lines m^, m^, • • •, such that 
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m^ — {ABCy afiy) and m^ — {ACB, afiy), and such that each oriented 
line of the sequence would be doubly perspective with the next one 
in the sequence. Let m be a doubly oriented line not coplanar with 
any of • • •, and doubly perspective with let m be 

the doubly oriented line obtained by changing both sense-classes 
on m. By Theorem 64 is doubly perspective with m or m. By 
a second application of this theorem is doubly perspective with 
m or m, and by repeating this process n times we find that is 
doubly perspective with m or m. But this means that is {ABC, 
a^y) or {ACB, ay^). 

Theorem 66. There are two and only two classes of douUy oriented 
lines such that any two doubly oriented lines of the same class are simi- 
larly oriented and any two of different classes are oppositely oritnted. 

Proof. Let {ABC, a/Sy) be an arbitrary fixed doubly oriented line 
and let K be tlie class of doubly oriented lines similarly oriented to 
it. This class contains (Theorem 65) {ACB, ay^) but not {ACB, a/3y) 
or {ABC, ay^). If I is any line and m any line not meeting I or 
AB, {ABC, a^y) is doubly perspective with one of the doubly oriented 
lines determined by m and this with one of those determined by 1. 
Hence K contains two of the four doubly oriented lines determined 
by any line of space. Let K' be the class of doubly oriented lines 
similarly oriented with {ACB, a^y). It also contains two of the four 
doubly oriented lines determined by any line of space. K and A"' 
cannot have a doubly oriented line in common, because this would 
imply that {ABC, a^y) and {ACB, a^y) were similarly oriented. 
Hence every doubly oriented line is either in A' or in K\ 

There can be no other pair of classes of similarly oriented doubly 
oriented lines including all doubly oriented lines of space, because 
one class of such a pair would contain elements both of K and of K\ 
and this would imply, by Theorem 63, that {ABC, a^y) was simi- 
larly oriented with {ACB, afiy). 

From the construction which determines whether two doubly 
oriented lines are similarly oriented or not, it is evident that any col- 
lineation carries any two doubly oriented lines which are similarly 
oriented into two which are similarly oriented. Hence, if a collinea- 
tion carries one doubly oriented line into a similarly oriented one, it 
carries every doubly oriented line into a similarly oriented one ; and 
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if it carries one into an oppositely oriented one, it carries every doubly 
oriented line into an oppositely oriented one. 

Any collineation which carries a doubly oriented line into a simi- 
larly oriented one is said to be direct^ and any collineation which 
carries a doubly oriented line into an oppositely oriented one is said 
to be opposite. This definition of direct and op])osite collineations is 
easily seen to be equivalent to that in § 32. 

*181. More general theory of sense. The theory of sense-classes 
in the preceding pages can be extended to analytic transformations 
by means of simple limiting considerations. For example, consider 
a transformation of a part of a Euclidean plane 

a<K,+ • • •> 

y<=g(xy)^ 6 ^*“+ . . 

where both series are convergent for all points in a region including 
the point (0, 0). If the determinant 

ox dy 

%(0> 0) ^//(Q> 0) 

dx dy 

is not zero, it can be shown that there is a region including (0, 0) 
which is transformed into a region including in such a way 

that all ordered point triads of a seuse-class in the first region go into 
ordered point triads of one sense-class in the second region; and if 
(.//, y^) is in the same plane as {x^ y), the two sense-classes will be the 
same if and only if J >0. 

By a similar limiting process the notions of right- and left-handed- 
]i(‘ss can be extended to curves, ruled surfaces, and other figures 
having analytic equations. A discussion of some of the cases which 
arise will be found in the article by Study referred to in § 162. 

This sort of theory of sense relations belongs essentially to 
differential geometry, although the domain to which it applies may 
be extended by methods of the type used in §§ 168 and 173. 

The theory of sense may, however, be extended in a different 
way so as to apply to the geometry of all continuous transforma- 
tions instead of merely to the projective geometry or to the geometry 
of analytic transformations. The main theorems are as follows . 
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Any one-to-one reciprocal continuous transformation of a curve 
into itself transforms each sense-class on the curve either into itselt 
or into the other sense-class. A transformation of the first kind is 
called direct and one of the second kind opposite. A direct trans- 
formation is a deformation (§ 157), and an opposite transformation 
is not a deformation. 

Any simple closed curve consisting of points in or on the 
boundary of a 2-cell R (§ 155) is the boundary of a unique 2-ceil 
which consists entirely of points of R. 

A 2-ci‘.ll can be deformed into itself in such a way as to trans- 
form an arbitrary vsimple closed curve of the cell into an arbitrary 
sim})le closed curve of the cell. Any one-to-one reciprocal contin- 
uous transformation of a 2-cell and its boundary into themi^elves 
is a deformation if and only if it effects a deformation oii the 
boundary ; i.e. if and only if it transforms a sense-class on the 
boundary into itself. 

If the sense-classes on one curve of a 2-cell and its boundary 
are designated as and najatire respectively, any sense-class 

on any (Aher curve is called positire or 7t.c(/atire according as it 
is the transform of the j)ositive or of the negative sense-class on 
by a deformation of into J thi-ough intermediate j)ositions whieli 
are all simple closed curves (ai the 2-cell and its boundary. Py the 
theorems above, this gives a unique determination of the positive 
and negative sense-class(^s on any curve of the given convex region. 
A cAirve associated with its positive scmse-class is called a positive! jf 
oriented curve, and a curve associated with its negative sense-class 
is c.alhid a ncijatirehj oriented enrve. 

Any transformation of a 2-cell which is one-to-one, reciprocal, 
and continuous either transforms all positively oriented curves into 
positiv(dy oriented curves or transforms all positively onented 
curves into negatively oriented curves. In the first case the trans- 
formation is said to be direct and in the second case to be opposite. 
The transformation is a deformation if and only if it is direct. 
A 2-cell associated with its po.sitively oriented curv(vs or with its 
negatively oriented curv('s is called an oriented 2-cell. 

The oriented 2-cells of a simple surface fall into two classes such 
that any oriented 2-cell of one class can be carried by a continuous 
deformation of the surface into any other oriented 2-cell of the 
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same class, but not into any oriented 2-cell of the other class. The 
two oriented 2-cells determined by a given 2-cell are in different 
classes. A simple surface associated with one of these classes of 
oriented 2 -cells is said to be oriented. 

A similar theorem does not hold for the oriented 2-cells of a 
projiUitive plane. Instead we have the theorem that every contin- 
uous one-to-one reciprocal transformation of a projective plane is a 
deformation. Consequently any oriented 2-cell can be carried into 
any other oriented 2-ccll by a deformation. 

The oriented simple surfaces in a 3-cell and its boundary fall 
into two classes such that any member of either class can be 
deformed into any other member of tlie same class through a set 
of intermediate ])ositions whi(*b are all oriented sijiiple surfaces, but 
cannot be deformed in this way into any member of the other class. 
A continuous one-to-one reciprocal correspondence which carries a 
3-cell and its boundary into themselves cither interchanges the two 
('lasses of oriented sinqde surfaces or leaves them invariant. In the 
second case the transformation is a deformation and in the first 
case it is not. A 3-(.*dl asscudated with one of its (dasses of oriented 
surfa('es is called an oriniivd 3-cell. 

The ori(*nU‘d :’>-ccJls of a projective space fall into two classes 
such that any member of c»ne class can be (tarried by a continuous 
deformation of the ])roje(dive space into any member of the same 
cJass but not into any nmmber of the other (dass. A continuous 
on(‘-to-one recii)roca] transformation of the projective space either 
transforms (iacb class of oriented 3-cells into itself or into the other 
class. In the first case it is a deiormation and in the second it is uoi. 
A i>rojective space associated with one of its classes of oriented 
:bc(‘lls is called an oriented projective space. 

Th(^ one-dimensional theorems outlined above are easily proved 
on tlu‘. basis of the discussion of the sense-classes cm a line in §§ 159 
and 1 Go The two-dimensional ones, though more difficult, are conse- 
(pieiuvs of known theorems of analysis situs. They involve, however, 
siu'li theorems as that of Jordam that a simple closed curve separates 
a convex region into two regions; and the theorems of this class do 
not belong {§§ 34, 39, 110) to projective geometry. Tlie Jordan 
theorem in the special case of a simple closed polygon does, however, 
belong to projective geometry and is proved below (§ 187). 
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The three-dimensional propositions outlined here have not all 
been proved as yet, but are (in form) direct generalizations of the 
one- and two-dimensional ones. 

Let 11 s note that an ordered triad of points as treated in § 160 may be 
regarded as determining an oriented 2-cell. For the triangular region having 
the points as vertices is a 2-cell, and a sense-class is determined on its boundary 
by the order of the vertices. Tliis senscMilass determines a sense-class on every 
curve of the 2-cell and thus determines an oriented 2-cell. 

In like manner an ordered tetrad of points as treated in § 160 determines 
ail oriented )5-coll. For the tetrahedral region having points A BCD as ver- 
tices is a :i-cell. The triangular region BCD is a 2-cell which does not contain 

and is oriented in view of the order of the points on its boundary. This 
ori(mt(*d 2-eell determines an orientation of the boundary of the 3-ceH, and 
thus of the 3-cell. 

Likewise an ordered tetrad A BCD of a jirojective plane determii^es a 
2-cell, i.e. that one of the triangular regions BCD which contains A ; and 
this 2-cell is orientt^d by the order of the j)oints BCD. Similarly, an ordered 
pentad 4 BCDE of points in a projective space detcirmines an ori(*nted 3-cell, i.e. 
that one of the tetrahedral regions BCDE which contains /I, oriented accord- 
ing to the ord(‘r of the }>oints BCDE. 

182. Broken lines and polygons. Definition. A set of n points 
• • •, togetlier with a set of n segments joining to A^ 
to • • •, to is called a hroketi line joining A^ to The 
points ylj, • • •, are called the vertices and the segments joining 
them the edges of the broken line. If llie vertices are all distinct 
and no edge contains a vertex or a point on another edge, the broken 
line is said to be simjdc. If A^ — A^ the broken line is said to be 
closed, otherwise it is said to be open. The set of all points on a 
closed broken line is called a polygon. If the vertices of a polygon 
are all distinct and no edge contains a vertex or a point on another 
edge, the polygon is said to be simple. 

A broken line whose vertices are A^, and whose edges 

are the segments joining A^ to A^, to A^, • • •, A^_^ to A^, is called 
the broken line A^A^ • • • and its edges are denoted by A^A^, 

• • •, A„_^A„ respectively. If A^ = A^ the corresponding polygon is 
denoted by A^A^ • • • ’> vertex A^ is sometimes denoted by 

A„, by A„^„ etc. 

The following theorem is an obvious consequence of the definition. 

Theorem 67. The polygon A^A^ • • • A^A^ is the same as A^A^ • • • 
fffid • • • A^Ay If F is any point of the edge oj 
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a simple polygon • • • A^A^, this polygon is the same as a poly- 
gon A^PA^ • . . A^A^ in which the edge A^Py the vertex P, and the 
edge P A^ constitute the same set of points as the edge A^A . If a 
simple polygon A^A^A ^ . . . is such that A^A^A^ are bilinear 
and A^ A^, this polygon is the same as the polygon A^A^ • • . A^^A 
in which all the edges bat A^A^ are the same as before and A^A^ is 
the segment A^A^A^. 

Definition, li Ay By C are any three points on a simple polygon, 
an elementary transformation is the operation of replacing any one 
of these points, say C, by a point C' such that C and C' are joined 
by a segment consisting of points of the polygon and not containing 
either of the other two points. A class consisting of all ordered triads 
each of which is transformable by a finite number of elementary 
transformations into a fixed triad ABC called the sense-class ABC 
and is denoted by S{ABC). 

Theorem. 68. There exists a one-to-one and reciprocal correspond- 
ence between the points of any simjde polygon and the points of any 
line such that hoo triads of points on the polygon are in the same 
sense-class tvith respect to the polygon if and only if the correspond- 
ing triads of points on the line are in the same sense-class. 

Proof Let the vertices of the polygon be denoted by A^, 

and let A^ be also denoted by A^. Let B^y B^y- • -y B^_^ be n 
arbitrary points of a line I in the order B^y • . and Jet 
/?„ also denote B^. Let ^8. denote that segment B.B.j^^y which con- 
tains none of the other points B. Let the edge joining A^ to .4.^, 
correspond projectively to the segment in such a way that A. and 
. 1,^1 are homologous with B^ and B^^^ respectively. (In general the 
])rojectivities by which two sides of the polygon correspond to two 
segments on the line will be different.) If we also let A^ correspond 
to (i = 1, . . 71 — 1), there is evidently determined a one-to-one 

and reciprocal correspondence F between the polygon and tlie line 
wJiich is such that each side of the polygon with its two ends 
corresponds with preservation of order relations to a segment of the 
line and its two ends. 

Ijet ij, P^y ij, denote points of the polygon and X^, X^, X^, X^ 
tlie points of I to which they respectively correspond under T. Tlie 
correspondence T is so defined that if P^P^P^ goes into ]>y an 
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elementary transformation with respect to the polygon, then 
goes into by an elementary transformation restricted witli 

respect to • • •, ^„(cf. § 166), and conversely. Hence the 

theorem follows at once from the corollar}' of Theorem 22. 

COKOLLARY 1. The theorem above remains true if the words 
broken line with distinct ends'"'" be substituted for polygon, and 
“ interval ” for line. 

The definitions of separation and order given in §21 for the 
points on a line may now be applied word for word to the points 
on a simple j)olygon, and in view of the correspondence established 
in Theorem 68, the theorems about order relations on a line ma,y be 
applied without change to polygons. ' 

By comparison with the proof of Theorem 15 we obtain immedi^ely 

Corollary 2. A simple polygon is a simple closed curve. 

Corollary 3. A simple broken line joining two distinct points 
is a simple curve joining A^ and A^^, 

The order relations on a broken line which is not simple may b(i 
studied by the method given above with the aid of a simple device. 
Suppose we associate an integer with each point of a broken line 
A^A^ - • • A^ as follows: With A^ and every point of tlie segment 
joining A^ to A^ the number 1 ; with A^ and every point of the seg- 
ment joining A^ to the number 2 ; and so on, and, finally, with 
the number n. 

Definition. The object formed by a point of the broken line and 
the number associated with it by the above process shall be called 
a numbered point ; and the numbered point is said to be on any seg- 
ment, line, plane, etc. which the point is on. If A, B, C avo any tliree 
numbered points on a polygon, an elementary transformation is the 
operation of replacing any one of these numbered points, say C\ by 
a point C' such that Cand C' are joined by a segment of numbered 
points all having the same number. A class consisting of all ordered 
triads of numbered points each of which is transformable by a finite 
sequence of elementary transformations into a fixed triad ABC is 
called the sense-class ABC and is denoted by S{ABC), 

By the proof given for Theorem 68 we now have 

Theorem 69. There exists a one-to-one and reciprocal correspond- 
ence between the numbered points of any broken line and the point<> 
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of any inter oal such that two triads of numbered points are in the 
same sense-class if and only if the corresponding triads of points 
on the interval are in the same sense-class. 

We are therefore justified in applying the theorems and defini- 
tions about order relations on an interval to the numbered points 
of a broken line. 

EXERCISE 

*Aiiy two points of a region can be joined by a broken line consisting 
entirely of j)oiiits of the region. 

183. A theorem on simple polygons. In the last section a i)oly- 
gon was defined as the set of points contained in a sequence of 
l)oints and linear segments. This is the most usual definition and 
doubtless the most natural. With a view to generalizing so as to 
obtain the theory of ])olyhedra in spaces of tlnxie and more dimen- 
sions, however, we shall find it more convenient to use the property 
of a siirii)le polygon stated in the following theorem.* 

Theorem 70. A set of points [i*] is a simple polygon if and only 
if flic following conditions are satisfied : (1) [P] consists of a set of 
distinct points, called vertices, and of distinct segments, called edges, 
such that the ouls of each edge are vertices and each vertex is an end 
of an even number of edges; (2) if any points of [P] are omitted, 
the remaining subset of [/*] does not ham the property (1). 

Proof. It is obvious that a simple polygon, as defined in § 182, 
satisfii's (^>nditions (1) and (2), because no edge has a point in com- 
mon witli any other edge or vertex and each vertex is an end of 
exactly two edges. 

Lt^t us now consider a set of points [/’] satisfying (1) and (2). If 
two or more edges have a ])oint in common, this point divides each 
edge into two s(‘gments. Ileuc^e the point may be regarded as a 
vertex at which an even number of edges meet. In like manner, 
if an edge contains a vertex the two segments into which the edge 
is divided by the vertex may be regarded as edges. Since there are 
01‘iginally given only a finite number of vertices and edges, this 
process determines a finite number of vertices and edges such that 
no edge contains a vertex or any point of another edge. 

*Tlus form of the definition of a polygon and a corresponding definition of 
a polyhedron are due to N. J. Lennes, American Journal of Mathematics, 
Vol. XXXIII (1911). p. 37. 



458 


THEOREMS ON SENSE AND SEPARATION [Chaf.ix 


Now let be any edge and one of its ends. Since there are 
an even number of segments having as an end, there exists an- 
other distinct from e^; let this be denoted by e^. Let be its other 
end, and let be a second segment having as an end, and so on. 
By this process we obtain a sequence of points and segments 


«.> 


Since the number of vertices is finite, this process must lead by a 
finite iiuinber of steps to a point which coincides with one of the 
previous points, say ij. The set of points included in the points 
and segments 

f If -?+!>***> -R - 1> 


satisfies the definition of a simple polygon and has the property t^iat 
each is an end of two and only two e’s. 

Hence it satisfies Condition (1). By Condition (2) it must include 
all points of the set [/*]. 


Corollary. A set of points satisfying Condition (1) of Theorem 
70 consists of a finite nuynher of simple polygons no two of which 
have any point in common which is not a vertex. 

Proof. In the proof of the second part of the theorem above, 
Condition (2) is not used before the last sentence. If Condition (2) 
be not satisfied, the set of ]:)oints remaining when the segments 
+ those of the points /^, • • •, which are not 

ends of the remaining segments) are removed continues to satisfy 
Condition (1). For on removing two segments from an even num- 
ber, an even number remains. Hence the process by which th(i 
simple polygon • • •, was obtained may ])e re])eated and 

another simple polygon removed. Since the total number of edges 
is finite, this step can be repeated only a finite number of times. 

184. Polygons in a plane. In the next three sections we shall 
prove that the polygons in a projective plane are of two kinds, a 
polygon of the first kind being such that all points not on it con- 
stitute two regions, and a polygon of the second kind being such 
that all points not on it constitute a single region. The boundary of 
a triangular region is a polygon of the first kind, and a projective 
line a polygon of the second kind. In proving that the points not on 
a polygon constitute one or two regions, we shall need the following * 
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Theorem 71. Any point coplanar with hut not on a polygon p 
in a plane a is in a triangular region of a containing no point of p. 

Proof Let the polygon be denoted by A^A^ • • . A^A^ and the 
point by P. By an obvious construction (the details of which are 
left to the reader; cf. § 149) a triangular region may be found 
containing P and not containing A^ or A^ or any point of the edge 
A^A^. In like manner a triangular region may be constructed 
which contains P, is contained in and does not contain or any 
point of the edge A^A^, By repeating this construction we ol)tain a 
sequence of triangular regions ‘ contained in all 

the preceding ones, containing 7', and such that 2\ does not con- 
tain any point of the broken line Afi^ • . . Thus P„ contains 

P and contains no point of the polygon A^A^ - • • A^Ai- 

COROLLAKY. Any point of space not on a polygon p is in a tetra- 
hedral region containing no point of p. 

Let the set of lines containing the edges of a simple polygon in a 
plane be denoted by l,^^ • . l^. Since more than one edge ma} 
be on the same line, n is less than or ecpial to the number of edges. 
According to Theorem 07 we can first supj)ose that the notation is so 
assigned that no two edges having a common end are collinear excej)t 
in the case of a polygon of two sides (which is a projective lijie), for 
two collinear edges and their common end can be regarded as a single 
edge. In the second place, according to the same theorem, we can 
introduce as a vertt*.x any point in wdiich an edge is met by one of 
the lines • • •, Z„ which does not cvmtain it. 

Under these conventions the polygon may be denoted by A^A^ • • • 
A^A^, where each point A.(i= 1, 2, • • •, m) is a point of intersection 
of two of the lines Z^, l^, • • •, Z„, and each edge is a segment join- 
ing two vertices and containing points of only one of the lines 

In like manner, when two or more simple polygons are under con- 
sideration, let us denote the set of lines containing all their edges 
1'}' iy, • • •, K- We may first arrange that no two edges of the 
same polygon which have an end in common are collinear, and then 
introduce new vertices at every point in which an edge is met hj’ 
one of the lines which is not on it. Thus in this ease 

also the polygons may he taken to have all their vertices at points 
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of intersection of the n lines and to have no edge 

which contains such a point of intersection. 

We are thus led to study the points of intersection of a set of n 
coplanar lines and the segments of these lines wliich join the points 
of intersection. 

185. Subdivision of a plane by lines. Consider a set of n lines 

^ 2 ’ * ' same plane tt. The number of their points 

of intersection is subject to the condition 


1 = 



the two extreme cases being the case where all n lines are concur- 
rent and the case where no three are concurrent. According to §\22, 
Chap. II, and the definition of boundary (§ 150), tlie points of in^r- 
section bound a number of linear convex regions upon the lines. 
The number is subject to the condition 

n ^ ^ n (71 — 1), 


the two exti'eme cases being the same as before. 

Theorem 72. T/ie points of a plaifie 7vhich are not on any one 
of a finite set of lines Z.^, • • •, Z^ fall mto a numher of convex 
regions such that any segment joinhig two points of different regions 
contains at least one point of Z^, Z^, • • •, Z^. The numher satisfies 
the inequality n(n— 1 ) 


71 ^ 

2 


1 . 


Proof, The proof may be made by induction, li n = \ the theorem 
follows directly from the definition of a convex region. We suppose 
that it is true for n = k, and prove it for n = Z -h 1 . 

We are given lines Z^, Z.^, . . Z^^^. The lines Z^, Z.,, • • Z^ 


determine a number not less than k and not more than 


1) 

2 


1 , 


of (*onvex regions. The line Z^^j meets the remaining k lines in at 
least one point and not more than k points. Tlie remaining points 
of Z^^j therefore form at least one and at most k linear convex 
regions, each of which is the set of all points common to Z^.^j, and 
one of the planar convex regions (Theorem 3). By Theorem 8 each 
convex region which contains points of Z^^j is divided into two con- 
vex regions such that any segment joining two points of different 
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regions meets if ft does not meet one of the lines l^, l^, ■ • l^. 

Hence the A + l lines determine a number iV*^j of convex* regions 
of the required kind such that N^+ 1 s N^+k. Since 


it follows that 

* + l 




+ 1 = 7 ^ = 1 . 


ColiOLLAKY 1. If n lines of a plane pass through a point, they 
determine n eonre.v regions in the plane ; if no three of them are 

concurrent, they determine ^ convex regions. 

2t 


Let us denote the points of intersection of the lines by 

a ^ ... 

> ^'2 > y 

or any one of them by ; the linear convex regions which these 
points determine upon the lines by 


or any one of them by and the ])lanar convex regions by 

a a:f . . . , a^^, 

or any one of tliem by a^. 


CoKOLLAKY 2. If the lines ^ 2 ’ * ’ *» concurrent, any 

line CO planar with and containing a point of an a"^ has a segment 
(f points in common with it. The ends of this segment are on the 
houndary of the a?, and no other jioint of the line is on this boundary. 

Proof. The given hue, which we shall call I, meets the lines 

/„ • • /„ in at least two points, and, as seen in tlie proof of tht‘ 

theorem, one and only one of the mutually exclusive segments having 
thc^se points as ends is composed entirely of points of the a^. Let 
a denote this segment. Its ends are boundary points of the by 

Theorem 10. Let and Ij be liiiCvS of the set l^, • • •, such 

that contains one end of a and the other. All points of the a‘^ 
are separated from the points of the segment complementary to a 
by the lines and ly Hence any point of the complementary ^seg- 
nient is in a triangular region containing no point of the a^ and is 
therefore not a boundary point of the a“. 
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This argument carries with it the proof of 

Corollary 3. Any interval joining a point of an oS^ to a point 
not in the a^ contains a point of the boundary of the a\ 

Theorem 73. If the lines l^, • • •, l^ are not all concurrent, the 
boundary of each o? is a simple polygon whose vertices are a^'s and 
whose edges are a}'s. 

Proof, The theorem is a direct consequence of § 151 in case 7i=3. 
Let us prove the general theorem by induction; i.e. we assume it 
true for n=^k and prove it for n=^k-\-l. 

Let the notation be so assigned that l^, l^, l^ are not concurrent. 
Then any one of the convex regions, say R, determined by l^, 
l^ is contained in a triangular region determined by l^, l^, and be- 
cause no two points of R are separated by any two of the lines 
/g. Let m be a line containing no point of this triangular region nor 
any of its vertices. The segments A^Aj etc. referred to below do not 
contain any point of m. 

If contains a point of R, it contains, by Cor. 2, above, a seg- 
ment of points of R such that the ends of this segment are on the 
boundary of R. By Theorem 67, the ends of this segment may be 
taken as vertices of the polygon p which by hypothesis bounds R. 
Thus we may denote this polygon by A^A^ • • • • • • A^A^, where 

and A,, are the points in which meets the polygon. 

There are just two simple polygons which are coiuposed of the 
segment A^A, and of sides and vertices of p. For any such polygon 
which contains A A. contains A,A„ or AA.: if it contains A,A^ it 
must contain A^A^ and therefore A^A^, • • •, A,_jA,, and since it con- 
tains A,.A^ it must be the polygon A^A^A^ • • • A,.lj ; if it contains 
A^Aj it must contain AjAj_^ and therefore A^_iA^_o, • • •, A,^ ,A^, and 
since it contains A,A^ it must be A^AjAj_^ • • • A.A^. 

Neither of the lines Z^.^j and m meets any edge of the polygon 
AjA^Ag • • • A.A^ except A, Aj, which is contained in Hence all 
points of this polygon except A., A^ and those on the edge A^A^ are in 
one of the two regions, which we shall call R' and R", bounded by 
Ij^^^ and m. In like manner all points of the polygon A^AjAj^^ • • • 
AjA^ except A^, A^ and those on the edge A,A^ are in one of the two 
regions R' and R'^ 

The points of R on any line coplanar with R and meeting tbe 
segment A,Aj in one point form a segment cr (Cor. 2, above) wbicli 
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does not contain any point of m. Hence the ends P, ^ of <r are 
separated by 4+1 and m. But T and Q are boundary points of R 
by Cor. 2, above. Hence the boundary of R has points in both of the 
regions R' and R'' bounded by and m. By the paragraph above, 
the points of the boundary of R in the one region, say R^ must be 
the j)oints, exclusive of the interval of the polygon A^A,^ • • • A^A^, 
and those in the other, R", must be the points, exclusive of the interval 
A^A^, of the polygon A^A . . . . A^A^^. 

Let R^ and R^ be the two convex regions formed by the ])oints of 
R not on Since these two regions are separated by and wi, 

we may assume that R^ is in R' and R^^ in R". Every boundary 
point of R^ which is not a point of /j^+i is in R'. For if B is a point 
i)f the boundary of R^ it is not on m, by construction, and if it is 
not on it can be enclosed in a triangular region containing no 
])oint of or m. Such a triangular region must contain points of 
Rj and hence can contain no point of R^', since any segment joining 
a point of R' to a point of R" contains a point of + i of ?/?-. Hence 
7> is in R'. In like manner any boundary point of not on is 
in R". But by Theorem 10 every point P of the ))oundary of R is 
on the boundary of R^ or R.^. Hence the boundary of R^ contains all 
points of the boundary of R in R'; and by Theorem 10 it contains 
no other points not on Hence it is the polygon A^A^ • • • A^A^. 

In like manner the polygon A^Aj • • • A^A^ is the boundary of R^. 

Hence the boundaries of the two planar convex regions into whi(‘h 
any one of tlie planar convex regions determined by Z^,, • • 
is separated ])y are simple polygons. The other planar convex 
regions d(itermined by Z^, Z^, • • •, Z^.^^ are identical with regions 
determined by Z^, Z.„ • • •, Z^. 

CouoLLAKY 1. Bach is oti the boundaries of two and only two 

Corollary 2. In case all the lines Z^, Z^, • • •, Z,^ are concurrent, 
there is only one a”, the common point of the lines ; there are n a^'s, 
each consisting of all points exc^ept a^ of one of the lines 1^; and 
thej& are n a"\s, each haring a pair of the lines as its boundary. 

Theorem 74. The numbers satisfy the relation 

Proof. We shall make the proof by mathematical induction. 
The theorem is obvious if n = 2, for in this case a^^ 1, = 2, a:^= 2. 
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Let us now assume it to be true for n^k and prove that it follows 
for n — k-^ 1. 

The lines determine a set of points, a[ hnear 

convex regions, and a' planar convex regions subject to the rela- 
tion a[ — a[ + ^2 = 1. The line meets a number, say r, of tlie 
jdaiiar convex regions and separates each of these into two planar 
convex regions. Hence a' is increased to cc^-\- r. The number of 
one-dimensional convex regions is increased by r for the number 
of convex regions on and also by a numlx'r* s equal to the 
number of linear convex regions of the lines which are 

met by The number of points of intersection of /„ • • •, 
also exceeds by s. Hence for • • •, the numbers 

+ a[-hr-{~s, « 2 -h Hence a^ — + a = {a'^ + s) 

-(a[ -hr-f 6*)-f-(a'-f-r)=l. 

186. The modular equations and matrices. The relations among 
the i)oints, linear convex r(‘gions, and planar (Convex regions may 
be described by means of two matrices of which those*, givtm in 
§151 for the triangle are s])e(ual cases. The first matrix, whi(ih 
we shall denote by is an array of rows and columns, each 
row being associated with an and eacli column with an The 
element of the ^^th row and yth column is 1 or 0 ac‘nor(ling as is 
or is not an end of a]. Tlie second matrix, II^, has rows and 
columns associated respectively with the a^’s and a“’s. The element 
of the ilh row and yth column is 1 or 0 according as a} is or is not 
on the boundary of a^. 

Since every segment has two and only two ends, eacdi column 
of contains just two I's; and since each is on tlie boundary 
of two and only two n^'s (Theorem 73, Cor. 1), each row of H,, con- 
tains just two l*s. 

For each of the ^^'’s let us introduce a variable whicih can take 
on only the values 0 and 1, these being regarded as marks of tin* 
field obtained by reducing modulo 2. We denote these variables 
by respectively. There are 2“^ sets of values which 

can be given to the symbol t (iPj, ^ 2 » * ’ ’ ^^i)- - 

♦The number 5 is less than r if h+i contains points of intersection of L, 

• • Ik^ 

tExcludin^r the one in which all the variables are zero, these symbols constitute 
the ]>oints of a finite projective siiace of — 1 dimensions in which there arc three 
points oji fvery line (cf. § 72, Vol. I). 
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modular equations 


Every one o{ tliese symbols (x x ... r \ ....... j . 

. , , , w’ a> > '^a,) corresponds to a wav 

oi labelling each segment of the original n lines with a 0 or a 1, 

the segment a} being labeled with the value of We shall 

reprd the symbol as the notation for the set of edges labeled 

with Vs. By the sum of two symbols {x^ aud 

* * •» yo:) we shall mean the addition 

bein^ ])(‘if()rnied modulo 2. According to our convention the sum 

represents the set of a} ’s wliich are in eithc'r of the sots represented 

('^V '"v * * *’ (y,» 3^2’ * * *» //«i) ^^th. By a re])e- 

tition of these c-onsiderations it follows that the sum of u symbols 


of the form (.r^, for sets of edges is the symbol for a set 

of edges eacli of wliich is in an odd number of the n sets of edges. 


In the se(piel we shall say that a polygon p is the sum, mod- 
ulo 2, of a set of polygons • '^p,, if it is represented by a 

symbol ) which is the sum of the symbols for Pj, p^t 

inquire what is the condition on a symbol 
^ 2 ’ ’ ‘ *» ‘^i) shall rejiresent a pol y^gon ? 

At every vertex of a polygon there meet two and only two edges, 
lienee, if \vc add all the ,r's that correspond to the meeting in 
any point, this sum must he zero, modulo 2. This gives eMjjuations, 
one for each of (he form 


(4) .r (mod. 2) 

(a^\ a ^, . . rz® being the edges which meet at a given vertex), which 
must be satisfied by tlie symbol for any polygon. Obviously the 
matrix of the c.oefhcients of these equations is H^. For example, in 
the cRkSC of the triangle these equations are (cf. § 151) 

X^ + + ^6 + 

(5) x^ + .r^-f x^+ x^= 0, (mod. 2) 

x^-V u\= 0 . 

We shall denote the set of equations (4) by (H^). Since each 
column of gives the notation for a polygon bounding an a®, the 

columns of are solutions of the equations (H^). For example, 
the columns of the matrix in § 151 are solutions of (H^). 

Any solution whatever of these equations corresponds to a label- 
mg of the with O’s and I's in such a way that there are an 
even number of I’s on the a^’s meeting at each a^. Hence, by the 
corollary of Theorem 70 the a*s labeled with Ts must constitute 
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one or more simple polygons. Henice every solution of tJie equations 
(Hj) represents a simple polygon or a set of simple polygons. 

Since each column of the matrix contains exactly two I’s, any 
one of the equations is obtained by adding all the rest. Since the 
only marks of our field are 0 and 1, any linear combination of the 
equations (H^) would be merely the sum of a subset of these equa- 
tions. Consider such a subset and the points which corre.s2)oiid 
to the equations in the subset. Every joining two points of tlu* 
subset is represented in two equations, and the corresponding vari- 
able disappears in the sum. There remain in this sum the variables 
corresponding to the a^'s joining the points of the subset to the 
remaining points of the figure. These cannot all pass through the 
same point unless the subset consists of all points but one (si^ce 
any two of the original n lines have a point in common). Hence 
while any one of the equations is linearly dependent * on all the 
rest, it is not linearly dependent on any smaller subset. Hence 
of the equations (H^) are linearly independent. 

Since the number of variables is the number of solutions in a 
set of linearly independent solutions on which all other solutions are 
linearly dependent is — 1. By Theorem 74 this number is 

Thus the total number of polygons and sets of polygons is 1. 

The simple polygons which bound the regions are a set of solu- 
tions, namely, the columns of the matrix Since each row of the 
matrix contains just two I’s, it follows that if we add all the 
columns we obtain a solution of (H^) in which all the variables are 0. 
On the other hand, if we add any subset of the columns of the 
sum will be a solution in which not all the variables are zero. For 
consider a segment joining an interior point A of the region a“ cor- 
responding to one of the columns in the subset to an interior ])oint 
^ of a region a?' corresponding to one of the columns not in the 
subset; this segment may be chosen so as not to pass through a 
point of interwSection of two of the lines • • •, Z,,. Hence it 

contains a finite number of points on the polygons corresponding to 
the columns in the subset. The first one of these in the sense from B 

♦Since the only coeflBcients which can enter are 0 and 1, the statement that 
one solution is linearly dependent on a set of others is equivalent to sayin^ that it 
is a sum of a number of them. 

t In the modular space of • 1 dimensions this means that the — 1 inde- 
pendent — 2)-Rpaces intersect in an — l)-space. 
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to A is on an which is on the boundary of a region in the subset 
and a region not in the subset. The variable corresponding to this 
interval therefore appears in only one of the a’s in the subset and 
so does not drop out in the sum. Hence any of the boundaries 
of the convex regions correspond to a set of linearly independent 
solutions of (4). In other words, 1, or one less than half of 

all the solutions of (H^), are linearly dependent on the solutions 
(corresponding to the columns of The solutions of are thus 
divided into two classes, those linearly dependent on the columns of 

and those not so dej)endent. 

Since each of the lines l^, l^, • - l^ a polygon, it corresponds to 
a solution of the equations (H^), but it does not corres^nmd to a sohi~ 
lion which is linearly dependent on the columns of the matrix 
This is a corollary of the argument used in showing that the sum 
of any subset of the columns of is not a solution in which all the 
variables are zero. For in that argument we showed that a certain 
segment AB contains a pcuiit on the polygon represented by the sum 
of such a subset. The same argument applies to the complementary 
s(‘gment. Hence the line AB has two points, at least, in common 
with the polygon or polygons represented by the sum of the subset 
of columns. Hence this sum cannot represent a line. 

Thus, if we take the solution of the eciuations (H^) corresponding 
to any one of the lines /„,•••, Z,,, together with any oi the 

(columns of the matrix H^, we have a linearly independent set of 
soluti(jns. r>ut since tliis set contains independent solutions, all 
solutions are linearly dependent on this set. 

187, Regions determined by a polygon. If p is any polygon it 
can, by § 184, be regarded as one whose vertices are and whose 
edges are (7^’s of a set of lines /j, l„- 

Two cases arise according as p is represented by a symbol which 
is or is not a sum of a subset of the columns of the matrix H.^. 
In the first case p cx^rresponds also to the sum of all the remain- 
ing Ciduinns, because the sum of all the columns is (0, 0, • • •, 0). 
It cannot correspond to a third set of columns, for the sum of 
the columns in the second and third sets, which is also the sum of 
the columns not common to these two sets, would be (0, 0, • • •, 0). 
Hence there would be a linear relation among a subset of the 
columns of contrary to what has been proved above. 
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Let us denote the two sets of columns of whose sums are the 
symbol for by c^, Cg, • • •, and • • •, respectively, and sup- 
pose the notation so assigned that they represent the boundaries of 
^ 2 , • • V ^ respectively. Let the points of 

the plane in af, together with such points of the bound- 

aries as are not points of jo, be denoted by [F\ Let the set of the 
points analogously related to be denoted by [C>]. Clearly, 

the sets of points [i"*], [(?], and p are mutually exclusive and include 
all points of the plane. 

Consider any point of the convex region af corresponding to c^. 
It is connected by a segment consisting entirely of points F to every 
point F in or on the boundary of ctf. If k>l, has an edge in 
common with at least one of • • •, and the notation may \ be 
Ussigned so that has an edge in common with Tlien 7^ can 
be joined to any point of the common edge by a segment of 
7*-points, and 7^ by another segment of P-points to every 7^-point of 
the region and its boundary. If ^*>2 there is a solution which 
may be called with an edge in common with or ; for if not, 
the solution would be one in which all the Ts correspond to the 

edges of p, and as no subset of the edges of p forms a polygon, -f- 
would correspond to p itself. As before, every point of the region 
al and its boundary can be joined to F^^ by a broken line of at 
most three edges. Since there is no subset of c^, • • •, whose sum 
(iorresponds to tt, this ])rocess can be continued till we have any 
point K of the convex regions and their boundaries 

joined by a broken line b to ij. If F is on tt tlui ])roc,ess of con- 
structing h is such that all points of b exce])t F are in [F], w^hereas 
if F is in [P] all points of b are in [P]. 

Hence any two points of [7^] can be joined by a broken line con- 
sisting only of such points ; and, since every point of p is on the 
boundary of one of a^, • • •, any P can be joined to any ])oint 
P of ^ by a broken line every point of which, except F, is in [7*]. 
A precisely similar statement is true of [Q]. 

Consider now any broken line b' joining a point F to a point 
The points which are on this broken line and also on any and its 
ends constitute a finite number of points and segments. Hence h' 
meets the lines 1^, • • *, in a finite number of points and seg' 
ments, each of the segments beine contained entirely in an • 



§ 187 ] 


POLYGONS 


469 


These points and the ends of these segments we shall denote by 
• • •,Aj^ taken in the sense on the broken line from P to Q, 
Since P and A^ are within or on the boundary of the same convex 
region, A^ is either in [P] or on p. If A^ is in [P] the same con- 
sideration shows that is ii^ [^] or on p. If none of the A*s were 
on p, this process would lead to the result that Aj^, is in [P], and 
hence Q would also be in [P], contrary to hypothesis. Hence one of 
the A*s is on p, and hence any broken line joining a point P to a 
point Q contains a point on p. 

It now follows that [7^] and [^] are both regions. For we have 
seen that any point P can be joined to any other P by a broken line 
consisting entirely of points of P. By Theorem 71 any point P is 
contained in a triangular region containing no points of p. This tri- 
angular region contains no Q, because if it did a segment joining it 
to r would, by the argument just made, contain a point of p. Hence 
[7^] satisfies the definition of a two-dimensional region given in § 1 55. 
A similar argument applies to [^]. Hence we have 

Tiieorkm 75, Any simple polygon p which corresponds to a sym- 
bol . . •, Xa) which is the sum of a set of columns of H^ is 

the hottndary of two mutually excluswe regions which include all 
points of the plane not on p and are such that any two pomts of 
the same region can be joined by a brohen line ivhich is in the region. 
Any brol'cn line joining a point of the one region to a point of the 
other region contains a point of the polygon. 

Corollary 1. Aiiy point li of p can be joined to any point not 
on p by a- broken line containing no other point of p. 

Corollary 2. If a segment ST meets p in a single point () which is 
not a vertex of p, S and T are in different regions with resj)ect to p. 

Proof, Let and be two points in tlie order {SS'OT^T} and 
sucli that the segment S'OT' contains no point of Z„ ex- 

cept O. By §185, S' and T' are in two convex regions a* which 
have an edge in common. Since this edge is an edge of p, the 
columns of H^ corresponding to these two a^’s must be one in the 
set and the other in the set ^^ 2 * Hence, if S' 

and S are in [P], T' and T are in [Q], and vice versa. 

Ttteorkm 76. Any simple polygon p which corresponds to a sym- 
bol which is not the sum of a set of columns of 
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is the boundary of a region which includes all points of the plane 
not on p. Any two points not on p can he joined by a broken line 
not meeting p. 

Proof, By Theorem 71 any point not on p can be enclosed in 
a triangular region containing no point of p. Hence the theorem 
will be proved if we can show that any two points not on p are 
joined by a broken line consisting only of such points. If this were 
not so, we could let be any point not on p and let [P] be the 
set of all points not on p which can be joined to by broken 
lines not meeting p. As in the proof of Theorem 75, [P] would 
have to consist of a number of regions together with those points 
of their boundaries which were not on p ; and the boundary of [P] 
could consist only of points of p. But the boundary of [P] mUst 
consist of the polygon or polygons whose symbol is obtained by 
adding the columns of corresponding to the a^’s in [P]. By 
§183 no subset of the points of p can be a simple jxdygon. Hence 
p would be the the boundary of [P] and be expressible linearly in 
terms of the boundaries of a^*s, contrary to hypothesis. 

Every polygon whose edges are on • • •, corresponds to a 
symbol x^, • • •, x^) which either is or is not expressilde linearly 
in terms of the columns of H^. Hence the arbitrary simple polygon 
p with which this section starts and which (h^termines the lines 
is described either in Theorem 75 or in Theorem 76. 
Hence we have 

Theorem 77. Definition. The polygons of (f 2>Zrt/ie a fall into 
two classes the individuals of which are railed odd and. even respec- 
tively, A polygon of the first class is the hound ary of a single region 
comprising all points of a not on the polygon. A polygon of the 
second class is the boundary of each of two regions 'which contain all 
points of a not on the polygon^ have no point in common, and are 
such that any broken line joining a point of one region to a pomt of 
the other contains a point of the polygon. 

The odd polygons are also called unicursal, and the even polygons 
are also called hounding, A line is an example of an odd polygon, 
and the boundary of a triangular region is an example of an even 
one. The segments a, /3, 7 as defined in § 26 are the edges of an 
odd polygon. 
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Theorem 78. Two polygons of which one is even and which are 
such that neither polygon has a verte.ic on the other have an even 
{or zero) number of points in common. 

Proof Let p^ be au even polygon, let p^ be any other polygon, 
and let the points of intersection of the polygons be • • •, 
in the order {lk\ B^ • • • with respect to p^. If ti = 0 the theorem 
is verified. If m were 1 the edge of p^ containing B^ would have its 
ends in diil'erent regions with respect to tt^ and hence the broken 
line composed of all p^^ except the side containing B^ would have 
to contain a point (jf p^y contrary to hypothesis. If > 1 the inter- 
val of which has and R^ as ends and contains no other points 
B is a broken line which belongs (exc(‘pt for its ends) entirely to 
one of the two regions [7^] and [(>] determined by^^; and by Cor. 2, 
Theorem 75, the interval of p^ similarly determined by B^ and B^ 
belongs entirely to the other of the two regions [P] and [(>]. Thus, 
if * -y ^ set of points of p^ in the order 

. . • and is in [P], all the ^'’s with odd subscripts are 

in [F] and all the S's with even subscripts are in [(»>]. But by 
Cor. 2, Tlieorem 75, is in [<3] since is in [P]. Hence n is even. 

Corollary. A line co planar with and containmg no vertex of 
an even ‘palygori meets it in an even {or zero) number of points. 

Theorem 79. Two odd polygons such that neither has a vertex on 
the other meet in an odd number of points. 

Proof. Let the polygons be p^ and p^y let the lines containing 
the sides of p^ be /^, • • •, and let /„ be a line containing no 
vertex of either polygon. According to the results stated at the end 
of the last section, is expressible by addition, modulo 2, as the 
sum of and a number of boundaries of a^'s. The latter combine 
into a number of even polygons, the edges of which are either 
edges of p^ or of Hence these even polygons have no vertices 
on p^ and contain no vertices of p^. Hence by Theorem 78 they 
have an even (or zero) number of points in common with p^. Thus 
our theorem will follow if we can show that has an odd number 
of points in common with p^. 

By the argument just used p^ can be expressed as the sum, 
modulo 2, of a line m and a number of even polygons which have 
no vertices on l^. The latter meet in an even (or zero) number 
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of points, and m meets in one point. Hence meets in an 
odd number of points. 

CoiiOLLARY 1. Two odd 'polygons always have at least one point 
in common. 

Corollary 2. If p is a simple polygon and there exists an odd 
polygon p^ meeting p in an even {or zero) number of points and s'wek 
that neither polygon has a vertex on the other, then p is even. 

Since the plane of a convex region always contains at least one 
line not having a point in common with the region, the last result 
lias the following special case, which, on account of its importance, 
we shall list as a theorem. 

Tukorem 80. Aliy simple j^olygon lying entirely in a coni^^x 
region 'is even. 

4'o complete the theory of the subdivision of the plane by a 
polygon, there are needed a number of other theorems which can 
he handled by methods analogous to those already developed. They 
are stated below as exercises. 

EXERCISES 

1. If a simple polygon p lies entirely in a convex n'gion R, tli(‘ points of R 
not on p fall into two regions such that any broken line joining a j)oiut oi 
one region to a ])oinr of the other has a jK)int on p. One of th(!se regions, 
called the interior of the polygon, has the property that any ray (with respect 
to R) whose* origin is a point of this region meets p in an odd niinilx'r of ])()iiits, 
provided it contains no vertex of p. The other region, called the exterior of 
the ])olygon with riispecd to R, has the proj>erty that any ray wdiose origin is 
(m(i of the points of this region nietits p in an even (or zero) number of points, 
provided it contains no vertex of p. 

2. \i p is any (wen polygon in a plane a, one of the two regions deterinin(‘d 
by />, according to Theorem 77, contains no odd ])olygon and is called the 
interior of p. The other contains an infinity of odd polygons and is called the 
exterior of />. 

3. If one line coplanar with and not containing a vertex of a simple })oly- 
gon meets it in an odd (even or zero) number of points, every line not con- 
taining a vertex and coplanar with it meets it in an odd (even or zero) number 
of points. 

4. If iho boundary of a convex region consists of a tinite number of linear 
segments, together with their ends, it is a simple polygon. 

5, A simple polygon which is met by every line not containing & vert(*x in 
two or no points is the boundary of a convex region. 
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6. For any simple polygon • • • A^A^, there exists a set of n — 2 tri- 
angular regions such that (1) every point of the interior of the polygon is in 
or on the boundary of one of the triangular regions, (2) every vertex of one 
of the triangular regions is a vertex of the polygon, and (3) no two of the 
triangular regions have a point in common. 

*7, By use of convex regions and matrices analogous to and Hg, prove 
Theorem 77 for any curve made up of analytic pieces (i.e. 1-cells which 
satisfy analytic equations). 

188. Polygonal regions and polyhedra. Definition. A planar 
polygonal region is a twodimensioiial region R for whicli there 
exists a finite numbcir of ])oints and linear regions such that any 
interval joining a point of R to a point not in R, but coplanar with 
it, meets one of these peunts or linear regions. A (three-dimensional) 
polyhedral region is a three-dimensional region R for which there 
exists a finite number of points, linear regions, and planar polygonal 
regions such that any interval joining a point of R to a point not in R 
meets one of tliese points, linear regions, or planar polygonal regions. 

Let R be a planar polygonal region and let * * *» ^ 

of lines coplanar with R and containing all the ])oints and linear 
regions such that any interval joining a point in R to a point not 
in R meets one of these jxnnts or one of these linear regions. Let 
us adopt the notation of § 185. 

If a j)oiiit P of one of the two-dimensional convex regions is 
in R, all points of the are in R, for all such points are joined to 
r by intervals not meeting • • •, C- 

Since any point not on l^, interior to a triangular 

region contaiuiiig no points of l^y I L* such point can })e a 
])oundary point of R. 

Let be the «^’s which have points in R. As we have 

seen, all ])oints of tluiso a^’s are in R. All points of their bound- 
aries are either in R t)r on its boundary; for every point of the 
Inmndary of an a‘^ = Jc) may be joined to a point of 

that is, to a point of R, by a segment of points of R, and hence 
is either a point of R or of its boundary. 

Any point B of the boundary of R is on the boundary of one of 

"''/"V triangular r^ioa T eont^jm^ jy 

contains^ a triangular region T' of points of R 
I'll'- MX <-oiumon nvUAy .--no 

11 ^ cboscii SI, n.s to contain no points "f "I'i'f' 
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not have B on its boundary, any having a point in common with 
T' is one of • • •, Hence every boundary point of R is on 
the boundary of one of a?. Hence the set of points of R 

and its boundary is identical with the set of all points of a? 

and their boundaries. In other words, 

Theorkm 81. For any planar polygonal region R there is a finite 
set of convex polygonal regions R^, • - •, R^ such that the set of all 
points of Rj, • • •, R„ and their houndaries is identical with R and 
its houndary. 

As a consequence, any set of points which consists of planar 
polygonal regions and their boundaries can be described as a set of 
points in a set of convex polygonal regions and their boundaries. 
Therefore no generality is lost in the following definition o^ a 
polyhedron by stating it in terms of convex polygonal regions. 

Definition. A set of points [P] is called a polyhedron if it sat- 
isfies the following conditions and contains no subset which satisfies 
them: [P] consists of a set of distinct points a®, seg- 

ments a\, a\, . • and convex planar polygonal regions a\y a\, 
. • al^ such that each a^ is bounded by two a'^'s and each by 
a simple polygon whose vertices are a^ 's and whose edg(*<s are a^ ’s ; 
no a^ or a^ contains an a® and no two of the or a^'s have a 
point in common ; each a} is on the boundary of an even number 
of a^'s. The points are called the vertices, the segments a} the 
edges, and the planar regions a^ the faces of the polyhedron. 

Just as any point of a polygon can be regarded as a vertex, so 
any point of an edge of a polyhedron can be regarded as a vertex, 
and any segment contained in a face and joining two of its vertices 
can be regarded as an edge. 

The relations among the vertices, edges, and faces of a polyhedron 
can be described by means of matrices and analogous to 
those of § 186. In the first matrix, 

the element rj^ is 0 or 1 according as is not or is an end of aj. 
In the second matrix, tj / 2 \ 

the element is 0 or 1 according as a/ is not or is on the bound- 
ary (jf a]. The theorv of the polyhedron can be derived from a 
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discussion of these matrices just as that of the projective plane 
(a special polyhedron) has been derived in the sections above. 

Thus the polygons which can be formed from the vertices and 
edges of the polyhedron are denoted by symbols of the form 
(x^, x^, . . Xa^) as in § 186. They are all expressible as sums, 
modulo 2, of the boundaries of the faces together with P — 1 other 
polygons. The number P is called the connectivity of the polyhedron 
and is the same no matter how the polyhedron is subdivided int(» 
faces, edges, and vertices. It is determined by the following relation ; 


EXERCISES 


1. Any polygonal region can he regarded as composed of a finite set of 
triangular regions tog(*ther with portions of their boundaries, no two of the 
triangular regions having a junnt in common. 

2. If R is a polygonal r(‘gion, every broken line joining a point of R to a 
j)oirit not in R has a ]>oint on the boundary. 

3. For any thre(‘-diinensional polyhedral region R there is a finite set of 
]K)lyhedral n'gions Rj, R.^t • • Rn Hiich that the set of all points of R,, Ro, • • •, 
R,j and their boiindari(\s is identical with R and its boundary. R^, Rjj, • • •, Rn 
may be so chos(‘n as all to be tetrahedral regions. 

4 . If a polyhedron is the boundary of a convex region, each edge of the 
jxdyhedrtni is on tlie l»oundaries of two and only two of its faces. 

189. Subdivision of space by planes. The theorems of § 185 
geiKM’idize at once into the following. The proofs (with one excep- 
tion) are left to the reader. 


Tfikorem 82. The 2^oints of space v^hich are not upon any one of a 
finite set of planes numher a,^ of convex 

reifuuis siie/i that any segnient joining two points of different regions 
contains at least one point of tt^, tt.,, • • *, 7r„. The numher satisfies 


^n{n — l){n — 2) 


the inequaUty n — a ^ ™ 

As in § 185, we indicate the points of intersection of n planes 
by 




or any one of them by the linear convex regions determined 
by these points upon the lines of intersection, by 


a}, al . . 
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or any one of them by ; the planar convex regions determined 
by the lines of intersection upon the planes, by 

or any one of them by a*; and the spatial convex regions deter- 
mined by the planes, by 

or any one of them by a®. 

Theorem 83. If the planes tt^, tt^, • • •, tt^ are not all coaxial^ the 
boundary of each a® is composed of a fiyiite number of a‘^'s and of 
those a^'s and a^'s which bound the a^'s in question. Each a^ is upon 
the boundary of two and only two a^'s. 

Corollary 1. If the planes tt^, • • •, are coaxial, 0, 
and the boundary of each a® is composed of two a^'s together with t)ie 
common line of the planes. 

Corollary 2. If the planes are not all concurrent, any line through 
a qioint I of one of the regions a® meets the boundary in two points 
P, Q. The segment PIQ consists entirely of points of the a®, and the 
complementary segment entirely of points not in the a®. 

Theorem 84. If an a^ is on the boundary of an a®, it is on the 
boundaries of two and only two a^\s of the boundary of the a®. Ayiy 
plane section of an a® is a two-dimensional convex region bounded by 
a simple polygon which is a qylajie section of the boundary of the a®. 

CoROLIiARY. The boundary of each a® is a polyhedron. 

Theorem 85. The numbers a^, a^, a^, are subject to the relatwn 
a, - + a, - a, = 0. 

Proof. The proof is made by induction. In the case of two planes, 

= 0, = 0, = 2, a^ = 2. Assuming that tlie theorem is true 

for n planes, let us see wliat is the effect of iiitrodueiiig a plane 
TT^^,. This plane is divided by the other planes into a number of 
convex two-dimensional regions equal to the iiuinber of o!®’s in 
which it has points ; but it divides each of these a®’s into two a®’s. 
Hence the adjunction of these new a^*H and a®’s increases and 
by equal amounts. The plane according to Theorem 8, Cor. 1, 
divides in two each which it meets ; but it has a new a^ in com- 
mon with each such region. Here, therefore, and are increased 
by equal amounts. The plane divides in two each a^ which it 
meets ; but it has a point in common with each such region. Hence, 
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in this case, and are increased by equal amounts. Hence, if 
the formula is true for n planes, it is true for ?i + 1. 

Corollary. The numher of a}'s for tt^, 7 r„ which are not 

on lines of intersection of j^airs of the planes tt^, tt^, * • •, is the 
numher hy which — a^for the ^ilancs tt^, tt^, • • 7 r„ exceeds 

for the 2 )lanes tt^, tt^, • • - , 

Proof. New a^’s are produced hy the introduction of tt^ in U\o 
ways : (1 ) tt^ may meet an of tt^, tt^, • . •, 7 r„_j in a point ; if so, this 
o} is separated into two and a new is introduced; (2) 7 r,^ may 
meet an of tt^, tt^, • • in a new a^. Tlie only new pro- 

duced ])y the introducliuii of 7r„ are ac(‘-()iinted for under (1). Hence 
(2) accounts for the increase of a^-—a^, as stated al)ove. 

190. The matrices and Hg. The relations among the 

convex regions determined by n planes whicli are lud coaxial nia\ 
be described by means of tliri'c matrices, which we shall call ll.„ 
and IL. In the first matrix, 

“ n =(„’). 

t = 1 , 2, • • •, ; y = 1, 2, • • •, a^\ and 7)\ == 1 or 0 according as a? is 

or is not an end of a]. In the second matrix, 

n,=oi). 

t = 1, 2, • • *, oc^\ j = \, 2, • • *, a/, and = 1 or 0 according as a\ is 
or is not on the boundary of cj. In the tliird matrix, 


i — 1, 2, • • •, a:^ ; y = 1 , 2, • • •, ; and — 1 or 0 according as a\ is 

or is not on tlie boundary of Examples of tliese three matri(‘.es are 

those given in § 152 to describe the tetrahedron. It will ])e noted 

that H lias two Ts in each column, and II two Es in each row. 

1 ® 

Currcspoiuling to the matrix II,, there is a set of linear 
equations (modulo 2) 

(H,) (t = l,2,...,aj. 


Let the symbol . • *, where tlm xfB are 0 or 1, be taken 

to represent a set of a’’s containing al if = 1 mid not containing 
it if ^r^== 0. Just as in § 186, this set of lE’s will be the edges of 
a polygon or set of polygons if and only if (<c,, is a 

^5ohition of (II j). 

Just as in § 1 86, the sum of two sets of jiolygons (nuxlulo 2) will be, 
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taken to be the set of polygons represented by the sum of the symbols 
for the two sets of polygons. The sum, modulo 2, of 
two sets of polygons and is therefore the set of polygons whose 
edges appear either in p^ or in p^ but not in both p^ and p^. 

By the reasoning in § 186, 1 of the equations (H^) are linearly 

independent, and the other one is linearly dependent on these. The 
columns of are the symbols • • •, Xa^ for the boundaries 

of the and hence are solutions of (Hj). 

Corresponding to the matrix H there is a set of linear 
equations (modulo 2) 

(Hj) (i = l, 2, a^). 

i=i 

Let the symbol Xa^, where the x^s are 0 or 1, be taki^n 

to represent a set of containing al if x^, = 1 and not containing 
it if Xj^ = 0. If this symbol is a solution of (Hg), it re])resents a 
s(it of such that each is on tlie boundaries of an even number 
(or zero) of them ; i.e. it represents the faces of a polylnnlron or a 
set of polyhedra. 

The columns of represent the boundaries of the a^'s. By 
Theorem 84 any of the boundary of an is on tlie boundaries 
of two and only two a'^’s of this boundary. Hence the columns of 
Hg are solutions of (Hj,). 

Corresponding to the matrix H^, there is a set of linear 
e([uations (modulo 2) 

(Hg) (i=l, 2, a^) 

J = l 

Let the symbol {x^^ • • •, Xa^), where the Xj^'s are 0 or 1, be taken 

to represent a set of a^’s containing r/® if x^^ = 1 and not containing 
it if Xjf.= 0. If this symbol is a solution of (H^), it represents a 
s(‘t of a®’s of which tliere is an even number on ea(;h It is easily 
seen that the only such set of a®'s is the set of all in space. 
Hence the only solutions of (H^) are (0, 0, • • •, 0) and (1, !,•••, !)• 
Hence there are cCg — 1 linearly independent equations in (H^) on 
which all the rest are linearly dependent. 

Let the ranks* of the matrices H, H^^, H. be r^, respectively. 

•The rank of a mBtrix is the number of rows (or columns) in a set of linearly 
independent rows (or columns) on which all the other rows (or columns) are 
linearly dependent. 
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By what has been seen above 


The discussion in the next section will establish that 

191. The rank of Hj. Let us now suppose that 7r„ are 

not all on the same point and that the notation is so assigned that 
TTi, TTg, TTg, TT^ aic tlic faccs of a tetrahedron. By inspection of 
the matrices given in § 152, it is clear that for the case n = 

0 :^ = 4, a^ = 12, 0:2 = 16, = 8, and = 8 (a set of linearly inde- 

pendent columns of upon which the rest depend linearly is the 
set of columns corresponding to r^, r^, and tJ. 

The number of solutions of (11^) in a linearly independent set upon 
which all the other solutions depend is — cr^ -f- 1 = 9. Hence one 
solution which does not depend linearly upon the columns of H.^, 
together with a set of eight linearly independent columns of 
constitute a set of linearly independent solutions of (H^) upon which 
all the others depend linearly. Any solution representing a proje('-tive 
line, e.g. (1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), will serve this purpose. 

In cavse n>4, the columns of fall into three classes: (1) those 
representing the boundaries of a^'s in 7r„ ; (2) those representing 
the boundaries of whi(di are not in tt^ but have an a} in tt^; 
and (3) those representing the boundaries of which have no 
c’ in 7r„. 

Any column of Class (1) is expressible as a sum of columns of 
(.lasses (2) and (3). For the whose boundary it represents is on 
tlie boundary of an a® whose boundary has no other in common 
with 7 r„ (cf. §150). Since each a} on the bounflary of an a® is 
on the boundary of two and only two a^*s of the boundary of tlie 
ft® (Theorem 84), it follows that the given column is the sum of 
the columns which represent the boundaries of the other ft^s on 
the boundary of the ft®. These columns are all of Classes (2) or (3). 

Each ft^ which is not on a line of intersection of two of the planes 
TT^, 7 r„_i is the linear segment in which one of the ft^s 

determined by tt^, tt^, • • u is met by tt^. Hence the row of H^ 
corresponding to this ft' contains just two 1 s in columns of Class 
and the sum of these two columns of Class (2) is the symbol for 
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the boundary of one of the determined by 
Moreover, the columns of of Class (2) form a set of pairs of 
this sort, since every of 7r„ is either on a line of intersection of 
two of the planes tt^, tt^, • • *, 7r„_i or is an edge of two and only 
two not in 7r„. 

No one of such a pair of columns of can enter into a linear 
relation among a set of columns of Classes (2) and (3) unless the 
other does. For this column would be the only column of the set 
containing a 1 in tlie row corresponding to the common to the 
boundaries of the represented by tlie two columns, and hence 
the sum of columns could not reduce to (0, 0, • • 0). 

Let be tlie matrix consisting of the columns of Class (3) of 
and the sums of the pairs of columns of Class (2) discussed ‘ in 
the last two paragraphs. According to the last paragraph the ratik 
of H' is less than the rank of by the number of these pairs of 
columns; and by the corollary of Theorem 85 this number is the 
difference between the values of for tt^, • • •. tt^ and for 

The columns of H' are the symbols in terms of the a^’s deter- 
mined by TTj, TTj, • • •, TT^ for the boundaries of the determined 
by TT^, TTg, • • •, 7r„_i. Hence any two rows of this matrix which cor- 
respond to a pair of a^’s into which an determined by tt^, tt^, 
• • ^n-i separated by tt^ must be identical; and if one of each 
such pair of rows is omitted, H' reduces to the for tt^, 

7r^_y Hence H' has the same rank as the for tt^, tt^, • • •, 

Since the difference in the ranks of for tt^, tt^, * • and of 
H' is the same as the difference between the values of for 

TT^, TTj, • • • 7r„ and for tt^, tt^, • • •, it follows that the introduc- 

tion of TT^ increases the rank of H^ by the same amount that it 
increases cc^ — cc^. Since — = for 7i = 4, the same relation holds 

for all values of n. Hence we have 

Theorem 86. Ibr a set of planes tt^, • • •, tt^ which are not all 
concurrent. 

By Theorem 85 this relation is equivalent to 

2 8 2 

192. Polygons in space. Theorem 87. The symbol x^, < *, Xa) 

for a line is not linearly dependent on the columns of H^. 
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Proof. Let tt be any plane not containing any of the points a". 
The boundary of any a* is an even polygon in the sense of § 187 
and is met by tt in two points or none, the two points being on 
different edges, if existent. The sum, modulo 2, of two sets of poly- 
gons 'p^ each of which is met by tt in an even number (regard- 
ing zero as even) of points is a set of polygons p met by tt in an 
even number of points ; for if tt meets p^ in 2k^ points and in 
2 points, and if k^ of these points are on edges common to p ami 
Pj, TT inust meet p in 2k^-\- lk,^~ 2 k^ points. Hence any polygon 
which IS a sum of the boundaries of the a^’s is met by w in an 
even number of points ; i.e. any polygon represented by a symbol 
• * •> linearly dependent on the columns of is met by 
TT in an even number of points. 8ine.e no line is met by tt in an 
even number of points, tbe symbol representing it cannot be a sum 
of any number of columns of 


Theorem 88, All solutions are linearly de})endent on a set 

of Tfi.e. li nearly independent columns of and the symbol 

* * * » 

Proof, It has been shown that the rank of is 1. The 
number of variables in the ecjiiations (Hj) is a^. The number of 
linearly independent solutions in a set on which all the rcwst af‘(* 
linearly dependent is therefore Since the rank of is 

— a and the columns of are solutions of (H^), tliere are 
linearly ind(*.pendent columns of which arc solutions of (Hj) ; and 
vsince the solution of (H^) which represents a line is not Linearly 
dependent on these, the statement in the theorem follows. 

In the proof of Theorem 87 it appeared that any polygon which 
is a sum, modulo 2, of a set of polygons bounding is met by a 
]»lane which contains none of its vertices in an (wen number of 
})oints. Since a line is met by a plane not containing it in one point, 
an argument of the same type shows that any polygon which is a 
sum, uu^dulo 2, of a line and a number of polygons bounding «^'s 
is met by a plane containing none of its vertices in an odd number 
<>f points. Tlius we have, taking Theorem 88 into account : 

Theorem 89. Definition. A polygon which is the sum, modulo 
a number of polygons which bound convex planar regions is met 
any plane not containing a vertex in an even number of points 
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and is called an even polygon, A polygon which is the sum, modulo 2, 
of a line and a number of polygons which bound convex planar regions 
is met by any plane not containing a vertex in an odd number of 
points and is called an odd polygon. Any polygon is either odd or even. 

Suppose a polygon p is the sum, modulo 2, of the boundaries of 
a set of convex regions a^, • • •, The set of points [7^] in af, . . 
a^ or on tlieir boundaries is easily seen (by an argument analogous 
to that given in the proof of Theorem 75) to be a connected set. 
By an extension of the definition in § 150 ^ may he said to be the 
boundary of [7^]. From this point of view an even polygon is a 
bounding polygon and an odd polygon is not. 

193. Odd and even polyhedra. It has been seen in § 190 that 
the solutions of (H,) represent polyhedra or sets of polyhedra. l1ie 
converse is also true, as is obvious on reference to the definition of 
a polyhedron. The sum of two symbols (.r^, x^) which repre- 

sent sets of polyhedra is a symbol representing a set of polyhedra. 
This is obvious either geometrically or from the algebraic considera- 
tion that the sum of two solutions of (II^) is a solution of (HJ. 

The set of polyhedra p r(».presented by the symbol which is the 
sum of the symbols for two sets of polyhedra p^ and called tlie 
sum, modulo 2, of 2\ p^. As in the analogous case of polygons, 

p is a set of polyhedra whose faces are in p^ or in p,^ but not in both 

au<l 

The number of variables in is and the rank of is 

^^2 ~ ^3 Theorems 86 and 85. Hence the solutions of (H^) are 
linearly dependent on a set of linearly independent solutions. 
Since any — 1 of the columns of are linearl}' independent, such 
a set of columns, together with one other solution linearly independent 
of them, will furnish a set of linearly independent solutions of (H^)* 

The symbol for any plane is a solution of (H^) linearly inde- 
pendent of the columns of For let I be any line meeting no 

or a^. Any column of represents the polyhedron bounding an 
and such a polyhedron is met by I in two points or none. By 
reasoning analogous to tliat used in the proof of Theorem 87, it fol- 
lows that I meets the sum, modulo 2, of the boundaries of any number 
of a®’s in an even number of points or none. Since I meets each plane 
TT^ in one point, tlie symbol for tt. is not linearly dependent on the 
columns of H^. By the last paragraph we now have 
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Theokem 90. A7iy solution of (H^) is linearly dependent on a^ — 1 
columns of and the symbol for any one of the planes tt^, tt^, . . 

Corollary 1. Any polyhedron is the S 2 cm, modulo 2^ of a subset 
of a set of polyhedra consisting of one plane and all polyhedra vjhich 
bound convex regions. 

Proof Let tt^, tt.^, • • tt^ be a set of planes containing all vertices, 
edges, and faces of a given polyhedron and sncli that tt^, tt^, tt^, tt^ 
are not concurrent. By the theorem the given polyhedron is eithei 
expressible as a sum of the boimdaries of some of tlie deter-, 
mined by tt^, tt^, . . tt^ or as a sum of one of these planes and 
some of the a®’s. 

In the course of the argument above it was shown that any poly- 
hedron expressible in terms of the boundaries of the ^^^’s was met in 
an even number of ])oints by any line not meeting an or an a}. 
One of the planes tt^, tt^, • • -, is met l)y such a line in one point. 
IIenc(‘. any polyliedroii which is the sum of such a ])lane and a number 
of the boundaries of is met by this line in an odd number of 
points. Hence 

CoROLLAity 2. Defixittox. a polyhednrn which is the suniy 
modulo 2, of a nianhcr of hound (tries of convex iihree-dimensional 
regions is 7net in. an. cren 7iU7nher of gw ints by any line. 7U)f meeting 
a vertex or an edge, ^uch a polyhedron is said to he even, xi poly- 
hf.dron which is the sum, 7nodvlo 2, of a g)la7ie and a 7iu}nher of 
honnda7'ies of convex three-di7nensi(mal j'cgions is 7net in an odd 
nmnhe.r of gioints lag any li7ie 7iot meeting a vertex or an edge. Such 
a polygo7i is said to he odd. 

EXERCISE 

Let p be a polygon and tt a ])o]yhedron such tliat tt contains no vertex of 
/) and p coqitains no vert(*x or edge of Tr. If p and tt are botli odd they have 
an odd nunilu*!’ of points in coniinon. If one of them is even tliey have an 
even nuinb(‘r (or zero) of j)oiiits in cenumon. 

194. Regions bounded by a polyhedron. An even polyhedron p 
is the sum of the boundaries of a set of convex three-dimensional 
polyhedral regions, and we may assign the notation so that these 
regions are denoted by a®, • • •, 

The polyhedron p is also the sum of the boundaries of 

^\ + V ^ifc+2» * * *> 
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because the sum of all the columns of Ha is (0, 0, • • •, 0). There is 
no other linear expression for p in terms of the boundaries of the 
a^’s, because there is only one linear relation among the columns 
of Ha. 

This is all a direct generalization of what is said at the beginning 
of § 187. As in § 187, it is easily seen that the points of ai^ a2\ • • *, 
together with those points of their boundaries which are not on p, 
constitute a region bounded by p; and that the points of a**, 

• * •, aa3^ together with those points of their boundaries which are 
not on p, constitute a second region bounded by p. With a few addi- 
tional details (which are generalizations of those given in the proof 
of Theorem 75) this constitutes the proof of the following theorem : 

Theorem 91. Any even polyhedron is the boundary of each of tipo 
and only two regions which contain all points of space not on the 
polyhedron. These regions are such that any broken line joining a 
point of one region to a point of the other contains a point of the 
pohyhedrofi. Any two points of the same region can he joined by a 
broken line consisting entirely of points of the region. 

By a similar generalization of Theorem 76, we obtain 

Theorem 92. Any odd polyhedron is the boundary of a single 
region containmg all points not on the polyhedron. Any two points 
of this region can he joined by a broken line not containing any point 
of the polyhedron. 

Corollary. Any point P on a polyhedron can be joined to any 
point not on it by a broken line containing no point of the polyhedron 
except P. 

195. The matrices Ei and E 2 for the projective plane. Definition. 
A segment, interval, broken line, polygon, two-dimensional convex 
region, or three-dimensional convex region associated with a sense- 
class among its points is called an oriented or directed segment, 
interval, broken line, polygon, two-dimensional convex region, or 
three-dimensional convex region. 

Definition. Let a^ be any segment which, with its ends A and 
is contained in a segment s, and let 5^ denote the oriented segment 
obtained by associating a* with one of its sense-classes. The sense- 
class of s^ is contained in a sense-class of s which is either S(A0) 
or S{OA) if 0 is any point of ah In the first case A is said to be 
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f 195] 

positively related to and in the second case A is said to be nega- 
tively related to 6 '\ 

To aid tlui intuition, we may think of an oriented segment as marked with 
an arrow, the lutad of which is at the end which is positively related to the 
oriented segment. 

Obviously, if (uie end of an oriented segment is positively related 
to it, the other end is negatively related to it, and vice versa. 

Definition. The sense-class /S\A^A^AJ of a polygon^^^^ * * • 
and the sense-class jS {AH) (ui the edge A^A^ are said to agree in 
case of the order {A^AHAJ^ and to disagree in case of the order 
{A^HAAJ. 

Keturniiig to the notation of § 185, the segments aj\ • - a^^ may 

each be associated with two senses. They thus give rise to 2 
directed segments. Assigning an arbitrary one of the two senses to 
each a\ we have oriented vsegments to which we may assign the 

notation We shall denote the oriented segment obtained 

by changing the sense-class of s/ l)y — 6 */ and call it the negative of 

The relations of the to the ])oints • • •, a^^ may be indicated 
by means of a matrix which we sliall call E^. In the matrix 
the element of the tth row and yth column shall be 1 ,- 1 , or 0 , 
according as the point is positively related to, negatively related 
to, or not an end of, the oriented segment s^\ 

It is clear that the signs 1 and — 1 are interchanged in the yth 
(*i)lumn of this matrix if the sense-class of sj is changed. Since the 
sense-class of each segment is arbitrary, a matrix equivalent to 
can be obtained from the matrix § 186, by arbitrarily changing 
one and only one 1 in each column to — 1 . 

In tlie case of the triangle, by letting the segments a, a, /3, 7 , 7 

give rise to esq, • • •, respectively, we derive the following matrix 
from of § 151 : 


El : 


The elements of the matrix E^ may be regarded as the coefficients 
of a set of linear equations analogous to the equations (H^) of § 186, 
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where, however, the variables and coefficients are not reduced with 
respect to any modulus. These equations arise as follows : 

Let {x^y • • •, iCai) ^ symbol in which the ic's can take on any 
integral values, positive, negative, or zero, and let this symbol rep- 
resent a set of oriented segments comprising counted x. times if 

is positive, — sf counted — x^ times if x. is negative, and neither 
s/ nor — if is zero, i taking on the values 1, 2, • • •, a^. 

The sense-class of an oriented polygon agrees with a definite sense- 
class of each of its sides and thus determines a set of oriented seg- 
ments. The symbol {x^, • • •, x^^ for this set of oriented segments 

may also be regarded as a symbol for the oriented polygon. Each 
vertex of the polygon is positively related to one of the oriented 
segments represented by • • •, and negatively related to 

another. Thus if s} and meet at a certain vertex to which they 
are both positively related according to the matrix E^, we have 
that and Xj=: — 1 or that it\=— 1 and x^=z\ in the symbol 

(x^y • • •, x^^) for any directed polygon containing the sides a. and aj. 
The x's corresponding to the segments not in the polygon must of 
course be zero. Hence the symbol must satisfy the 

linear equation whose coefficients are given by the row of cor- 
responding to the vertex in question. If 5; and Sj are oppositely 
related to a vertex according to the matrix E^, we must have 
and Xj=l or x^ — — l and = — 1 in the symbol for any directed 
polygon containing the sides a> and aj. Hence in this case also the 
linear equation given by the corresponding row of E^ must be satis- 
fied. Finally, the equation given by a row of E^ corresponding to 
a point which is not a vertex of the polygon is satisfied because 
all the ic/s corresponding to edges meeting at that point are zero. 
Hence the symbol for a directed polygon must he a solution of the 
linear equations whose coefficients are the elements of the rows of the 
matrix E^. These equations shall be denoted by (Ej). In the case of 
the triangle they are + a-, + = 0, 

( 6 ) x^ + x„-x^- = 0 , 

- \ = 0 . 

By reasoning entirely analogous to that of § 18G, it follows that 
any solution of (E^) in integers represents one or more directed 
simple polygons. The situation here differs from that described in 
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the modulo 2 case, in that the same side may enter into more than 
one polygon and the same polygon may be counted any number of 
times in a set of polygons. 

Since each column of the matrix contains just one 1 and 
one — 1, the sum of the left-hand members of tlie equations (E^) 
vanishes identically. There can be no other linear homogeneous 
relation among the equations (E^), because the matrix E^ and the 
equations (E^) wlien reduced modulo 2 are the same as and 
(Hj), and so any linear relation among the equations (E^) would 
imply one among Hence the number of linearly independent 

eciuations of (E^) is — The number of variables being the 
number of linearly independent solutions is — In view of 

Theorem 74, this number is equal to 

It will be recalled that in the modulo 2 case one class of solu- 
tions of Equations (IJ^) is given by the columns of the matrix 
'Idiese columns are tlie notation for the polygons bounding the con- 
vex regions If each of these polygons be replaced by 

one of the two corresponding directed polygons, a set of solutions is 
determined for the equations (E^). These solutions are obtained 
directly from the matrix by introduedng minus signs so that the 
columns become solutions of (E^). This is ])ossil)le in just two ways 
for each column, because each polygon bounding an has two and 
only two sense-classes. A matrix so obtained shall be denoted by 
E.,. In the case of the triangle such a matrix is 


/ 0 -1 0 1 \ 

10-1 0 
0 13 0 

S _ 1 0 0 - I 

0 0 3 -1 

\ 1 - 1 0 0 / 

It is evident on inspection that tlie rank of this matrix is eiiual 
to the number of columns. That is to say, unlike those of the 


• The coeflBcients of any linear homogeneous relation among the rows of Ej may 
he taken as integers having no common factor. Hence on reducing modulo 2 it 
would yitdd a linear relation among tlie row, s of Hj. lint as the only linear relation 
aiming ‘the rows of II, is tliat the sum of all the rows is zero, there is no linear reltu 
tioi. among the rows of K, not involving all the rows. There could notbe two such 
relations among all the rows of E„ because by combining them we could derive a 


relation involving a subset of the rows. 
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columns of are linearly inde'pendent. The same proposition holds 
good for the matrix in the general case. This can be proved as 
follows : 

By the reasoning used above for the rows of E^ and it fol- 
lows that any linear relation among the columns of E^ imjdies one 
among the columns of Since the only such relation among the 
columns of involves all the columns, we need only investigate 
linear homogeneous relations among tlie columns of E^ in which all 
the coefficients are different from zero. If such a relation existed, 
two columns of E^ corresponding to regions having an edge in 
common would have numerically equal multipliers in the relation, 
else the elements corrcisponding to the common edge would not 
cancel. But since any two of the convex regions a^ can be joined 
by a broken line consisting only of points of these regions and of 
the edges of their bounding polygons, it follows that all tlie coeffi- 
cients in the relation would be numerically equal, i.e. they could all 
be taken as + 1 or — 1. 

Now the n lines containing all the points and segments 

of our figure are not all concurrent ; three of them, say form 

a triangle. Let us add together all the terms of the supposed rela- 
tion corresponding to regions in one of the four triangular regions 
determined by Z^, Z^, l^. The elements corresponding to edges interior 
to this triangular region must all cancel, because they cannot cancel 
against terms corresponding to regions a^ exterior to the triangular 
region. The sum must represent an oriented polygon of which the 
edges are all on the boundary of the triangular region. This oriented 
polygon, by § 183, must be identical with the boundary of the tri- 
angular regions associated with one of its two sense-classes. If we 
operate similarly with the other three triangular regions detcirmined 
by we obtain three other oriented polygons. But since the 

linear combination of the columns of E^ is supposed to vanish, each 
edge of the four triangular regions should appear once with one 
sense and once with the opposite sense, and this would imply that 
in the case of a triangle there would exist a linear homogeneous 
relation among the columns of E^, contrary to the observation above. 
Hence in every case the columns q/ E^ are linearly independent 

Since there are only linearly independent solutions of the equa- 
tions (Ej), it follows that all the solutions of (E^ are linearly 
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dependent on the columns of E^. This is in sharp contrast with the 
property of the equations (H^) stated at the end of § 186. 

196. Odd and even polygons in the projective plane. Let us apply 
the results of the section above to the theory of odd and even poly- 
gons. Since any polygon is expressible in terms of the columns of 
Eg, an odd polygon must be so expressible. Let us write this expres- 
sion in the form 

(7) pp 

1=1 

where represent the columns of E^, ^ is the symbol for 

the given oriented polygon, and p and y^y • • •, ya^ are integers which 
may be taken so as not to have a common factor. 

Since the coefii(^ients do not have 2 as a common factor, (7) does 
not vanish entirely when reduced modulo 2. But since an odd polygon 
Ls not expressible in terms of the columns of H^, p must contain the 
factor 2, and (7) must reduce, modulo 2, to an identity among the 
columns of Hg. The only sucli identity is the one involving all 
the columns of H^. Hence the ?//s are all odd. But in order that 
the edges not on the odd polygon p shall vanish, the 7/'s correspond- 
ing to s'^’s having an edge in common must be equal. Since any two 
points not on p (*aii be joined by a broken line not meeting p 
(Theorem 76), it follows that all the are equal. If they are all 
taken e(|ual to ± /c, it is obvious that p = 2h Hence we have the 
theorem : 

Tiieohkm 93. The symbol p for any odd polygon is expressible in 
the form 

( 8 ) 

i=l 

where each is -f- 1 or — 1. 

l^his thoorcMn may ho V(‘rifiod in a s}:)Ocial naao by adding tlio colnmns of 
tlio matrix given above for a triangle. The sum is (0, 0, 2, — 2, 0, 0), which 
r(*prosonts a lino counted inucc. Thti number 2 is called the coefficient of torsion 
of th(‘ two-sided ]>olygou (of. Poincar^, Proceedings of the London Mathematical 
Society, Vol. XXX I J (1900), p. 277. The sysbmiatic use of the matrices Ej, Eg, 
etc. is due to Poincar6). 

Another form of statement for Tlieorem 93 is the following : If the 
region bounded by an odd polygon p be decomposed into convex regions 
each hounded hj an even polygon, each edge of pis on the loundary of 
two of these convex regions. 



490 


THEOREMS ON SENSE AND SEPARATION [Chap.ix 


An even polygon jp is also expressible in the form (7). Aside 
from a common factor of all the coellicients, there is only one ex- 
pression for p of the form (7), for if not, by eliminating p we could 
obtain a linear homogeneous relation among the columns of E^. 

Let R be one of the two regions bounded (Theorem 75) by p, 
which contains one of the convex regions for which the corre- 
sponding //. in (7) is not zero. Any two s'^^’s corresponding to a'^’s 
having an edge in common must be multiplied by numerically 
equal in (7) in order that the symbol for the common edge 
shall not appear in p. Since any two points of R can be joined by 
a broken line consisting entirely of points of R, tliis im])lies that 
the cocdlicients corresponding to the nr“’s in R are all numerically 
equal to an integer From this it follows that the sum of thi^ 
terms in the right-hand member of (7) which correspond to in 
R is equal to p, because each edge of p is an edge of one and only 
one of the e’^’s in R. Since the equality just found is of the form 
(7), and (7) is unkpie, we have that p and y^, * • ya^ are all numeri- 
cally equal to k. Obviously the factor k can be divided out of (7). 
Hence we have 

Theorem 94. The symbol p for an even polygon is expressible in 
the form 

( 9 ) 

i - 1 

where is 0 or -f 1 or — 1. The afs such that the e’s with the same 
subscripts are not zero arc the afs in one of the regions R referred to 
in Theorem 75. 

Definition. By the interior (or inside) of an even polygon is meant 
that one of the two regions determined according to Theorem 94 
which contains the aj^’s having the same subscri])ts as the non-zero 
r/s in (9). The other region is called the exterior of the polygon. 


EXERCISE 

Identify the interior of a two-sided polygon as defined above with the 
interior as defined in § 187. 

197. One- and two-sided polygonal regions. Let 

be a polygon which is the boundary of a convex region R for which 
there is a convex region R' rjontaining R and its boundary. If O and 
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O' are any two points of R, then S(0A^A^)=S{0'A^A^) (cf. § 161) with 
respect to R' because O and O' are on the same side of the line A^A^ in 
Again, 

^ S{OA^A^) = S{OA^A^ = . . . = S(0A^A;) 

because A^ and A^ are on opposite sides of the line OA^, A^ and A^ 
are on opposite sides of the line OA^, etc. 

A sense-class in R, which we shall call positive, determines a 
positive sense-class in any convex region R' containing R, i.e. the 
sense-class containing the given sense-class of R. This, in view of 
the paragraph above, determines a unique sense-class on the poly- 
gon bounding R, by the rule that if S(OA^A^) is positive, where 0 
is in R, then S(A^A^A^) is positive on the boundary of R; and if 
S(OA^Aj) is positive, then S(A^A^AJ is positive on the boundary of R. 
From § 161 it follows without difficulty that this determination is 
independent of the choice of the convex region R'. 

Conversely, it is obvious that by this rule a sense-class on the 
boundary of R determines a definite seiivse-cl.iss in R. 

Definition. Let be any planar convex region which, with its 
boundary, is contained in a convex planar region R, and let be 
any segment on the boundary of D^t denote the oriented 
segment obtained by associating with one of its sense-classes, 
and denote tlie oriented region obiaincid by associating with 
one of its sense-classes. The sense-class of is contained in a 

certain sense-edass of R which may be denoted by S{()AB), where 
O is in and A and B are on a}. If S{AB) is the sense-class of 
s\ then and are said to be positweJij related; and if S{AB) is not 
the sense-class of they are said to be negatively related. 

As pointed out above, this definition is independent of the choice 
of R. Lot Rj and R„ be two convex regions having no point in com- 
mon and bounded by two polygons and ‘ 

revspectively which have in common only the vertices A^ and A^ and 
the points of the edge A^A^, Suppose, also, that R^, R^ and their 
boundaries fire contained in a convex region R. These conditions are 
satisfied if R^ and R, are and is an determined by a set 
of lines four of which are such that no three are concurrent. 

The rule given above for determining positive sense on the 
boundaries of R^ and R, requires that if S (OA^A^) is positive for 
0 a point of R^, then S(A^AA,) must be positive on the boundary 



492 THEOREMS ON SENSE AND SEPARATION [Chap.ix 

of R^, where ^ is a point of the edge If O' is any point of R^, 

it is on the opposite side of the line from 0 in R. Hence 
S{O^A^A^ is positive, and hence jS(A^AA^) must be the positive sense- 
class on the boundary of R. 

Let R^ and R^ be two of the a^'s determined by a set of lines 
Zj, Zg, • • Z„; let the boundary of R^ associated with the positive 

sense-class as determined in the last paragraph be denoted by 
(^15 ‘ ^‘*^1) ^^^ording to the notation of §195; and let the 

boundary of R^ associated with the positive sense-class determined 
at the same time be (7/^, • • •, The notation may be assigned 

so that and refer to the edge A^A^ common to tlie boundaries 
of R^ and R^,. In this case, if 1, y^ = — 1, and if — — 1, ^1= + 1; 
for the positive sense for the boundary of is S(A^AA,J and for 
the boundary of R^ is S (A^AA^^), H(mce the sum of the two sym- 
bols (x^, x^, • • ., x^^) and (7/^, y^, • • •, y^) is the symbol for the bound- 
ary of the region R' composed of R^, R., and the common edge A^A^, 
this boundary being associated willi a sense-class /V' wliich agrees 
with the positive sense-class on any edge of the boundary of R^ or 
Rg which is an edge of the boundary of R'. 

By repeated use of these considerations it follows that if a s(it of 
with their l)oundaries constitute a convex region R and its 
boundary, the symbol • • •, for tlio boundary of R asso- 

ciated with a sense-class whi(‘h is designated as ]K)sitive, is the sum 
of the symbols for the boundaries of the c'^’s, each associated with 
its positive sense-class. In other words, tlie syiidxd for the* boundary 
of R associated with its positive sense-class is the sum of a set of 
columns of each multiplied by -f 1 or — 1 so that it sli.all the 
symbol for the boundary of the corres])onding associated with tlie 
sense-class which is positive relatively to the positi\e sense-class 
of R. By comparison with Theorem 94, it follows (as is obvious 
from other considerations also) that any polygon whi(di is the 
boundary of a convex region is even. 

The argument in the paragraph above apj)li(is without essential 
modification to any region bounded by a polygon and having a 
unique determination of sense according to § 1 68. Hence any poly- 
gon bounding a two-sided region is even. 

Moreover the steps of the argument may be reversed as follows: 
If the symbol for any oriented polygon p be exjiressible in ternis 
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of the columns of H 2 , in the form (7), where the non-zero coefficients 
are • • •, dkj p is the boundary of the region R consisting of 

• • •, a^lc^ and those points of their boundaries which are not 
on p. If R' is a convex region contained in R, and its positive 
sense-class be determined as agreeing with the positive sense-class of 
one of the regions • • •, it must agree with that of every 

with which it has a point in common ; for otherwise the symbols 
for the common edges of two of the a^’s would not cancel in (7). 
If R" is any other convex region contained in R, and its positive 
sense-class is also determined by this rule, the positive sense-classes 
of R' and R" must, by dc'finition, agree in any region common to 
R' and R". Hence R is two-sided according to § 168. Thus we 
have by comparison with § 196 

Theobem 95. The interior of an even polygon is a two-sided region, 

198. One- and two-sided polyhedra. Let the vertices of a poly- 
hedron be denoted by Ui®, a 2 ^ • • •, Ua/, the edges by a 2 \ • * *, Ua/ 
and the faces by a 2 ^ • • *, Assigning an arbitrary one of its 
sense-classes to each edge, there is determined a set of oriented 
segments S 2 S • • •, and a matrix 

El = 

in which z = 1, 2, • • •, ao ; j = 1, 2, • • •, ai ; and is + 1, — 1, or 
0, according as a,” is positively related to, negatively related to, or 
not an end of «/. 

Assigning an arbitrary one of its sense-classes to each face, there 
is determined a set of oriented planar convex regions Si*, S 2 ^ • • •, Saa® 
and a matrix 

in which z = 1, 2, • • *, ai ; j = 1, 2, • • *, az ; and 6,,^ is +1,-1, or 0, 
according as is positively related to (cf. § 197), negatively related 
to, or not on the boundary of Sj\ By the last section each column 
of E 2 is the symbol (ji, 0*2, • ' •, Xa,)y in the sense explained in § 195, 
for an oriented polygon obtained by associating the polygon bound- 
ing one of the a^'s with one of its sense-classes. Changing the sense- 
class assigned to any to determine the corresponding amounts to 
multiplying all elements of the corresponding column of E 2 by 1. 

For simplicity let us at first restrict attention to polyhedra in 
which each edge is on the boundaries of two and only two faces. 
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In this case there are just two non-zero elements in each row of 
Hence the sum of the columns of will reduce to (0, 0, • . 0) if 

and only if the sense-classes have been assigned to the faces of the 
polyhedron in such a way that one of these elements is -f 1 and 
the other — 1 in each row. This means that each is positively 
related to one of the on whose boundary it is and negatively 
related to the other. Thus the faces are related as are the a“*s 
which constitute a two-sided region bounded by an even polygon 
in the plane (§ 197). 

Definition. A polyhedron for which the sense-classes can be 
assigned to the tnlges and faces in such a way that each edge is 
positively related to one of the faces on whose boundary it is and 
negatively related to the other, is said to be two-sided, or hilateral ; 
and one for which this assignment of sense-classes is not possible is 
said to be one-sided, or vnilaieral. 

Changing the assignment of sense-classes on an edge amounts 
merely to multiplying the corresponding column of E^ and row of 
E^ by — 1, and changing the assignment of sense-classes on a face 
amounts to the same operation on a i*.olumn of E.,. Consequently 
the polyhedron is two-sided if there is a lin(‘ar relation wdiose coeffi- 
cients are I’s and — I’s among all tlie columns of E^, and it is one- 
sided if there is no such relation. It is also obvious from these 
considerations that if a polyhedron satisfies tlie definition of two- 
sidediiess (or of one-sidedness) for one assignment of sense-classes to 
its edges, it does so for all assignments. We therefore infer at onc^e: 

Theorem A polyhedron is one- or two-sided according as the 
rank of Eg is a,^or a^—\. 

By reference to § 105 we find 

Corollary. The projectile plane is a. one-sided polyhedron. 

In the case of any polyhedron in which each edge is on the houndarv of 
only two faces, it is seen that the only possible linear relation among the 
columns of Eg reduces to one in which each coefficient is -|- 1 or — 1, for any 
other relation would imply that a subset of the faces determines a polyhedron. 

Theorem 97. A polyhedron hounding a convex region R ivhich is 
contained with its boundary in a convex region R', two-sided. 

Proof. Let sense-classes be assigned to the edges in an arbitrary 
way, but let sense-classes be assigned to the faces according to the 
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following rule: Let a given sense-class S{PQRT) in R' be desig- 
nated as positive. Let 0 be any point of R and A, R, (7, three non- 
collinear points of a face of the polyhedron. The sense-class S{ABC) 
is assigned to this face if and only if S{()ABC) is positive. 

There is no difficulty in jjroving that if C and D are two points 
of an edge s] of the polyhedron bounding R, and E and R' points 
of the two faces having this edge on their boundaries, then E and 
E' are on opposite sides of the plane OCD, Hence 

S{OCnE)^ S(OCI)E'). 

Hence the sense-classes are assigned according to the rule above to 
the two faces having the edge s} on their boundaries in such a way 
that is positively related to one and negatively related to the other. 

Definition. By an oriented iwlyhedron is meant the set of oriented 
two-dimensional convex regions obtained by associating each face 
erf a two-sided polyhedron with a sense-class in such a way that if 
sense-classes ar(i assigned arbitrarily to the edges to determine directed 
segments, e-acB of these directed segments is positively related to one 
of the orieiit(‘d two-dimensional convex regions on whose boundary 
it is and lu'gatively related to the other. The .v^'s are called the 
oriented face>^ of the oriented polyhedron, and the s^’s its oriented 
cd(jes. 

CoKOliLAKY. A given tioo-sided polyhedron determines two and only 
two oriented pohyhedra according to the definition above. 

Definition. Let be a three-dimensional convex region which 
is (contained with its boundary in a convex region R, and a two- 
dimensional convex region on the boundary of a^. Let denote 
associaU^d with one of its sense-classes, and let 6*^ denote tt^ associated 
with one of its sense-classes. The sense-class of is contained in 
one of the sense-classes, say ^V, of R. Let 0 be a point of and 
d, />, C three points of r/", such that S(OABC) is S. Then if S(ABC) 
is the s(mse-class associated with a^ to form and 5® are said to 
be positively related. Otherwise they are said to be negatively related. 

By § 161 this definition is independent of any particular choice 
of the convex region R containing a^ and its boundary. From what 
has been proved above it follows that if each a® on the boundary 
of an a® is associated with a sense-class in such a way as to be posi- 
tively related to the oriented region determined by and one of its 
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sense-classes, this set of oriented two-dimensional convex regions is 
an oriented polyhedron. 

The definitions made in this section are extended to polyhedra 
in which each edge is on an even number of faces (instead of only 
two, as we have been supposing) as follows : 

Definition. A polyhedron is said to be two-sided if sense-classes 
can be assigned to the edges and faces in such a way tliat each 
resulting oriented edge is positively related and negatively related to 
equal numbers of the resulting oriented faces. 

EXERCISES 

1. An odd polyhedron is one-sided and an even polyhedron is two-sided. 

2. Make a discussion of one- and two-sid(‘d i)olyh(*dral regions in spacb 
analogous to the discussion for the two-dimensional ease in § 11)7. 

199. Orientation of space. The matricc.'s of § 195 can ])e general- 
ized to the three-dimensional case. Let 6'/, s}, • • •, be tlu^ oriented 
segments obtained by associating each of llie segments «],•••, al 
with an arbitrary one of its sense-classes. In the first matrix, 

t = l, 2, • • •, a^; 2, . • a^; and is -f 1, —1, or 0 according 

as is positively related to, n(‘.gativtdy r(dated to, or not an end 
of s^. can be formed from by changing one 1 to a —1 in 
each column. The clioicn*. of the —1 in theyth column amounts to 
the choice of the s(mse-(dass on wliich determines sj. As nii 
exercise, the reader should form from the given for a t(*tra- 
hedron in § 152. 

Sets of oriented segments are represented as in § 195 l)y sym- 
bols of the form (.r^, • • •, x^^), where the .r's are positive or 

negative integers. Ry the same argument as in § 195, if this symbol 
represents a set of oriented segments each of which is an edge of a 
polygon associated with that one of its sense-classes whicli agrees with 
a fixed sense-class of the polygon, it is a solution of the ecpiations, 

(E.) = 

and, conversely, any solution of these equations is the symbol for one 
or more such sets of oriented segments. Thus any solution of (E^) 
may be regarded as representing one or more oriented polygons. 
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Let Sj, Sgj • • •> Sa, the oriented two-dimensional convex regions 
obtained by associating each with an arbitrary one of its sense- 
classes. The oriented two-dimensional regions obtained by associating 
the with the opposite sense-classes may be denoted by — 

~ ~ respectively. In the second matrix, 

^ = 1, 2, • • •, ; y = 1, 2, • . •, ; and e^. is 1, — 1, or 0 according as si 

is positively related to, negatively related to, or not on the boundary 
of Sj, can be formed from by changing some of the I's in 
each column of II^ to — Ts in such a way that each column shall 
bo a symbol (.r^, • • •, for a set of s^'s whose sense-classes all 

agree witli that of the oriented polygon determined by associating 
the boundary of s“ with one of its sense-classes. This is possible 
by the argument at tlie beginning of § 197, since each column 
of is the symbol for the boundary of one and only one a\ As an 
exercise, the reader should form from the given for a tetra- 
hedron in § 152. 

A symbol of the form .t^, • • •, in which each a: is a posi- 
tive or negative integer or zero may be taken to represent a set of 
oriented two-dimensional convex regions which includes sf counted 

times if x. is positive, — sf counted — times if is negative, 
and does not include sf if is zero. If tliis symbol represents an 
oriented polyhedron (§ 197), it is a solution of the equations 


(EJ 




{i = 1, 2, . . a,). 


.7 = 1 


For consider the ith of these equations: 

er X. -f €lx^+* he? = 0. 

1 *2 A “2 * 


If an oriented face of the oriented polyhedron is positively related 
to sJ, it contributes a term +1 to the left-hand member of this 
equation ; for if is this oriented face, 1 and 1 ; and if s* 
is this oriented face, — 1 and 4 .= — 1. An oriented face which 
is negatively related to sJ contributes a term - 1 to the left-hand 
member of this eciuation; for if is this oriented face, x^,= \. and 
— 1 ; and if — is this oriented face, »* = — 1 a°d £«. = 1. Hence 
there are as many terms equal to -hi as there are oriented faces 
positively related to s], and as many terms equal to - 1 as there are 
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oriented faces negatively related to s\. If neither nor — is in 
the oriented polyhedron, or if does not have sj on its boundary, 
the ^th term of this equation is zero, for in the first case 0 and 
in the second case e5j.= 0. Hence by the definition of an oriented 
polyhedron, each of the equations (E.^) is satisfied if x^, • • x^^) 

represents an oriented polyhedron. In particular (Theorem 97) the 
symbol for either oriented polyhedron determined by the boundary 
of an a® is a solution of (E^). 

One-sided polyliedra do not give rise to solutions of (E^). 

Let s® and — Sj®, s® and — • • •, and — be the pairs of 

oriented three-dimensional convex regions determined by a®, a®, - • •, a®^ 
respectively according to the definition in § 197. In the third matrix, 

E3=«)> 

i = 1, 2, • • •, a^; j = 2, • • •, a^; and e® is -fl, — 1, or 0 according 

as s? is positively related to, negatively related to, or not on the 
boundary of sf. The matrix E^ can be formed from by changing 
I’s to — I’s in the columns of in such a way that the resulting 
columns are the symbols for oriented polyhedra and therefore solu- 
tions of (E^). This is possible by Theorem 9G. As an exercise, the 
reader should form Eg from the Hg given for a tetrahedron in § 152. 

The sum of the columns of E^ is (0, 0, • • •, 0) because each row 
of E^ contains one -f- 1 and one — 1. There can be no other linear 
relation among the columns of E^, because this would imply, on 
reducing modulo 2, more than one linear relation among the columns 
of Hj. Hence the rank of E^ is and the num))er of solu- 

tions of Ej in a linearly independent set on which all the solutions 
are linearly dependent is 

Since the rank of H^ is and since every homogeneous linear 

relation among the columns of E^ implies one among the columns 
of H^, the rank of E^ is at least — a^. It is, in fact, at least 
a^ — a^ + 1 because, by Theorem 93, the symbols for a set of columns 
which represent oriented polygons bounding all the s'^’s 
of a projective plane satisfy a relation of the form 

(10) + V 2 = 2 /, 

where I is the symbol for a line in this plane and • • •, are 
-M or — 1. Reducing modulo 2, this gives rise to a homogeneous 
linear relation among the columns of H^ which is not one of those 
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obtained by reducing the homogeneous linear relations among the 
columns of E^. 

Thus there are at least linearly independent columns 

of Eg. These are all solutions of (E^), and as tliere are not more than 
linearly independent solutions of (E^), there are not more 
than — linearly independent columns of E^. Hence the 

rank of E^ is — which by Theorem 85 is the same as 

In consequence, the symbol for any oriented poly- 

gon is linearly expressible in terms of the symbols h)r oriented poly- 
gons wliich bound convex planar regions. It can easily be proved 
that in case of an odd polygon this expression takes the form (10) 
where, however, the polygons denoted by Cj^ are not neces- 

sarily all in the same plane. 

Since the number of variables in the e(iuations (Eg) is and the 
rank of E^ is + 1, the number of solutions in a linearly inde- 

pendent set on which all solutions are linearly dependent is — 1. 
The columns of Eg are all solutions of (E^). Hence the rank of 
cannot be greater than — 1. It cannot be less than — 1, because, 
on reducing modulo 2, this would imply that the rank of Hg was 
less than 0^3 — 1. Hence the rank of Eg is ^g — 1. Since the symbol 
for any oriented polyhedron whose oriented faces are 5‘'^’s or — s^’s is 
a solution of (E.,), it follows that it is expressible linearly in terms 
of the symbols f(jr oriented polyhedra which bound convex three- 
dimensional regions. 

Since the rank of Eg is ag — I, the set of equations 

(E3) = 0 (* = 1. 

J=.l 

nuist have one solution distinct from (0, 0, • • •, 0). When reduced 
modulo (2) this solution must satisfy (Hg) and therefore, by § 190, 
reduce to (1, I,***, 1). Since each equation in the set (Eg) has 
only two coetficients diflerent from zero, and these coefficients are 
± 1, it follows that all the x's are numerically equal in a solution 
iTg, . • ^,3) of (Eg). Since the equations are homogeneous, all 

the x"s may be taken to be -|-1 or — 1. 

The ith of these equations is of the form 
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being 4-1 or —1 according as s,? is positively or negatively 
related to and being 4-1 or — 1 according as s? is positively 
or negatively related to Hence, if the set of regions represented 
by a solution in which the «’s are ± 1 includes that one of and 
— sf^ to whicli 6-“ is positively related, it also includes that one of 
sf^ and — Sj^ to which sf is negatively related ; and if it includes that 
one of and - to winch s? is negatively related, it also includes 
that one of and — to which s? is positively related. 

Hence the existence of a solution of (EJ other than (0, 0, • • •, 0) 
implies the existence of a set of s®’s and — s”s such that each is 
positively related to one of them and negatively related to another. 
Since the notation Sj and — s* may be interchanged by multiplying 
the yth column of by — 1, the notation may be so arranged tl^at 
(1, !,•••, 1) is a solution of E^. With the notation so arrang^, 
each s* is positively related to one s* and negatively related to another. 
We thus have 

Theorem 98. 1/ each of the a^s determined by a set of planes 
TTj, ■JTj, • • *, 7r„ in a projective space is arbitrarily associated with one 
of its sense-classes to determine an oriented planar amrex region s‘, 
each of the a^s can he associated with one of its sense-dasses to deter- 
mine a three-dimensional convex region s® in sack a, way that each s® 
is positively related to one s® and negatively related to another. 

The set of s®’s described in this theorem is a generalization of an 
oriented polyhedron as defined in § 198. If the definition of uni- 
lateral and bilateral polyhedra be generalized to any number of 
dimensions, it is a consequence of this theorem that the three- 
dimensional space is a bilateral polyhedron. In general, it can easily 
be verified, by generalizing the matrices E^, E„, E, etc., that jtrojec- 
tive spaces of even dimensionality are unilateral polyhedra and 
projective spaces of odd dimensionality are bilateral polyhedra. 

EXERCISE 

An odd two-dimensional polyhedron in a three-dimensional space is one-sided 
and an even one is two-sided. 
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About, 169 

Absolute conic, 850, 371 
Absolute involutions, 119 
Absolute i)olar systems, 293, 373 
Absolute quadric, 309, 373 
Addition of vectors, 84 
Affine classiiication of conies, 180 
Affine eollincation, 72, 287 
Affine ^^ooraetry, 72, 147, 287 
Affine <(roups, 71, 72,287,305 ; aub<:rou])s 
of the, 110 

A^roe (sense-classes), 485 
Alexander, »1. W., iii, 405 
Algebra of matrices, 333 
Algebraic cut, 15 
Ali^mmeut, assumptions of, 2 
Analysis, plane of, 208 
Anirle, 139, 231, 429. 432 
vXrii^des, (Mjual, Kio ; numbered, 151 ; 
of rotaliou, 325, 327 ; sum of two, 
154 

Anpfular measure, 151, 153, 103, 105, 
231, 311, 313, 302, 305 
Anomaly, eccentric, 108 
Antiprojectivilies, 250, 251, 253 
Aj)ollonins, 235 
Arc, differential of, 300 
Area, 90, 149, 150, 157, 311, 312; of 
(‘Ilipse, 150 

Assumption, Archimedean, 140 
Assumption A, 2 
Assumption C, 10 
Assumption K, 2 
Assumption H, 11 
Assumption H,,, 2 
Assumption II, 33 
Assumption I, 30 
Assumption J, 7 
\ssumi)tion K, 3 

Assumption P, 2 ; commutative law of 
multiidication equivalent to, 3 
Vssumption Q, 10 
\ssumpti()n K, 23 
Assumption R, 29 
Assumption S, 32 

Assumptions, of alignment, 2 ; cate- 
goricalness of, 23 ; consistency of, 23 ; 
of continuity, 10 ; for Euclidean geom- 
etry, 59, 144, 302, of extension, 2; 
independence of, 23; of order, 32; 
of projectivity, 2 


Asymptotes of a conic, 73 
Axis, of a circle, 354 ; of a conic, 191 ; 
of a line retleclion, 258 ; of a parabola, 
193 ; of a (|uadrie, 310 ; radical, 159 ; 
of a rotation, 299 ; of a translation, 
317 ; of a twist, 320 

Backward, 303 

Barycentric calculus, 40, 104, 292, 293 

Bary centric coordinates, 100, 108, 292 

Base circle, 251 

Base points of a pencil, 242 

Beltrami, E., 301 

Bennett, A. A , iii 

Between, 1 5, 47,48, 00, 350, 387, 430, 433 
Bilateral polyhedron, 494 
Bilinear curve, 209 
Bitiuaternions, 347, 379, 382 
Bisector, ext'uior, 179; interior, 179; 

perpendicular, 123 
J5ocher, M., 250, 271 
Boger, U., 108 
Bolvai, d,, 301 

Boilola, R., 59, 302, 303, 371, 376 
Borel, K., 00 
Boundary, 392, 474, 482 
Bounding polygons, 470, 482 
Broken lines, 454; directed, 484; ori- 
ented, 484 

Bundl(‘, of circles, 250 ; center of, 435 ; 
of directions, 430 ; of proj(*ctivities, 
342 ; of rays, 435 ; of segments, 430 
Burnside, W., 41 

ralculus, barycentric, 40, 104, 292, 293 

(kirnot, L. N. M., 90 

(kirslaw, H. S., 302 

Car tan, K., 341 

Casey, J., 108 

Cat.egoricalness of assumptions, 23 
(kiyley, A., 103, 335, 341, 301 
Ceils, 404 ; oriented, 452, 453 
Center, of a bundle of rays, 485 ; of a 
circle, 131, 394 ; of a conic, 78 ; of 
curvature, 201 ; of gravity, 94 ; of a 
pencil, 429, 438 ; of a rotation, 122 ; 
of similitude, 162, 103; of a sphere, 
315 

Center circle, 231 
Centers, line of, 159 
Ceva, 89 
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Chain, 17, 21, 222, 229, 250 ; conjugate 
points with respect to, 243; funda- 
mental theorem for, 22 ; n-dimen- 
sional, 260 ; three-, 284 
Circle, 120, 131, 142, 145, 148, 157, 269, 
364, 394 ; axis of, 354 ; base, 254 ; 
bundle of, 256 ; center, 231 ; center 
of, 131, 394 ; circuiiifereiice of, 148 ; 
of curvature, 201 ; degenerate, 253, 
266 ; director, 200 ; directrix of, 192 ; 
Feuerbach, 169, 233 ; focus of, 192 ; 
fundamental, 254 ; imaginary, 187, 
229 ; at infinity, 293 ; inlerscu'tional 
pro])erties of, 142 ; length of, 148 ; 
limiting points of piuudls of, 159; 
linearly (lependcmt, 256; nine-point, 
169, 233 ; orthogonal, 161 ; pcmcals of, 
157, 169, 242 ; pow(‘r of a point with 
respect to, 1(52 ; sides of, 245 
Circular cone, 317 
Circular points, 120, 155 
Circular transformations, 225 ; direct, 
225, 452 ; types of direct, 246, 248 
(lebsch, A., 366, 368, 369, 377 
Clifford, W. K., 293, 347, 361, 374 
(diflord parallel, 374, 375, 377, 444 
idockv^ise sense, 40 
Closed curve, 401 
(^losed cut, 14 
(^»ble, A. li., iii 
Coetticl(mt of torsioJi, 489 
Cole, F. N., 222 

Collinear vectors, 84 ; ratio of, 85 
(’ollineations, athiie, 72, 287; direct, 61, 
64, 65, 107, 438, 451 ; direct, of a 
(juadric., 260 ; eipuailine, 105 ; foeal 
properties of, 201 ; involutoric, 257 ; 
opposite, 61, 438, 451 ; in real projec- 
tive space, 252 

('ommutative law of multi pi ie.ation 
etpiivalent to Assumption F, 3 
( k)mplenien tary segments < )r ijitervals, 46 
Complex eleme/its. 156 
Complex fuiKdion plane, 268 
Complex geometry, 6. 29 
Complex inversion plain', 264, 265 
Comjilex line, 8 ; onhir relations on, 437 ; 
and real Fuel id ('an plane, correspond- 
ence betwe(',n, 222 

Complex plane, 154 ; inversions in, 235 
Complex i)oint, 8, 156 
Cone, circular, 317 
Confocal conics, 192 
Confocal system of cpiadrics, 348 
Congruence of lines, 275, 283 ; elliptic, 
443 ; right-handed and left-handed 
elliptic, 444 

Congruent figures, 70, 80, 94, 124, 134, 1 39, 
144, 297, 303, 352, 3t)9, 373, 375, 394 
Conic, 82, 158, 199 ; absolute, 350, 371 ; 
asymptot('s of, 73 ; axis of, 191 ; center 
of, 73; central, 73; confocal, 192; 


diameter of, 73; directrix of, 191; 
eccentricity of, 196 ; eleven-point, 82 ; 
equation of, 202, 208 ; exterior of, 171, 
174, 176; focus of, 191; interior of, 
171, 174, 176 ; invariants of, 207 ; latus 
rectum of, 198 ; metric properties of, 
81 ; nine-point, 82 ; norimd to, 173 ; 
ordinal and metric properties of, 170; 
outside of, 171; paramet(*r of, 198; 
projective, aftim', and Euclidean clas- 
sification of, 186, 210, 212 ; a simple 
closed curve, 402 ; verb'x of, 191 
Conjugacy under a groiq), 39 
Conjugate imaginary eh'inents, 182 
Conjugate imaginary lines, 281, 282, 444 
Conjugate points with respect to a chain, 
243 

Connected set, 404 ; of s(‘,ts of points, 405; 
Connectivity of a polyhedron, 475 
Constructions, ruler and comi)ass, 180 
Continuity, assumptioiis of, 16 
Continuous, 404 
Continuous curve, 401 
Continuous deformation, 406, 407, 410, 
452 

Continuous family of points, 404 
Continuous family ot si‘1s of points, 405 
Continuous fannly of transformations, 
406 

Continuous group, 406 
Continuum, 404 

Conv(‘x regions, 385-304 ; linear, 47 ; 
sense in overlapping, 421; oiicniti'd 
or directed thrc'e-diniensional, 484 , 
oriented oi directed two-dimensional, 
484 

Coolidge, J.L.. 229, 360, 362 
C'oordinate sNsttni, positive, 407, 408, 
416; rig-ht-banded, 408, 416 
Coordinates, harvccntric, 106, 108, 292 ; 
])olar, 249 ; r(*ctangnlar, 311; tetra- 
cyclic, 253, 254, 255 
(Vn iespo)idcn('(', het\V(*en the eomi)lex 
line and the real Euclidean plane, 
222; hetwei'ii tlic r('al Euclidean 
])lane and a eom])l(*x ]>eneil of lines, 
238; between tlui rotations and the 
])oints of s]»aee, 328; perspective, 
271 ; projective, 272 
Cosines, direction, 314 
Cremona, L., 168, 251, 348 
Criteria, of sense, 49 ; of separation, 55 
Crossings of pairs of lines, 276 
Cross ratio, e(pnanharmonic, 259 ; of 
points in si>a(‘e,/)5 

Curvature, emihir of, 201 ; circle of, 201 
Curve, 401 ; bilinear, 2()9 ; closed, 401 ; 
a conic a simple closed, 402 ; eijui- 
distantial, 350 ; normal, 28f) ; patli, 
249, 356, 406 ; ])()sitively or nega- 
tively oric'iited, 452; rational, 286; 
simple, 401 
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Cut-point, 14, 21 

Cuts, open and closed, 14 ; algebraic, 16 
Cyclic projectivity, 268 

Darboux, G., 261, 324 
Dedekind, K., 60 

Deformation, continuous, 406, 407, 410, 
462 

Degenerate circle, 263, 266 
Degenerate sphere, 815 
Dehn, M., 200 
De l*aolis, It., 362 
Describe, 401 

Diagonals of a quadrangle, 72 
Dianieb r, of a conic, 73 ; end of, 161 ; 

of a quadrilateral, 81 
Dickson, L. E., 35, 330, 341 
Differential of arc, 366 
Dilation, 05, 348 

Direct collineation, 61, 64, 65, 107, 438, 
451 ; of a quadric, 260 
Direct proji'ctivities, 37, 38, 407 
Dirc'ct similarity transtorinations, 135 
Direct transforiuatious, 225, 452 
Dir(‘ct(Ml, ()])])ositely, 433 ; similarly, 433 
Direcled broken line, 484 
Dirc'cted inb'rval, 484 
Di reded ])()lygon, 484 
Dirc'cted segment, 484 
I)ir(‘cte(l tliree-dimensioual convex re- 
gion, 484 

Diri'cted two-dimensional convex re- 
gion, 484 

Direetioij-(*lass, 433 
Direction cosines, 314 
Directions, bundle of, 436 ; pencil of, 433 
Direc-tor circle, 200 

Dircctri('es of a skew involution or line 
relief tioii, 258 

Directrix, of a circle, 102; of a conic, 
101 ; of a parabola, ItKJ 
T>is;igre(‘ (seiise-class('s), 485 
Dist)‘lacenicnt, 123, 12i), 138, 143, 207, 
317, 325, 352, 3(it), 373 : ])aranu*ter rep- 
resentation of, 314 ; ])arainetor rexu’e- 
sentation of cllij)tic, 377 ; jjaranieter 
rexuese.ntat itm of ljv}>erboUc, 380, 
ty]M‘s of liYXH'rbolic, 355 
Distance, 147, 157, 311, 364, 373; alge- 
braic formulas for, 365 ; of transla- 
tion, 325, 327 ; unit of, 147 
Dochleinann, K., 220, 230 
Double ellixdic xdane, 375 
Double ellixitic plane geoinetiy, 375 
Double x>oints of project! vitics, 5,1 14,177 
Doubly oriented line, 440, 442, 446, 447, 
449 

Doubly pcrsxDCctive, 448 
Dc>wn, 303 

Eccentric anomalv. 108 
Eccentricity of a coiiii’, 106 


Edges, of a broken line, 454 ; of a poly- 
hedron, oriented, 406 
Eisenliart, L. T., 368 
Elementary transformations, 400, 411- 
414, 418, 410, 421, 423, 430, 431, 434- 
437, 447, 455, 456 ; rc'stricted, 410, 
414, 420, 430 

Elements, complex, 166 ; imaginary, 7, 
166, 182 ; ideal, 71, 287 ; iinxuoper, 71 
Eleven-point conic, 82 
Ellipse, 73, 140; area of, 150; foci of, 
180 ; imaginary, 187 
Elliptic congruence, 443 
Elliptic disi)lacemcnts, x^^irumeter rej)- 
rcsentation of, 377 
Ellix>tic geometry, double, 376 
Elliptic geometry of three dimensions, 
373 

Ellix)tic X)encils of circles, 242 
Elliptic xdane, 371 ; double, 375 ; single, 
371, 375 

Ellix)tic x>lano geometry, 871 
Elliptic i>oints, 373 
Kllix)tic x>olar systems, 218 
Elliptic projecjtivity, 5, 171 
Elljx)tic transformations, direct circular, 
248 

Emch, A.. 230 
End of a diairud-er, 151 
Ends of a segment or interval, 45, 427 
Enri(]U(‘s, F., 302 
Envelo])e of lines, 406 
Equation of a conic, 202, 208 
Equations of the atline and Euclidean 
groups, 116, 135, 305; linearly inde- 
l)endeiit, 4()6 ; and matrices, modular, 
464 

Etiuialiiiie collineations, 105 
Fajuiafline gronx), 105, 201 
E(iuianharmoiiic cross ratio or set of 
jK)ints, 250 

Eijuidistantial curves, 356 
Eciuilateral liyjx'rhola, 160 
Equivalence, of ordered iKiiut triads, 
06, 288, 200 ; of ordered t(4-rads, 200 ; 
with n'spect to a group, 30 
Euclid, 360 

Euclidean classification of conics, 186, 
210 

Euclidean geometry, 117, 118, 119, 135, 
141, 287, 300, 302 ; assuin])tions for, 
50, 144, 302; as a limiting case of 
non-Euclideaii, 375 

Euclidean group, 117, 118, 136, 144; 

etpiations of, 116, 135, 305 
Euclidean line, 68 

Euclidean plane, 68, 60-63, 71 ; and com- 
plex line, correspondence between, 
222, 238 ; inversion group in the real, 
225 ; sense in, 61 

Euclidean sx>aces, 58, 287 ; s«mse in, 63 
Euler, L., 332, 337 
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Even polygons, 470, 482, 489 ; in the 
projective plane, 489 
Even polyhedra, 482, 483 
Expansion, 348 
Extension, assumptions of, 2 
Exterior, of an angle, 432 ; of a conic, 
171, 174, 17(5 ; of a polygon, 472 ; of an 
even polygon, 490 ; of a quadric, 344 
Exterior bisector, 179 

Faces of a polyhedron, 474 ; oriented, 
495 

Family of points, continuous, 404 
Family of sets of points, continuous, 405 
Family of transformations, continuous, 
400 

Fano, G., 11, 285, 286 
Feuerbach, 109, 233 
Field, Galois, 35 
Fine, H.B,, 3, 18 
Finzel, A., 309 
Focal involution, 195 
Focal properties of colliiK'ations, 201 
Foci of an ellipse or liyperl)ola, 189 
Focus, t)f a circle, 192 ; of a conic, 191 , 
of a parabola, 193 
Follow, 13, 37, 47, 48 
Forward, 303 

Foundations, of complex geometry, 29, 
of general projective geomt-try, I 
Fiibini, G., 302 
Function plane, 208 
Functions, trigonometric, 154 
Fundamental cin^les, 254 
Fundamental theorem of projectivity 
for ti chain, 22 

Galois field, 35 
Grauss, C.F., 40, 361 
Generalization, by inversion, 231 ; by 
])r()jectioii, 107, 231 
Geometrical order, 40 
(T(M)inetries, projective, 30 
Geometry, atline, 72, 147, 287; assump- 
tions for Euclidean, 59, 144, 302 ; c,om- 
]lex, 0, 29 ; corresponding to a group, 
70, 71, 78, 199, 285, 302 ; double ellip- 
tic, 375 ; elliptic, 371 ; Euclidean, 1 1 7, 
118, 119, 135, 144, 287, 300, 302; 
Euclidean, as a liiniting ciise of non- 
Euclidean, 375 ; foundatif)ns of gen- 
eral projective, 1 ; generalized, 285 ; 
history of non- Euclidean, 300 ; hy- 
perbolic plane, 350; inversion, 219; 
inversion plane and hyperbolic, 357 ; 
modular, 253 ; of nearness, 303 ; non- 
Euclidean, 350 ; ))arabolic metric 
group and, 119, 130, 135, 144, 293; 
real inversion, 241; of reals, 140; 
three-diineuMonal elliptic, 373 ; three- 
dimensional hy])erbolic, 369 
Grassmam H 108. 290 


Gravity, center of, 94 
Group, affine, 71, 72, 287, 806; conju- 
gacy under, 39; continuous, 406; of 
displacements, 129; equiaffine, 105, 
291 ; equivalence with respect to, 39 ; 
Euclidean, 116, 117, 118, 135, 144, 306 ; 
geometry corresponding to, 70, 71, 78, 
199, 285, 302 ; homothetic, 95 ; inver- 
sion, in the real Euclidean plane, 225, 
226 ; one-parameter continuous, 406 ; 
parabolic metric, and geometry, 119, 
130, 135, 144, 293 ; the i)rojective, of 
a quadric, 259 ; special linear, 291 ; 
subgroups of the affijie, 116 
Gr()iix)s, algebraic formulas for certain 
parabolic metric, 135 ; equations of 
the affine and Euclidean, 116, 136, 
305 I 

Half turn, 299, 370 
Half twist, 324 
Halstead, G.B., 361 
Hamel, G., 28 
Hamilton, W.R., 339 
Harmonic homology, 257 
Harmonic separation, 45 
Harmonic secpienccs 10, 33, 34 ; limit 
point of, 10 
Hatton, J. L. S., 168 
Heath, W L., 360 
Heine. E., 60 
lleriiiitiau forms, 362 
lless(*., (>., 284 
Hilbert, I)., 103, 181, 394 
Homology, harmonic, 257 
Homothetic group, 95 
Homothetic transformations, 96 
Horocycle, 356 
Horosphore, 370 
Hiiiitingtoii, E. V., 3, 33 
Hyperbola, 73; ecpiilateral, 169; foci 
of, 189; rectangular, 169 
Hyperbolic direct circular transforma- 
tions, 248 

Hyperbolic displacements, i)arameter 
representation of, 380 ; types of, 355 
Hyperbolic geometry, of tlinu? diiiKui- 
sions, 369 ; and inversion jdane, 357 
Hyperbolic lines, 350 
Hyperbolic metric geometry in a plane, 
350 

Hyperb<dic pencils of circles, 242 
Hyperbolic plane, 350 
Hyperbolic points, 350 
Hyperbolic i)rofectivity, 6, 171 
Hyperbolic space, 369 

Ideal elements, 71, 287 
Ideal lines, 287, 350 
Ideal minimal lines, 265 
Ideal y)lane. 2H7 

Ideal y)oints, 71, 205, 268, 287, 860 
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Ideal space, 68 
Imaginary circle, 187, 229 
Imaginary elements, 7, 166, 182 ; con- 
jugate, 182 

Imaginary ellipse, 187 
Imaginary one-dimensional form, 156 
Imaginary line's, conjugate, 281, 282, 444 
Imaginary points, 8, 156 
Imaginary sphere, rotations of, 335 
Improper elements, 71 
ln('omi)lete symbol, 41 
Indeiieiidence of assumptions, 23 ; jiroofs 
of, 24-29 

Infinity, circle at, 293 ; lino at, 58, 71 ; 
plane at, 287 ; points at, 71, 241. 268, 
287, 352 ; space at, 68 
Inside, of a conic, 171 ; of a quadric. 344 
Interior, of an angle, 432 ; of a conic, 
171, 174, 176; of an interval or seg- 
ment, 46 ; of a polygon, 472 ; of an 
even polygon, 499 ; of a quadric, 344 ; 
of a triangle, 389 
Interior bisector, 179 
Intermediate iiositious, 407 
Interval, 45, 46, 47, 60, 456 ; directed, 
484 ; ends of, 45, 427 ; oriented, 484 
Intervals, eoiiqileineiitary, 46 
Intuitional description of the projective 
plane, 67 

Invariant subgroiq), 39, 78, 106, 124 
Invariants of a conic section, 207 
Inverse matrix, 308 
Inverse points, 162 

Inversion, 162, 241, 266; generalization 
by, 231 ; in a complex plane, 235 
Inversion geometry, 210 ; real, 241, 268 
Inversion group in the real Euclidean 
plane, 225, 226 

Inversion })]ane, 268; complex, 261, 265; 

liyperb()lij‘geometry and, 357 ; real, 241 
Invcrsor, Peaucellier, 229 
Involution, absolute, 119; focal, 195, 
order rcla-tions with rcspeci tn. 45 ; 
orlhogomil, 119; skew, 258, axes and 
directrices of skew. 258 
Involutoric collineations, 257 
Involutoric projectivities, products of 
pairs of, 277 
Involutoric rotation, 299 
Irrational points, 17, 21 
Isogonality, 231 
Isomorphic, 3 

Isotropic lines, 120, 125, 265, 294 
Isotropic plane, 294 
Isotropic rotation, 299 
Isotropic translation, 317 

Jordan, C., 453 
duel, (5. 250, 251 

Klein, F.. 71, 219,278, 284, 285, 361,362, 
374, 375, 116 


Kline, J. R., 376 
Koenigs, G., 324, 889 

Latus rectum of a conic, 198 
Left-handed Clifford parallels, 374, 444 
Left-lianded conjugate imaginaiy lines, 

444 

Left-handed doubly oriented lines, 442, 

445 

Left-banded elliptic congruence, 444 
Left-band(‘d onlered pentads of points, 
442 

Left-haiuh'd ordered tetrad of points, 
442 

Lett-liaiuled regal us, 443 
Left-liaiide<l sense-class, 407, 416 
Left-hand(Hl triad of skew lines, 443, 447 
Left-banded twist, 417, 443 
Length of a circle, 148 
Lennes, N. J., 18, 457 
l.ewis, G. N., 96, 138, 362 
Lie, 8., 341 

Like sense-classes of segments, 436, 437 
Limit i)oiiit of harmonic sequence, 10 
Limiting ])oints of pencils of circles, 159 
Lindemaiin, F., 366, 368, 369 
Line, of centers, 159; complex, 8 ; 
doubly oriented, 440, 442, 445, 447, 
449 ; Euclidean, 58, 60 ; hyperbolic, 
350; ideal, 287, 350; imaginary, 156, 
at infinity, 58, 71 ; orciinary, 71, 287, 
350; oriented, 426; real, 156; sides 
of, 59, 392 ; similarly oriented with 
respect to, 426 ; translation parallel 
to, 288 

Line pairs, ineavsure of, 163 
Line refiections, 109, 115, 258; direc- 
trices, or axes of, 258; orthogonal, 
120, 122, 126, 299, 317,352, 370 
Linear conv(‘x n*gions, 47 
Linear group, s])ecial, 291 
Idnearly dependemt circles, 256 
Linearly tlependent solutions of Ej, 488 
Linearly iiide])endent columns of E.^, 488 
Linearly independent equations (H^), 
466 

Lines, broken, 454 ; congruence of, 275, 
383; conjugate imaginary, 281, 282, 
444 ; crossings of pairs of, 276 ; en- 
velope of, 406 ; ideal miiiimal, 265 ; 
meetings of pairs of, 276 ; iiiiiiimal or 
isotropic, 120, 125, 265, 294 ; negative 
pairs of, 417 ; ordinary minimal, 265 ; 
orthogonal, 120, 138, 298, 350, 352 ; 
pairs of, 50, 163 ; parallel, 72. 287, 
351 ; perpendicular, 120, 138, 293, 369, 
373; positive pairs of, 417; singular, 
236; elementary transformations of 
triads of skew, 447 ; rigid- and left- 
hande<l triads of skew, 443 ; subdi- 
vision of a plane by, 51-53, 460-464 : 
vaiiisliing, 86 
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Lobaehevski, N. I., 361 
Logarithmic spirals, 249 
Lower side of a cut, 14 
Loxodromic direct circular transfor- 
mations, 248 
Liiroth, J., 9 

MacGregor, H. 11., 260 
Magnitude of a vector, 86, 147 
Malfatti, G., 235 
Manning, H. P., 362 
Matrices, algebra of, 333 ; modular 
eciuations and, 464 ; sum of two, 333 
Matrices K. ami for the projective 
plane, 484 

Matrices 11^, H.^, and Hg, 396, 398-400, 
4/7 

Matrix, inverse, 308 ; orthogonal, 308 ; 

rank of, 478 ; scalar, 334 
Measure, of angles, 161, 153, 163; aimu- 
lar, 163, 166,' 231, 311, 313, 362, 365; 
of line pairs, 163 ; of onlered tetra<is, 
290; of ordered x)oint triads, 99, 312 ; 
of a simple ??,-i)oint. 104; of triangles, 
99, 149, 312 ; unit of, 99, 140, 319 
Median of a triangle, 80 
Meetings of ])airs of lines, 276 
Menelaus, 89 

Metric groui> and g(‘onietrv, j^arabolic. 

119, 130, 135, 144, 293 
Metric properties of conics, 81 
Mid-point, 80, 125 
xMiliie, J. J., 168 
Minimal lines, 120, 125, 265, 294 
xMinimal planes, 294 
Minimal rotation, 299 
Minimal translation, 317 
Minkowski, II., 394 

Mbbius, A. F., 40, 67, 104, 229, 262, 
292, 293 

Model for projective plane, 67 
Modular equations and matrices, 464 
Modular spaces, 33, 35, 36, 253 
Moore, E. H., 24, 35 
Moore, II. L., 59 
Morley, F., 222 

Motion, rigid, 144, 297 ; screw, 320 
Moved, 406 

iV'-dimensional chain, 250 
X-dimensional segment, 401 
X-dimensional space, 68 
^-dirntmsions, generalization to, 304 
Nearness, geometry of, 303 
Negative ordered pairs of lines, 417, 418 
Negative of an oriented segment or re- 
gion, 485 

Negative points, 17 

Negative relations between points and 
segments, 486 
Negative rotations, 417 
Negative sense-class, 407, 416 


Negative translation, 416 
Negative twist, 417 
Negative of a vector, 84 
Negatively oriented curve, 452 
Negatively related sense-classes, 485, 
491, 495 

Net of rationality, 35 ; cuts in, 14 ; 

order in, 13 
Neutral tlm)w, 245 
Nine-point circle, 169, 233 
Nine-point conic, 82 
Noncolliiiear points, 96 
Noiidegenerate circle, 26() 
Nondegeiu‘rate si>hi‘rc, 315 
Non-Kuc.lidean geometry, 350 ; Euclid- 
ean geometry as a limiting case of, 
375 ; history of, 360 
Nonmodular si)aces, 34 
Normal to a conic, 173 
Normal curv(‘, 286 
Null v<*ct(jr, 83 
Numhered angle, 154 
Numlxired point, 456 
Numbered ray, 154 
Numbers, conqdi'x, 219 

()d<l polygons, in a ]dane, 470, 482 ; in 
the ]>rojective ])laii(*, 489 
Odd polyhedra, 482. 483 
On, 440 

One-dimensional form, imaginaiy. 15(i ; 

order in, 46 ; real. 156 
One-dimensional projc'ctivilu's. 156, 170- 
173; and (inaternioiis, 339, re])rc- 
sented by i)oinls, 3>42 
One-sided polygonal rt gions, 490 
One-sided polyliedra, 493 
One-sided region, 437 
0])cn cut, 14 
Ot)iJOvsite, 433 

Opposite collineations in space, 438, 451 
Opposite projcictivities, 37, 38 
Opposite to a ray, 48 
Opposite sense, 61 

Opposite transformations, 452 ; of a 
2-cell, 452 

Oppositely directed, 433 
Oppositely ori/mted, 448, 450 
Oppositely sensed, 245 
Order, 40; assuiiii)t,ions of, 32; geo- 
metrical, 46 ; in a linear convex vv- 
gion, 47; in a net. of vationalit v, 13; 
in any oiie-dinn‘]isi(>iiiil form. 46 ; on 
a polygon, 456 ; of a set (4' rays. 432 
Order relations, on coinpU'x lines, 4.‘’»7 , 
in a Euclidean plan/', 138 ; in the 
real inveu'sion i)lane,2l4 ; with respect 
to involutions, 45 

Ordered pair, of points, 268, 271 ; of 
rays, 139 

Ordered i)rojecti\(i s]»aces, 32 
Ordinary lines, 71, 287, 350 
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Ordinary minimal lines, 205 
Ordinary planes, 287 
Ordinary points, 71,205, 208, 287, 350 
Ordinary space, 58 
Orientation ul space, 490 
Oriented, oppositely, 448,450; similarly, 
448 ; similarly, with respect to a line, 
420 

OrienttHl broken line, 484 
Oriented 2-cell, 452 
Oriented 3-ccll, 453 
( )rieiit.ed curve, 452 
Oriented ed^es of a polyhedron, 495 
Orieiited fa(‘(‘s of a polyhedron, 495 
Orientc'd intt*rv;d, 484 
Oriented line, 420; doubly, 440,442,445, 
447, 449 

()rient('d poijits, 420 ; segments of, 420 
Oriented polygon, 484 
()rient{‘d ])()! yhedron, 495 
Oriented projective s])ae(^, 453 
Orieiitecl si'gment, 484 
< ))-ient,ed s(\giiient or r(*gion, negative of, 
48o 

Oriented simple surface, 453 
Oriented three-dimensional convex re- 
gion, 481 

Oriented two-dinieiisiouul convex re- 
gion, 481 

( )rigin ot a ray, 48 
Orthogonal circles, 101 
Orthogonal involutions, 119 
Orthogonal line letloetions, 120, 122, 
120, 2‘.>t>, 317, 352, 370; center of, 
122 ; pairs of, 120 

Orthogonal lin(*s, 120, 138, 2*93, 350, 
352 

Orthogonal matrix, 308 
< trt.liogonal plain* I'l'tleet ions, 295 
<)rlh(»gonal ])lunes, 293 
Orthogonal i>oints, 352 
Oi'tliogomil ])olar system, 203 
Orthogonal iirojeetion, 313 
Orthog(»nal transformations, 308 
Outside of a conic, 171 
Outside of a (piadrie, 344 
Owens, F. W., 59, 371 

Vadna, A., 44 

Pairs of lines, 50, 1(53 ; crossing of, 270; 
measure of, 103; meetings of, 270; 
n(‘gativ(‘, 417 ; negative ordered, 418 ; 
p«ritiv(‘, 417 ; iiosilive ordered, 417 ; 
se]>aration of i)lane by, 50 
Pairs, of orthogonal line ndieetions, 120 ; 
of planes, 50 ; of ]K)ints, ordered, 208, 
271 ; of points, unordcred, 271 
Paolis, Pi. De, 302 
Pappus, 5, 103, 118 

Parabola, 73; axis of, 193; directrix 
of, P.)3 ; focus of, 193; Steiner, 196; 
vertex of, 193 


Parabolic metric group and geometry, 
119, 130, 135, 144, 293 
Parabolic pencils of circles, 242 
Parabolic projectivities, 5, 171 
Parabolic ilirect circular transforma- 
tions, 248 

Parallel to a line, translation, 288 
Parallel lines, 72, 287, 351 
Parallel planes, 287 
Paralhdograrn, 72 

Parallels, Clifford, 374, 375, 877, 444 
Parameter of a conic, 198; eontiinums 
one-parameter family of sets of points, 
405; continuous one-i)ai’am(*ter family 
of transformations, 400 ; continuous 
one.-paranu'ter group, 400 
Ihirameter ri'presentation, 344 ; of ellip- 
tic disidacemeiits, 377 ; of liy])erbolic 
disj)hicem(‘nts, 380 ; of parabolic dis- 
placements, 344 
Paratac’tic, 374 
Pascal, F., 180, 235, 279, 280 
Path cnrv(‘, 249, 350, 406 
Peaucellier inversor, 229 
Peirce, B., 341 

Peneil, base point of, 242; center of, 
429, 433 ; of directions, 433 ; of lines, 
corresjH>ndene(i hetwi'cn the real 
Euclidean plane ami a eoin])lex, 238; 
of rays, 429 ; of segments, 433 
Pencilsof circles, 157, 159, 242 ; limiting 
points of, 159 

Pe, noils of proj(‘etivities, 343 
Ihmtads of noiieollinear points, rights 
and left-handed, 442 
I'enmitations, even and odd, 41 
Perpendicular bisector, 123 ; foot of a 
perpendicular, 123 

Perpendicular lines, 120, 138, 293, 369, 
373 

Perpeiidienlar planes, 293, 369, 373 
Per])t*ndieular points, 352, 369, 373 
Perspective*, doubly, 448 
^erspe(‘ti^e e'orrespondence, 271 
Pieri, M., 244 
Pierpont, 3 
Idanar conve-x re^gions, 386 
Planar reginn, 404 

Plane, of analysis, 268 ; complex, 154 ; 
complex inversion, 204"268 ; corre- 
spondence betwi'on a complex liiie 
and the real Euelideaii, 222, 238; 
double elliiitie, 375 ; elliptic, 371 ; 
Enclielcan, 58-63, 71 ; function, 268 ; 
hyperbolic, 350; liyperbolic geometry 
and inversion, 357 ; ideal, 287 ; at 
iidinity, 287 ; intuitional descripthm 
of the projective, 07 ; inversion, 26B ; 
inversion group in tlie complex Eu- 
clidean, 235 ; inversion group m 
the real Euclidean, 225, 236 ; iso- 
tropic, 294 ; minimal, 294 ; im>d(‘I for 
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projective, 67 ; order relations in a 
Euclidean, 138 ; order relations in the 
real inversion, 244 ; ordinary, 287 ; 
orthogonal, 293 ; projective, 268 ; real, 
140, 156 ; real inversion, 241, 268 ; 
reflections, orthogonal, 295 ; sense in 
a Euclidean, 61 ; sides of, 59, 392 j 
single elliptic, 371, 375; subdivision 
of a plane by lines, 51, 53, 460-464 ; 
of syinnietry, 295 

Planes, X)aii’s of, 50 ; parallel, 287 ; per- 
})endiciila7', 293, 369, 373 ; subdivision 
of spa(*e by, 50, 54, 475-477 ; vanish- 
ing, 348 

Phickcir, J., 292, 326 

Poincare, 11., 341, 362, 489 

Point pairs, rongruenco of parallel, 80 ; 

mid-point of, 80 ; separation of, 44-47 
Point-plane reflection, 257 
Point reflection, 92, 122, 300, 352, 414 
Point triads, in(‘asure of ()rden‘d, 99; 
equivalence of order(*d, 96, 288, 290 ; 
sum of ordered, 96 

Points, comijlex, 8, 156 ; circular, 120, 
155; double, of a ])r()Jecti\ity, 5, 114, 
177; elliptic, 373; (‘(juian harmonic 
set of, 259 ; hyx)erlK)lic, 350 ; ideal, 
71, 265, 268, 287, 350 ; imaginary, 8, 
156; at intinity, 71, 241, 268, 287, 
352; inverse, 162; irrational, 17, 21; 
negative, 17; noiicollinear, 96 ; num- 
bered, 456 ; one-dimensional projcc- 
tivities rejiresented by, 312 ; ordered 
pairs of, 268, 271 ; ordinary, 71, 265, 
268,287,350; oriented, 426; ortliogr)- 
nal, 352; of a ]K‘iicil, base, 242; of 
pencils of cii’cles, limiting, 159; per- 
pendicular, 352, 369, 373 ; ])Osilive, 17 ; 
projection of a set of, 291 ; rational, 
17 ; real, 8, 156; rotations represented 
by, 342, 343 ; segments of oriented, 
426 ; singular, 235 ; in space, corre- 
sponilence beUveen the rotations and 
the, 328 ; in spafc, cross ratios of, 55; 
ultra-inliiiite, 352 ; iinurdered pairs 
of, 271 ; vanishimr. 86 
Polar coordinates, 249 
Polar system, 215; absolute, 293, 373; 

elliptic, 218; ortbogorial, 293 
Polygon, 454-459, 4S0, 481 ; bounding, 
470, 482 ; directed, 484 ; even, 470, 
482, 489; int(‘ri()r and exterior of, 
472, 490; odd, 470, 482, 489; order 
on, 456; oriented, 484 ; regions deter- 
mined by, 467 ; sum modulo 2 of, 481 ; 
unicursal, 470 

Polygonal regions, 473 ; one- and two- 
sided, 490 

Polyhedra, odd and even, 482, 483 ; one- 
and two-sided, 493 ; oriented, 4‘95 ; 
orieTit(‘d edges of, 495 ; oriented faces 
of, 495 ; sum modulo 2 of, 482 


Polyhedral regions, 473 
Polyhedron, 474; bilateral, 494; con- 
nectivity of, 476; edges of, 474; faces 
of, 474 ; one-sided, 494 ; oriented edges 
and faces of, 495 ; two-sided, 494, 490 ; 
unilateral, 494 ; vertices of, 474 
Positions, intermediate, 407 
Positive coordinate system, 407, 408, 
416 

Positive onlered pairs of lines, 417 
Positive i)airs of lines, 417 
Positive ])()ints, 17 

Positive relation between points and 
oriented segments, 485 
Positive rotation, 417 
Positive sense-class, 40, 407, 416, 401 
Positive translation, 410 
Positive twist, 417 
Positively oriented curve, 452 
Positively related sense-classes, 485, 491, 
495 

Power, of a point with ivspect to a circle, 
162 ; of a transformation, 87, 230 
Prectede, 13, 15, 37, 47, 48, 350, 387 
Product, of ])airs of involutoric projec- 
tiviLi(*s, 277 ; of two vt'tjlors, 220 
Projection, gen(*raliz:ition by, 167, 231 , 
orthogonal, 313; of a set of points, 
291 

Projec-t.ivci (‘lassifi cation of conics, 186 
Projective corn^spondence, 272 
Projective' geometry, 36 ; foundations 
of general, 1 

Projective group of a quad lie, 259 
]*rojf‘ctive })lane, 268; intuitional di' 
scri])tion of, 67 ; matrices E, ami K, 
f,.r,484 

Projective s])a«‘e, collineatiuns in a rt‘al, 
252 ; sense in, 64 

Projective s])aces, orderenl, 32; s(*nse- 
classi's ill, 418 

Projectivities, bundle of, 342; cyclic,, 
258 ; direct, 37, 38, 407 ; double i)oints 
of, 5, 114, 177; elli])tic, 5, 171 ; hyix r- 
bolic, 5, 171; one-dimt'iisioiial, 170, 
171 ; o])])osite, 37, 38 ; parabolic, 5. 
171 ; peiu'il of, 343 ; powers of, 87 ; 
imulucts of pairs of involutoric, 277 , 
of a quadric, 273; real, 156, 170- 
173; representation by points of om*- 
dimeiisional, 342 ; representation by 
quaternions of one-dimensional, 339 
Projectivity, assumption of, 2 
l*rolongation of a segment, 48 
Proofs, independence, 24-29 

Quadrangle, diagonals of, 72 
Quadrics, absolute, 369, 373 ; axes of, 
316 ; confocal system of, 348 ; direct 
collineations of, 260 ; interior and 
exterior of, 344; projective group of. 
259; projectivities of, 273; real, 262 ; 
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ruled, 259 ; sides of, 344 ; sphere and 
other, 816 ; unruled, 259 
Quadrilateral, diameter of, 81 
Quaternions, 337-341, 878 ; and the one- 
dimensional projective group, 339 

Kadical axis, 159 

Radii, transformation by reciprocal, 
162 

Rank, of Hg, 479 ; of a matrix, 478 
Rational curve, 286 
Rational modular space, 35, 36 
Rational points, 17 

Rationality, net of, 36 ; order in a not 
of, 13 

Ratios of collinear vectors, 85 
Rays, 48, (>0, 143, 350, 372, 387, 429; 
bundle of, 436; numbered, 154; oppo- 
site, 48 ; order of a set of, 432 ; 
oidered pair of, 139; origin of, 48 
Real and imaginary elements and trans- 
formations, 156 
Real inversion geometry, 241 
Real inversion plane, 241, 268 ; order 
relations in, 244 
Real line, 156 

Real on(*-(limensional form, 166 
Real plane, 140, 156 
Real i)oiiits, 8, 156 
Real projective transformations, 156 
Rt‘al quadrics, 262 
Reals, geomctiy of, 140 
R(^ciprocal radii, transformation by, 162 
Rectangle, 123 
Rectangular cofirdi nates, 311 
Rectangular liyj)erbola, 169 
Reti(iCtioiis, axes of liiiC, 258 ; center of 
orthogonal line, 122 ; directrices of 
line, 268; line, 109, 115, 258 ; orthogo- 
nal line, 120, 122, 126, 299, 317, 352, 
370; orthogonal ])lnjie, 295; pairs of 
orthogonal line, 126 ; ])oint, 92, 122, 
300, 352, 414 ; ])oint-plane, 257 ; in a 
three-chain, 284 

Region, convex, 385-394 ; negative of 
an oriented segment or, 485 ; one- 
sided, 437; order in a linear convex, 
47; planar, 404; ])olygonal, 473; 
polyhedral, 473 ; sense in overlapping 
convex, 424 ; simply connected three- 
dimensional, 404 ; tetrahedral, 64, 
398, 399 ; three-dimensional, 404 ; tri- 
angular, 63, 389, 395 ; trihedral, 397 ; 
two-sided region, 437; vertices of a 
triangular, 53 

Regions, bounded by a polyhedron, 483 ; 

determined by a polygon, 467 
Ilegulus, right- and left-handed, 443 
Restricted elementary transformations, 
410, 414, 420, 430 
Reye, T., 168 
Rhombus, 125 


Ricordi, E., 360 
Riemann, B., 861 
Right angles, 153 

Right-handed Clifford parallels, 874, 444 
Right-handed conjugate imaginary lines, 

444 

Right.-]iaiided coordinate system, 408,416 
Right-handed doubly oriented lines, 442, 

445 

Right-handed elliptic congruence, 444 
Right-handed ordered pentad of points, 
442 

Right-handed ordered tetrad of points, 
442 

Right-handed regulus, 443 
Right-handed sense-class, 40, 407, 416, 
442 

Right-handed triad of skew lines, 443, 
447 

Right-handed twist, 417, 443 
Rigid motion, 144, 297 
Rodrigues, O., 330 

Rotation, angle of, 325, 327 ; axis of, 
299 ; center of a, 122; iiivolutoric, 299 ; 
isotropic, 290 ; minimal, 299 ; nega- 
tive, 417 ; x>ositive, 417 ; sense of, 142 
Rotations, 122, 128, 141, 299, 321, 328- 
337 ; correspondence between the 
points of space and, 328 ; of an imag- 
inary sphere, 885 ; represented by 
points, 342, 343 
Ruled quailric, 259 
Ruler-and-compass constructions, 180 
Russell, R., 41 
Russell, J. W., 168, 201 

Sacchori, G., 361 
Same sense, 61 
Scalar matrix, 334 
Schilling, M., 67 
Schweitzer, A. R., 32, 415 
Screw motion, 320 

Segment, 45, 46, 47, 60, 350 ; or inter- 
val, complementary, 46 ; directed, 
484 ; ends of, 45, 427 ; interior of 
interval or, 45 ; n-dimeiisional, 401 ; 
oriented, 484 ; prolongation of, 248 
Segments, bundle of, 436 ; of oriented 
points, 426; pencil of, 433; sense- 
classes of, 436, 437 
Segre, C., 9, 250, 251 
Self-conjugate subgroup, 39, 78, 106, 124 
Sense, 32, 41, 61, 387, 413 ; clockwise, 
40 ; criteria for, 49 ; in a Euclidean 
plane, 61 ; in Euclidean spaces, 63 ; 
in a linear region, 47 ; more general 
theory of, 451 ; in a one-dimensional 
form, 40, 43 ; opposite, 61 ; in oyer- 
lax^ping convex regions, 424 ; positive, 
40, 407, 410; in a projective space, 
64; riaht-hamb’d, 40, 407, 416, 442; 

of rotation. 1-12 : snnm. 61 
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Sense-class, 61, 64, 66, 413, 414, 430, 431, 
434, 437, 465, 456; of a 2-cell, 452; 
of a curve, 452 ; left-handed, 407, 416 ; 
in a linear region, 47 ; negative, 407, 
416, 452; on a one-dimensional form, 
40, 43 ; positive, 40, 407, 416, 452, 
401 ; right-handed, 40, 407, 416, 442 
Sense-classes, agree or disagree, 485; 
negatively related, 485, 401, 405 ; posi- 
tively relateil, 485, 401, 405 ; in pro- 
jective space, 418 

Sensed, oppositely, 245 ; similarly, 245 
Separated, 302, 432 

Sei^aratiou, algebraic crit(*ria of, 55 ; 
harmonic, 45; by pairs of lines, 51 ; 
by pairs of planes, 51 ; of ])oint X)airs, 
44, 47 

Sequence, harmonic, 10, 33, 34 ; limit 
})oiiit of, 10 

Sets of i)oints, coimecHMl, 404, 405; 

continuous family of, 405 
Shear. sim])le, 112, 203 
Slieffers, G., 341 

Sides, of a circle, 245 ; of a line, 50, 302 ; 

of a plane, 50, 302 ; of a (juadric, 341 
Similar, 110 

Similar and similarly placed, 05 
Similar figures, 203 
Similar triangles, 134, 130 
Similarity transformations, 117, 110, 
203 ; direct, 135 
Similarly directed, 433 
Similarly oriented, 448 ; with respect to 
a line, 426 

Similarly sensed, 245 
Similitude, eeiibT of, 162, 163 
Simple broken line, 454 
Simple curve, 401 
Simple polygon, 454-457 
Simple shear, 112, 203 
Simple surface, 404 ; oriented, 453 
Simplex, 401 

Simply connected eleimuit of surface, 
404 

Simply connected surfac.e, 404 
Simply connectial three-dimensional re- 
gion, 404 

Singular lines, 235 
Singular points, 235 
Singular spac.e, 58 

Skew involutions, 258 ; directrices or 
axes of, 258 

Skew lines, elementary transformations 
of triads of, 447 ; right- and left- 
handed triads of, 443 
Smith, H. J. S., 201 
Soinmerville, D. M. Y., 362 
Space, assumptions for a Euclidean, 50 ; 
collineations in a real projective, 252 ; 
correspondence between the rotations 
and the points of. 328 ; cross ratio 
of points in, 55 : direct (‘ollineations 


in, 438, 451 ; Euclidean, 58, 287 ; hy- 
perbolic, 369 ; ideal, 58 ; at infinity, 
68 ; modular and noninodular, 33, 34, 
36, 253 ; n-dimensional, 68 ; opposite 
collineations in, 438, 451 ; ordered 
projective, 32 ; ordinary, 58 ; orienta- 
tion of, 406 ; oriented projective, 453 ; 
polygons in, 480, 481 ; rational modu- 
lar, 35, 86 ; sense in a Eucliihian, 63 ; 
sense ill a projective, 64 ; sense-classes 
in projective, 418 ; singular, 58 
Spatial convex regions, 386 
Special linear grou]\ 201 
Sphere, centi‘r of, 315 ; dogenerato, 315 : 
and other (piadrics, 315 ; rotations of 
an imaginary, 335 
Spirals, logarithmic, 240 
Stjnare, 125 

Stalimients, vacuous, 24 
Staudt. K. G . C. von, 0, 40, 251, 283 
Steiner, J., 106, 220 
Stidnitz, E., 35, 60 
Stephanos, G., 286, 324, 342, 344 
Study, E., 40, 327, 341, 347, 362, 374, 
416, 446 
Sturm, K., 1(i8 

Subdivision, of a plant' by linos, 51-53, 
460-464 ; of a space by })lanes, 50, 51, 
475-477 

Subgroup, st'lf-conjngalt' or invariant, 
31k 78, 106. 121 

Subgroups of tlie alline grou]), 116 
Sum, modulo 2, of polvgoiis. 4S1 , 
modulo 2, ol j)olyhe(li'a. 482 . ol 
ordered })oint-l riads, 06; of l\Nf» an- 
gh‘s, 154; oj tuo inadiet's, 33 1; ot 
two vectors, 83 

Surfact*. siniph*, 404 ; siin]»l y connoett'd, 
404; .sim])ly conne(;led clement (»f, 
404 

Symbtd, inctnnpletc, 41 
Symmetric, 121, 207, 300,352 
Symmetrv, 123, 121, 120, 138, 207, 300, 
352, 373 ; plane of, 205 ; with respect 
to a pt>int, 300 

Tait, r. G.,341 
Taylor, (k, 168 
Taylor, W. W., 82 

Tetracyclic, c(»ordinatcs, 253, 254, 255 
Tetrad, measure t)f an ordered, 200 ; 
of pf)iiits, right- and left-hanrled 
ordertMj, 442 

Tetratls, (‘<pii valence of ordered, 200 
Tetrahedra,! region, 54, 308, 300 
Tetrahedron, 52, 307 ; vulume of, 200, 
311 

Three-dimensional affine goomotry, 287 
Three-dimensional convex region, 386 
Three-dimensional directed convt'x re- 
gion, 484 

Three-dimmisional (‘lliptic geometry, 373 
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Three-dimensional Euclidean geometry, 
287 

'riiree-dimensional hyperbolic geometry, 
3(39 

Three-dimensional region, 404 ; simply 
connected, 404 

Til rows, 40 ; neutral, 245 ; similarly or 
oppositely sensed, 245 
'Porsion, coeilicierit of, 480 
'^Pouch, 158 

'PraiLsft'vence, the princi])le of, 284 
'Pransforinations, of a 2-<‘ell, circular, 
225 ; continuous family of, 400 ; direct, 
225, 452 ; dirc‘ct similarity, 135 ; ellip- 
tic direct circular, 248 ; elementarv, 
409, 411-414, 418, 419, 421, 423, 430, 
431, 434 ”437, 44 7, 455, 450 ; liomothe- 
tic, 95; loxodromic direct circular, 
248; ojipositc*, 452; orthogonal, 308; 
paiabolic dir<'ct circular, 248 ; ])ower 
ol a ])rojectivc, 87 ; power of a circu- 
lar, 230 ; real and imaginary, 150; by 
recii)rocal nulii, 1()2 ; restricted ele- 
mentarv, 410, 414,420,430 ; similarity, 
117, 119, 293 

Translation, 71, 117, 122, 288, 321, 374, 
414; axis of, 317 : distance of, 325, 
327; isotropic, 317; minimal, 317; 
negative, 41 (J ; paiallcl to a line, 288 ; 
jiositive, 410 
'Pransjiosition, 41 
4'ransversals, 91 

'Pi’iads of lin<‘s, elementary transforma- 
tions of, 447 ; light-handed ami left- 
handed, 443 

'PriMugle, ari‘a of, 149, 312 ; interior of, 
389 ; m<*asur(‘ of, 99, 149,312 ; median 
of, 80 ; se]»aralion of a plane by, 52 ; 
unit, 99, 149, 3>12 

Ti'iangles, congruent, 134,139 ; similar, 
134, 139 

Pi iaiigular region. 53, 3H9, 395 ; vertices 
of, 53 

Trigonometric functions, 154 
'Priliedral regions, 397 
Puni, half, 299, 370 

'Pwist, 320, 321 ; axis of, 320 ; half, 324 ; 


left-handed, 417, 443 ; negali\e, 417 ; 
positive, 417; right-handed, 417, 443> 
Two-dimensional convex region, 380 ; 
directed, 484 

Two-sided polygonal regions, 490 
Two-sided polybed ra, 493 
Two-sided polyhedron, 494, 496 
Two-sided region, 437 

Ultra^infinite points, 352 
lliiicursal polygons, 470 
Unilateral polyliedron, 494 
Unit of distance, 147 
Unit triangle, 99, 149, 312 
Unit vector, 220 
Uiionlci'cd ])airs of jioints, 271 
I’liriiliMl quadric, 259 
Up, 303 

Upper side of a. cut,, 14 

Vacuous staicmoiifs, 24 
A'ailati, (i.. 44 
Vanishing lines, 80 
Vanishing plain's, 348 
Vanishing ]>oints, HP) 

Vector, niagnitiuh* of, 80, 117; nega- 
tive of. 8t ; null, 83; unit, 220; z(‘ro, 
83, 220 

Vectors, 82, 83, 85, 147, 219, 288 , addi- 
titm of, 84 ; colliiiear, 84 ; product of 
two, 220 ; ratios of (‘olhncar, 85 ; sum 
of, 83 

Vertex, of a conic, 191 ; ol a parabola, 
193 

Vertices, of a broken lim'. 454 ; of a])oly- 
hedron, 47 I ; (d a triangular n*gion, 53 
Volume, 290, 311 

Whitehead, A. N.. 32, 11 
Wiener, II.. IM. 280, 322, 327 
Wilson, K. 15 , 1»P). 1 13, 138, 302 

A'oung, 3. W.. iii, 250 
Young, 3 A., 140 

Zermelo, IT. 27 
Zero vet'tor, 83, 220 
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Sense-class, 61, 64, 66, 413, 414, 430, 431, 
434, 437, 455, 456; of a 2-cell, 452; 
of a curve, 452 ; left-handed, 407, 416; 
in a linear re^^^ion, 47 ; nej^ative, 407, 
416, 452 ; on a one-dimensional form, 
40, 43; positive, 40, 407, 416, 452, 
401 ; right-handed, 40, 407, 416, 442 
Sense-classes, agree or disagree, 485; 
negatively relaUnl, 485, 491, 495 ; posi- 
tively related, 485, 491, 495; in pro- 
jective space, 418 

Sensed, oppositely, 245; similarly, 245 
Separated, 302, 432 

Separation, algebraic criteria of, 55 ; 
harmonic, 45; by pairs of lint's, 51 ; 
by pjiirs of planes, 51 ; ol i)oint pairs, 
44, 47 

Setpience, harmoTiic, 10, 33, 3-1 ; limit 
]K)int of, 10 

Sets of points, conin'ettMl, 404, 405 ; 

continuous family of, 405 
Shear, simple, 112, 203 
Sbeffers, G., 341 

Sides, ol a circle., 245 ; of a line, 50, 302 ; 

of a plane, 50, 302 ; of a (piadric, 344 
Similar, 110 

Similar and similarly placed, 05 
Similar lignres, 203 
Similar trianghis, 134, 130 
Similarity transforinatioiis, 117, 110, 
203 ; direct, 135 
Similarly directed, 433 
Similarly oriented, 448 ; with respect to 
a line, 426 

Similarly sensed, 245 
Similitude, centt*r of, 162, 163 
Siniphi broken line, 454 
Simple curve, 401 
Simple polygon, 454-457 
Simple shear, 112, 203 
Simple surface, 404 ; oriented, 453 
Siinjdex, 401 

Simply connected element of surface, 
404 

Simply connected surface, 404 
Simply connecttul three-dimensional re- 
gion, 404 

Singular lines, 235 
Singular points, 235 
Singular space, 58 

Skew involutions, 258 ; directrices or 
axes of, 268 

Skew lines, elementary transformations 
of triads of, 447 ; right- and left- 
handed triacls of, 443 
Smith, H. J. S., 201 
Sommerville, D. M. Y., 362 
Space, assumptions for a Euclidean, 50 ; 
collineations in a real projective, 252; 
correspondence between the rotations 
and the points of. 328 ; cross ratio 
of points in, 55 ; direct collineations 


in, 438, 451 ; Euclidean, 68, 287 ; hy- 
perbolic, 369 ; ideal, 58 ; at infinity, 
68 ; modular and nonmodular, 33, 34, 
36, 253 ; n-dimensional, 68 ; opposite 
collineations in, 438, 451 ; ordered 
projective, 32 ; ordinary, 58 ; orienta- 
tion of, 496 ; f)riented projective, 453 
polygons in, 480, 481 ; rational modu- 
lar, 35, 36 ; sense in a Euclidean, 63 ; 
sense in a proji'ctive, 64 ; sense-classes 
in lu-ojective, 418 ; singular, 58 
Spatial convex regions, 386 
Sx>ecial linear group, 201 
Sphere, center of, 315 ; degenerate, 315 ; 
and other (juadrics, 315 ; rotations of 
an imaginary, 335 
Spirals, logarithmic, 249 
S«inare, 125 

Statements, vacuous, 24 
Staudt. K. G . C. von, 9, 40, 251, 283 
Steimn*, .1., 19(), 220 
Steinitz, E., 35, 60 
Stephanos, (\, 286, 324, 342, 344 
Slmly, E., 40, 327, 341, 347, 362, 374, 
416). 446 
Sturm, H., 168 

Subdivision, of a ])bii)e by lines, 51-53, 
460-464 , of a spiice bv i)lan(\s, 50, 51, 
475-477 

Subgroup, s(‘lf-coujugat(' or inviiiianl, 
30, 78, 10(). 124 

Subgroups of tlie afiine gron]>, lit} 

Sum, modulo 2, of jiolvgons. 181 , 
modulo 2. of ]H)lyhedra, 482 : ot 
ordered ]>oint-trlads, 06; of two an- 
gl(‘s, 154; (»t two mali-K'cs, 33 i , of 
two veetors, 83 

Surface, sinpde, 404 ; sinpily coimecleil, 
401 ; siinjily connecti'd elemeiii of, 
404 

Symbol, incoin])let(', 41 
Symmetric. 124, 207, 300,352 
Symmetry, 123, 124, 120, 138, 207, 300, 
352, 373 ; ])]ane of, 205 ; with respect 
to a point, 300 

Tait, P. G., 341 
Taylor, C., 168 
Taylor, W. W,, 82 

Tetracyclic coordinates, 253, 254, 255 
Tetrad, UK'asure of an ordered, 200; 
of points, right- and left-handed 
ordered, 442 

Tetrails, e(pn valence of ordered, 290 
Tetrahedral region, 54, 3t)8, 300 
Tetrahedron, 52, 307 ; volume of, 290, 
311 

Three-dimensional affine geometry, 287 
Three-dimensional convex region, 386 
Three-dimensional diri'cted convex re- 
gion, 484 

Three-dimensional ellijitic geometry, 373 
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Tbree-dimensional EiUcUdean geometry, 


^ ^lypcrbolic geometry, 


Three-dimensional region, 404 ; simply 
connected, 404 

Throws, 40 ; neutral, 245 ; similarly or 
oiipositely sensed, 245 
'Forsion, coefficient of, 480 
’^Fouch, 158 

Transa‘rence, the principle of, 284 
'Fransformations, of a 2-ceU, circular, 
225 ; continuous family f)f , 400 ; direct, 
225,452; dirticl similarity, 185 ; ellii)- 
tic (liicct circular, 218; elementary, 
400, 411-414, 418, 410, 421, 423, 430, 
431, 434-437, 447, 455, 450 ; homothe- 
ti(‘, 05 ; loxodromic direct circular, 
248; oi)i)osiU‘, 452; orthogonal, 308; 
parahoFui direi't circular, 248; ])Owcr 
of a ])roj(H*Li ve, 87 ; power of a circu- 
lar, 23>0 ; r(‘al and imaginaiy, 150 ; by 
reci])rocal radii. 102 ; restricted ele- 
mentary, 410, 414,420,430 ; similarity, 
117, no, 203 

Translation, 74, 117, 122, 288, 321, 374, 
414; axis of, .*117 ; distance of, 32.5, 
.‘127; isotr()])ic, 317; minimal, 317; 
negative, 41 0> ; parallel to a line, 288 , 
])o.silive, 410 
'Fraiisposition, 41 
'Fransversals, 01 

'Friads of lines, <'h*menta,ry transforma- 
tions of, 447 ; right-handed and left- 
handed, 413 

'Friangle, area (►f, 140, 312 ; interior f)f, 
380 ; measure of, 00, 140, 312 ; median 
of, 80 ; separation of a x)lane by, .52 ; 
unit, 00, 140, 312 

'Friangles, congruent, 134, 130 ; similar, 
131, 130 

Fi-iinigidar region, .53, 380, 305 ; veitices 
of, 53 

'Fi*igonoinetric functions, 154 

4*iihedral regions, 307 

'Fnrn, half, 209, 370 

Twist, 820, 321 ; axis of, 320 ; half, 324 ; 


left-handed, 417, 443 ; negative, H7, 
positive, 417; right-handed, 417, 443 
Two-dimensional convex region, 380 ; 
directed, 484 

Two-sided polygonal regions, 400 
Two-sided polyhedra, 403 
Two-sided polyhedron, 404, 406 
Two-sided region, 437 

Ultra-infinite points, 352 
Unieursal polygons, 470 
Unilateral polylietlron, 404 
Unit of distance, 147 
Unit triangle, 00 , 140, 312 
I’nit vi'ctor, 220 
UnordeiH'd pairs of ])<)int..s, 271 
Tnrided (piadric, 2.50 
Up, 303 

I’lipm* sid(‘ of a cut, 14 

Vacuous statoincufs, 24 
Yailati. (1.. 44 
Yauishiiig lines, 86 
Vanishing plaiu's, 348 
Vanishing i)oints, 86 
Vector, magnitude' of, 86, 147 ; m^ga- 
tive of. 84; null, 83; unit, 220; /('ro, 
83, 220 

Vectors, 82, 83, 8.5, 147, 210, 288 ; addi- 
tion of. 84 ; collinear, 84 , ]>roduct of 
two, 220 ; ratios of eollini'ar, 85 ; sum 
of, 83 

Vertex, of a conic, 101 , of a ])arabola, 
103 

Vertices, of a broken line, 4.54 ; of a poly- 
hedron. 47 1 ; ol a 1 riangular region, 53 
Volume, 200, 31 1 

Whitehead. A. N., .‘12, 11 
Wiener, Tl.. 04. 280, 322, 327 
Wilson, K. 11 . Oi;. 113, 138, 362 

Young, .1. W.. iii. 250 
Young, .J.W A,, 146 

Zermelo, Ik. 27 
Zero vector, 83, 220 



